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PREFACE  TO  THE  FIRST  EDITION. 


>  i    i. 


Although  I  have  entitled  thfe  prefifent  Volume, 
"Djoiamics  of  Material  Systems;"  yet  the  investiga- 
tions contained  in  it  are  far  from  comprising  all 
which  a  complete  treatise  on  that  subject  requires. 
They  are  indeed  almost  wholly  confined  to  those  par- 
ticular systems  in  which  the  internal  forces,  brought 
into  action,  either  effectively  or  potentially,  by  means 
of  the  external  forces,  enter  in  equal  and  opposite 
pairs;  so  that  they  disappear  in  the  equations  of 
motion  formed  on  D'Alembert's  principle.  I  say 
almost  wholly,  because,  in  the  last  Chapter  but  one 
of  the  Volume,  the  motion  of  the  particles  of  an 
elastic  body  is  to  a  certain  extent  discussed:  and 
herein  the  elastic  forces,  which  are  internal  forces, 
do  not  disappear,  but  enter  as  effective  forces,  the 
action  of  which  is  determined  by  Hooke's  law,  or  by 
an  equivalent  assumption  of  a  property  of  such 
matter.  In  all  other  cases,  in  a  rigid  body,  in  a 
rigid  system  which  is  maintained  in  a  state  of  rela- 
tive rest  by  rigid  rods  and  similar  modes  of  con- 
straint, in  systems  wherein  every  mutual  action  of 
attractioii  or  repulsion  is  accompanied  by  an  equal 
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and  opposite  reaction,  the  internal  forces  disappear 
jfrom  the  equations  of  motion. 

The  expediency,  nay,  ahnost  the  necessity,  of  giving 
a  geometrical  image  to  complicated  mechanical  laws 
demanded  the  insertion  of  a  preliminary  Chapter, 
which  should  contain  the  required  geometrical  theo- 
rems. The  impoi-tance  of  familiarity  with  the  sym- 
bols of  this  Chapter  and  their  symmetrical  manipu- 
lation, with  the  linear  and  angular  directions,  with 
the  geometrical  forms,  which  being  in  tridimensional 
space  are  difiRcult  of  imagination,  cannot  be  over- 
estimated. A  system  of  notation  has  also  been  hereby 
obtained,  and  this  is  preserved  uniformly  throughout 
the  Treatise. 

The  motion  of  a  system  is  of  course  more  compli- 
cated than  that  of  a  single  particle,  and  thus  greater 
prominence  has  been  given  to  the  distinction  between 
kinematics  and  dynamics  than  was  necessary  in  the 
preceding  Volume.  A  force  surely  cannot  be  perfectly 
apprehended  as  to  its  effects  on  the  motion  of  a  sys- 
tem, unless  the  effects  have  been  previously  exa- 
mined, and,  I  may  say,  examined  in  all  their  gene- 
rality. Hence  arises  the  importance  of  the  Chapter 
on  kinematics,  in  which  it  is  shewn  that  the  most 
general  motion  of  a  rigid  system  is  compounded  of, 
and  may  be  resolved  into,  a  translation  of  any  par- 
ticle and  a  rotation  about  an  axis  which  passes 
through  that  particle.  The  applications  of  this  ana- 
lysis of  motion  in  the  subsequent  parts  of  the  Treatise 
are  many  and  various.  The  Analytical  Table  of  Con- 
tents will  sufficiently  indicate  the  course  of  inquiry : 
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it  will  manifest  the  logical  sequence  of  the  several 
parts ;  the  first  formation  of  the  equations  of  motion 
by  means  of  D'Alembert's  principle :  the  theorems  de- 
duced from  particular  forms  of  these  equations:  the 
more  general  theorems  and  principles  which  they  in- 
volve :  the  transformation  of  the  equations  of  rotation 
into  angular  velocities:  the  consequent  geometry  of 
masses,  and  the  theory  of  principal  axes,  and  their 
distribution  in  space :  the  motion  of  a  body  subject 
to  constraint  either  of  a  fixed  axis  or  of  a  fixed  point ; 
that  of  a  body  perfectly  free  from  all  constraint ;  the 
theory  of  relative  motion ;  and  the  theory  of  machines 
in  motion  and  of  work  done  thereby.  I  may,  too, 
observe,  that  we  are  herein  led  to  some  curious 
properties  of  mechanical  units,  and  to  the  mode  of 
reducing  aU  force-action  to  an  uniform  standard  of 
mechanical  work. 

The  concluding  Chapter  is  the  work  of  Mr.  W.  F. 
DoNKiN,  M.A.,  F.R.S.,  of  University  College,  and  Savi- 
lian  Professor  of  Astronomy,  Oxford;  "Theoretical 
Dynamics"  is  the  subject  of  it;  and  the  theory  is 
discussed  which  assigns  the  number  and  the  order 
of  the  differential  equations  of  motion  in  the  most 
general  problem;  the  possibility  of  the  solution  of 
some  or  all  of  them ;  and  the  forms  of  the  resulting 
integrals.  The  Lagrangian  and  Hamiltonian  equations 
are  investigated ;  and  theorems,  important  in  refer^ 
ence  to  these  equations,  discovered  by  Poisson,  Jacobi, 
Professor  Donkin  himself,  M.  Bour,  M.  Liouville,  are 
demonstrated.  Perhaps  no  one  is  better  able  to 
expound    the    difficulties    of  the  theory  than   the 
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accomplished  mathematician  who  has  contributed 
the  Chapter;  he  has  studied  the  subject,  and  has 
made  real  advances  in  it. 

Investigations  of  problems  of  a  special  character 
are  introduced  more  generally  than  in  the  preceding 
Volume.  Thus  the  subject  of  the  precession  and 
nutation  of  the  earth's  axis  has  been  considered 
at  some  length;  the  apparent  effects  due  to  the 
earth's  diurnal  rotation  on  the  action  of  the  pendulum- 
experiment  devised  by  Foucault,  and  of  the  gyroscope, 
on  the  deviation  of  heavy  bodies,  whether  falling 
freely  or  projected  with  high  velocities,  are  discussed 
with  considerable  minuteness.  This  course  has  been 
to  a  certain  extent  unavoidable ;  because  cosmical 
phenomena,  and  machines  devised  to  illustrate  them, 
are  the  most  simple  and  most  appropriate  examples 
of  general  mechanical  processes ;  consequently  it  has 
been  unnecessary  to  devise  hard  problems  for  the 
purpose  of  exhibiting  the  power  of  the  equations,  when 
they  are  best  illustrated  by  the  movements  in  which 

we  ourselves  daily  take  part.    It  is  thought  also  that 

> 

the  utility  of  the  work  Is  hereby  increased. 

The  general  principle  on  which  the  equations  of 
motion  are  formed  is  the  same  as  that  which  is  so 
frequently  and  so  prominently  stated  in  the  preceding 
Volume ;  viz.  the  equality  of  the  impressed  and  the 
expressed  momentum  on  a  single  particle.  This 
principle  is  indeed  directly  applicable  to  the  deter- 
mination of  the  motion  of  a  material  system,  only 
when  the  internal  forces  which  act  on  the  several 
molecules  are  taken  account  of;  and  as  the  nature. 
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the  laws,  and  the  action  of  these  forces  are  generally 
unknown,  some  other  mode  of  estimating  the  general 
results  is  required.  If  the  system  is  so  organized  that 
the  internal  forces  enter  in  equal  and  opposite  pairs, 
they  disappear  in  the  equations  of  motion,  and  the 
circumstances  are  expressed  without  difficulty  in  a 
sufficient  number  of  equations. 

All  the  incidents  of  motion  which  arise  out  of  con- 
tinuous laws  are  expressed  as  infinitesimals.  This  is 
indeed  the  reason  why  the  present  and  the  preceding 
Volumes,  in  which  mechanical  subjects  are  treated, 
are  included  in  a  course  of  Infinitesimal  Calculus. 
Infinitesimals  are,  as  heretofore,  stated  and  applied 
in  their  barest  forms ;  and  subject  to  the  axiomatic 
properties  of  Art.  9,  Vol.  I.  Infinitesimals  and  finite 
quantities  are  the  materies  of  calculation  according 
to  the  same  laws.  And  it  is  submitted  that  con- 
tinuous laws  can  only  thus  be  adequately  expressed 
symbolically. 

The  object  of  the  Author  has  been  the  construction 
of  an  uniform  scientific  Treatise,  pervaded  by  one  idea, 
and  applying  one  principle.  Thus,  at  the  outset,  a 
certain  form  is  given  to  the  equations  of  motion  by 
D'Alembert's  principle;  and  in  that  form  they  are 
applied  to  all  subsequent  purposes  and  processes ;  for 
they  are  directly  applicable  to  all  classes  of  dynamical 
problems.  In  some  cases  indeed  they  are  conveniently 
applied  in  the  transformed  state,  as  they  are  kno\vn 
by  the  name  of  Euler's  Equations;  generally  how- 
ever all  special  artifices,  however  ingenious  they  may 
be,  and  whatever  abridgement  of  work  they  may 
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introduce,  are  avoided ;  the  circumstances  of  a  pro- 
blem are  resolved  into  their  simplest  elements,  and 
these  are  expressed  by  the  general  equations  and 
their  integrals. 

The  object  again  is  not  to  make  new  discoveries  or 
to  open  new  lines  of  research ;  but  to  use  the  present 
knowledge  and  the  present  materials;  to  digest,  to 
arrange,  to  consolidate  all  into  one  harmonious  Trea- 
tise ;  to  make  such  additions  as  are  necessary  for  the 
process;  and  to  present  all  to  a  student  on  an  uniform 
plan.  The  Treatise  has  arisen  out  of  the  want  which 
the  Author  himself  has  frequently  experienced  in  his 
professional  employment ;  and  the  attempt  to  supply 
that  want  has  given  to  the  work  its  didactic  character 
and  its  colloquial  style. 

The  Author  is  of  course  under  obligations  to  many 
writers  on  Mechanics  and  kindred  subjects.  These 
obligations  he  has  attempted  to  acknowledge  from 
time  to  time,  as  well  as  to  specify  the  treatises 
wherein  certain  subjects  have  been  originally  or  fully 
treated.  It  has  however  been  impossible  to  satisfy 
the  claims  of  such  writers  in  all  cases.  In  many 
cases,  the  Author  has  found,  that  theorems,  to  which 
he  was  led  in  the  course  of  his  investigation,  had 
been  previously  discovered,  and  he  is  also  bound  to 
say,  that  many  theorems  which  are  attributed  to 
certain  authors  have  been  known  and  proved  long 
before  the  time  of  the  writer  to  whom  the  credit  is 
commonly  given.  This  is  a  disappointment  to  which 
an  inquirer  in  any  branch  of  science  must  be  liable. 
He  will  rejoice  however  to  find  that  truth  has  ad- 
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vanced,  although  his  share  in  the  work  may  not  be 
as  large  as  he  might  expect.  The  benefit  of  the 
progress  will  be  permanent^  his  disappointment  will 
be  temporary;  and  if  he  will  take  heed  to  use  it 
aright,  it  will  be  an  inducement  to  greater  industry 
and  further  research. 


PREFACE  TO  THE  SECOND  EDITION. 


X  HAVE  little  to  add  in  the  way  of  Preface  to  what 
has  already  been  said  in  the  former  Edition.  The 
Work  has  been  corrected  and  revised  throughout,  and 
in  some  parts  enlarged ;  but  the  principle  and  arrange- 
ment  remain  the  same.  I  have  seen  no  reason  for 
changing  these.  Many  friends  have  favoured  me 
with  criticisms,  and  to  them  I  give  my  best  thanks. 
Two  require  especial  mention,  viz.  the  late  Mr.  Isaac 
Todhunter,  M.A.,  F.R.S.,  Fellow  of  St.  John's  College, 
Cambridge,  who  most  carefully  commented  on  the 
former  edition  from  beginning  to  end,  and  Mr.  John 
Purser,  M.  A.,  Professor  of  Mathematics  in  the  Queen's 
College,  Belfast,  to  whom  I  am  indebted  for  many 
observations  on  the  Problem  of  the  Gyroscope ;  these 
have  induced  me  to  carry  the  investigation  to  higher 
terms  than  in  the  former  edition. 

Oxford,  July  19,  1889. 
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CHAPTER  I. 

PEELIMINABY   GEOMETRICAL   INVESTIGATIONS. 

Article  1.]  Ik  following  the  course  suggested  by  the  nature 
of  the  science  of  mechanics,  the  subject  next  for  discussion  ia 
the  motion  of  a  material  system  ;  that  is,  of  a  system  of  mate- 
rial particles  which  are  related  to  each  other  by  means  of  cer- 
tain forces  of  attraction,  tension,  and  such  like.  These  will  be 
explained  hereafter.  This  motion  I  shall  consider  in  its  greatest 
generality,  and  by  the  light  of  the  best  processes  which  modem 
science  has  discovered  :  we  shall  hereby  be  enabled  to  apply  our 
principles  to  problems  of  great  interest  and  of  practical  import- 
ance, and  to  their  solution  by  most  elegant  methods.  I  shall 
also  enunciate  and  explain  certain  very  general  principles,  which 
in  their  mathematical  expression  include  all  Dynamical  pro- 
blems. These  will  be  introduced  towards  the  close  of  our 
treatise;  because  I  think  that  such  and  similar  general  pro- 
positions are  more  adequately  apprehended,  when  they  have 
been  previously  applied  as  it  were  piecemeal  to  particular  pro- 
blems. This  is  the  course  which  I  have  taken  heretofore,  and 
which  I  shall  still  take,  in  the  conviction  that  it  is  that  which 
is  best  suited  to  a  didactic  treatise. 

The  general  motion  of  a  material  system  takes  place  in  space  ; 
and  is  capable  of  determination  only  by  means  of  properties  of 
space ;  by  means,  that  is,  of  systems  of  coordinates,  or  of  some 
other  equivalent  mode  of  reference.  It  is  necessary  therefore  for 
us  to  be  prepared  with  a  sufficient  knowledge  of  these  properties. 

Moreover  in  the  course  of  our  treatise  we  shall  often  have 
occasion  to  translate  mechanical  results  into  analogous  geo- 
metrical theorems,  whereby  we  shall  obtain  a  fertile  interpretation 
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of  mechanical  laws  from  a  geometrical  point  of  view.  Now 
althoagh  the  theorems  which  we  require  maj  be  found  scat- 
tered here  and  there  in  treatises  on  geometry,  jet  it  is  almost 
necessary  to  collect  them,  that  all  may  be  seen  in  one  con- 
spectus. And  there  is  also  another  reason  for  this  introductory 
section  ;  we  shall  preserve  an  uniform  notation  throughout  : 
and  this  in  complex  formulse  is  a  matter  of  impoi'tance  no  less 
than  of  elegance ;  for  when  an  algebraical  equatioii  or  a  geo- 
metrical form  is  difficult  of  comprehension,  it  is  surely  unde- 
sirable to  increase  the  difficulty  by  a  confused  symbolism. 

2.]  I  shall  assume  in  my  readers  a  knowledge  of  the  ordi- 
nary equations  of  the  straight  line,  and  of  the  plane ;  and  of 
their  common  properties :  and  I  shall  begin  with  the  investiga- 
tion of  the  transformation  of  coordinates  from  one  rectangular 
system  of  axes  to  another  rectangular  system,  both  of  which 
originate  at  the  same  point.  Let  us  suppose  a  point  P  to  be 
(a?,//,  z),  (f, ry,  f )  in  reference  to  these  two  systems  respectively; 
and  the  systems  to  be  connected  by  direction-cosines  indicated 
in  the  following  scheme : 


X 

y 

z 

f 

«1 

H 

«3 

»J 

*1 

h 

h 

f 

«1 

H 

Ci 

(1) 


so  that  X  =  «i^+  ^1  ^  +  ^1  C> 

and  inversely,  f  =  ^i^  +  ^2  ^  +  ^3^> 

^  =  *ia^+^2y +*3^> 

C:=c^x+C2  y-¥c^z. 
As  the  systems  are  rectangular,  we  have 

«2''3+*2^3+<'2'"3  =  <'3<'l  +  *3*l  +  <'3<'l  =  «i  flj  +  i j  J j  +  C,  <?2  = 
ijCj  +  iv<?2  +  ^S*":!  =  <'l<'l  +  <'2''2  +  <'3<'3  =  «l*l  +  «2*2  +  <'3^3  = 


(2) 


(3) 


(6) 
0.  (6) 

0.  (7) 
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From  the  last  two  equations  of  (6)  we  have, 

.-.  ^         _  ^1         _         Ci 

^j. fV+V+g^'}* 

=  ±1.  (9) 

As  to  the  double  sign  in  the  right-hand  member  of  this  last 
equation  I  would  observe,  that  it  indicates  the  two  orders  in 
which  the  positive  axes  of  the  two  systems  of  coordinates  may 
be  taken :  that  is,  if  both  are  taken  in  the  same  order,  when  ^ 
and  t)  coincide  with  x  and  y  respectively,  fwill  also  coincide  with 
z :  but  if  they  are  taken  in  a  contrary  order,  C  will  coincide 
with  —  J?  when  f  and  77  coincide  with  x  and  y.  Let  us  assume 
the  order  of  the  two  systems  to  be  the  same :  so  that  when  the 
two  systems  are  coincident  the  following  simultaneous  conditions 
must  be  satisfied : 

Oj  =  1,       fla  =  0,       ^3  =  0,  \ 

i,=0,       l,  =  l,       «3  =  0,  [  (10) 

<?i  =  0,     ^2  =  0,     ^3  =  1;' 

and  for  the  fulfilment  of  these  conditions  the  upper  sign  must 
be  taken  in  (9) :  so  that  from  (9),  and  similarly  &om  the  other 
pairs  of  equations  of  (6),  we  have 

flj  b^  <?i 

^8^1--<^3^1   _   ^3 ^1-^3^1  _.    ^3^-^3<'l  _  1^  n2) 

^2  ^2  ^2 

«3  h  ^3 

These  results  may  also  be  deduced  from  (5)  and  (7),  which  are 
equations  inverse  to  (4)  and  (6). 

8.]  In  the  preceding  Article  the  new  system  of  coordinate 
axes  of  (f,  ry,  f )  is  connected  with  the  original  system  of  (a?,y,  z) 
by  means  of  nine  direction-cosines :  those,  that  is,  of  (1) :  these 
however  are  related  by  six  equations  of  condition,  either  (4)  and 
(6),  or  (5)  and  (7) :    so  that  only  three  of  the  nine  direction-' 
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cosines  are  independent.  It  is  however  to  be  observed  tbat  the 
transformation  is  thus  effected  by  means  of  symmetrical  Unear 
equations;  in  many  cases  the  advantage  of  employing  such 
formulae  is  greater  than  the  inconvenience  of  introducing  many 
variables  which  are  not  independent ;  but  in  other  cases  it  is 
more  convenient  to  introduce  as  few  variables  as  possible ;  and 
I  proceed  therefore  to  explain  Euler's  process  of  transformation, 
in  which  only  three  new  quantities  are  required. 

Let,  as  heretofore,  x,  y,  z  refer  to  the  original  system,  and 
^,  t;,  C  to  the  transformed  system. 

(1)  Let  the  system  of  axes  be  turned  about  the  axis  of  z  in 
a  positive  direction  through  an  angle  ^ :  see  Fig.  1 ;  and  let 
af^i^^  2^  \}e  the  values  of  «,  ^,  z  when  this  rotation  has  taken 
place ;  so  that 

X  =  aj'cos^— y'sin^,  \ 

y  =  a?'sin^+y'cos^,  >  (14) 

(2)  Let  the  system  of  afy^^^  be  turned  through  an  angle  0 
about  the  line  o  N,  which  is  the  axis  of  a?';  and  let «?", y",  /'  be  the 
coordinates  when  this  rotation  has  taken  place ;  so  that 

af—x'\  J 

/  =  /'cos^-/'sin^,  [  (15) 

/  =  /'sin^  +  /'co8^.  ) 

(3)  Let  the  system  of  oif\t^\s^'  be  turned  about  the  axis  of 
r"  in  a  positive  direction  through  an  angle  4> ;  and  let  f,  ?;,  C  be 
the  coordinates  when  this  rotation  has  taken  place ;  so  that 

fl?"=  fcosc^— ?;sin<^,  \ 

/'=^sin<^  +  ?;cos<^,  [  (16) 

Then  by  these  successive  transformations  the  system  of  axes 
will  be  transformed  in  the  most  general  manner  possible ;  and 
substituting  in  (14)  from  (15)  and  (16),  we  have 

ar=f  (cos<^cos>/r  — 8in<^sin^cos^)  +  ?;(  — sin<^cos>/r  — co8<^sin^cos^) 

+  CsinV^sin^,  (17) 

y  =  f  (cos<^  sin^  +  sin<^  cos>/r  cos^)  +  r;  (— sin<^  sin^ -f  cos<^  cos^/r  cos^) 

—  fcos^sin^,  (18) 

2  =  f  sin<^  sin^  +  ri  cosc^  sintf  +  f  cos^,  (19) 
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whereby  the  relations  between  the  old  and  new  coordinates  are 
expressed  in  terms  of  three  undetermined  quantities  0,  <f>y  and  yjr. 

4.]  The  comparison  of  (17),  (18)  and  (19)  with  (2)  indicates 
the  following  eqmvalences : 

ai=  cos<^cos^— sin<^sini/rcos0, 

bj  =  — sin^cos^— cos^sini/rcoetf,  \  (20) 

Ci  =  sini/rsind, 

^2=  cos<^sini/r  +  gin<^cosi/rco80, 

b^z=:  ^8in<^sin^  +  CO8^CO6l/rCOS0,  \  (21) 

^2  =  — cos^sintf, 

^3  =  sin<^sin0, 

^3  =  oos4>sin0^  \  (22) 

e?3  =  costf ; 

these  equations  also  satisfy  the  conditions  (4)  •••  (7);  and  from 
them  we  have 

cos^  =  e?8,  tan<^  =  v^>  tani/rr= — ^;        (28) 

so  that  the  nine  direction-cosines  are  expressed  by  means  of 
three  quantities  0,  <^,  yjf. 

5.]  In  the  course  of  our  work^we  shall  frequently  require  for 
illustration  quadric  sur&ces,  or  surfaces  of  the  second  d^free. 
The  most  general  form  of  the  equation  of  which  is 

but  as  we  shall  need  only  central  surfaces,  and  these  referred 
to  the  centre  as  the  origin,  and  to  rectangular  coordinates,  it  is 
convenient  to  reduce  (24)  to  the  most  simple  form  which  the 
equation  of  such  surfaces  admits  of. 

Let  us  transform  the  equation  to  a  new  origin  (a?',y',  /)  j  and 
let  the  new  origin  be  the  centre  ;  then  substituting  x-\'X\y+y, 
£-{-/  severally  for  a?,y,  z,  (24)  becomes 

Aa^'\-By^-i'Cz^'\'2DyZ'\-2Ezx  +  2vxy 
+  2(Aa?'  +  p/  +  K/  +  G)a?  +  2(pa?'  +  B/+De'  +  H)y 

+  2(Ba<-fDy'+c/+j)i? 
+  Aa?'2  4.B/2+c/*4-2D//-f2E/a?'+2Fa?'/ 

H-2oa:'+2H/  +  2j/  +  K  =  0;  (25) 

as  (^,y,  ^  is  the  centre,  this  equation  is  to  be  unaltered  when 


6  QUADRIC   SUBFACES.  [6. 

tor  x,y^z  we  sabstitate  —x,  — jr,  —z;  therefore  the  coefficients 
of  Xf  y,  z  mnst  vanish ;  so  that 

Aa<+F/+  e/  +  g  =  0,  \ 

Fa/  +  B/+D/  +  H  =  0,  [  (26) 

Ba^  +  D/  +  c/+J  =0;) 

whence  we  have  finite  values  for  ^,  j^,  / ;  unless 

ABC— ad'— BE*— cf*  +  2dep  =  V  (saj)  =  0,  (27) 

in  which  case  the  values  of  s/,y,  sf  are  infinite.     Let  us  however 
suppose  V  to  be  finite :  then  the  equation  to  the  surface  becomes 

Aa^  +  Bjf2  +  c2?2  +  2D^2r  +  2E^jr  +  2Fa?y  +  K'=0;         (28) 

wherein  k^  is  the  constant  term,  and  represents  the  last  two  lines 
of  (25) :  and  as  is  evident  from  (26), 

K'=oa?'  +  H/  +  j/  +  K;  (29) 

and  if  we  substitute  the  values  of  ^,y,  /,  which  are  determined 
by  (26),  we  have 

kV=o2(d2-bc)  +  h«(e2-ca)  +  j«(f2-ab) 

+  2hj(ad— ef)  +  2jo(be— fd)  +  2gh(cf— de)— Kv,  (80) 

=  V  (say).  (81) 

In  passing  I  would  observe,  that  v  is  the  determinant  of  the 
three  equations  (26),  when  the  last  terms  are  omitted;  and 
that  v'  is,  omitting  a  factor,  the  determinant  of  the  four  equa- 
tions (26)  and  (29).  This  condition  has  been  already  deter- 
mined in  Ex.  3,  Art.  855,  Vol.  I.  Ed.  2. 

If  V  =  0,  the  coordinates  of  the  centre  are  infinite :  the  sur- 
fSuce  in  this  case  is  non-central,  and  is  a  paraboloid,  or  one  of 
its  degenerate  varieties. 

If  v^=  0,  the  equation  to  the  surface  is 

A«2  +  B/  +  C^  +  2Dj^2rH-2E2riC  +  2Fa?j^  =  0,  (82) 

and  the  centre  is  on  the  surface.     The  surface  is  therefore  a 
cone,  or  one  of  its  degenerate  varieties. 

6.]  We  can  further  reduce  the  general  equation  to  central 
surfaces  by  means  of  another  transformation  of  rectangular  co- 
ordinate axes.  Let  the  centre  still  be  the  origin,  and  let  another 
system  of  rectangular  axes  originate  at  it.  Let  us  omit  the 
accent  on  k'  in  (28),  and  for  x^y.z  let  us  substitute  the  values 
given  in  (2).     Then  (28)  becomes 
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^  { ka^  +  Ba./  +  ca^  +  2  Dfl2«3  +  2  e«3^  +  2  Fajfla  f 

+  f2  I  A(?i*  +  BC2*  H-  CCg^  +  2  D(?2^3  +  2  E^gCj  4  2  F(?i(?2  f 

+  D  (62C?3  +  ^3 (?2)  +  E  (ig^?!  +  4i<?s)  +  F  (ii(?2  +  *2^l) } 
+  2  Cf  {  ACjai  +  B^2^2  +  C<?s«3 

+  D  (^2^3  +  (Jgflg)  +  B  (^3^1  +  <?i«3)  +  ^  (^1^2  +  ^2^l)} 
+  2f?;{Afliii  +  Ba2*2  +  C«3*3 

+  I>Ms  +  fl8*2)+E(Ml  +  «l*3)+^K*2  +  «2*l)}+K  =  0.    (33) 

In  this  equation  nine  direction-cosines  are  involved,  and  these 
thus  far  are  subject  to  only  six  conditions ;  viz.  (4)  and  (6),  or 
(5)  and  (7)  of  Art.  2.  Three  other  equations  therefore  are  neces- 
sary for  their  complete  determination ;  assuming  the  following 
conditions  to  be  possible  and  sufficient,  let  us  suppose  the  coeffi- 
cients of  17  C)  C^>  &i^d  ^17  in  (33)  to  vanish :  so  that  we  have 

aAiCi+bJ2<^2  +  C*3^3  +  ^(*2^3+V2)  +  B(*8^1  +  *1<^8)  +  ^(*1^2  +  *2^i)=0, 
ACifli+B(?2«2+C<^3«3  +  ^>(^2«8  +  ^3«2)  +  B(^3«l  +  ^l«3)  +  ^(^l«2  +  ^2^l)=  0,^(34) 

Atfi^i  +  Ba2^2  +  C^3*3  +  ^ifliPz-^H^l)  +  ^(^3*1  +  ^1*3)  +  ^{fl^h  +  ^2*l)=  0- 

Also  let  the  new  coefficients  of  ^\  ri^,  (^  in  the  transformed  equa- 
tion severally  be  a',  b',  cf\  so  that 

Aflj*  +  Bfl2*  +  Cfl3*  +  2  Dflfg^s  +  2  Eagflj  +  2  Fflj^g  =  a',  > 

aV  +B*2* +  0532  +  2052*3 +  2 E*3ii  +2Fii52  =  b'»  [         (35) 

Ai?!^  +  B C/  +  C<?3*  +  2  D<?2<?3  +  2  BCgi?!  +  2  F(?i(?2  =  ^'j  ' 

whereby  (if  these  equations  are  possible)  the  transformed  equa- 
tion is  ^,^2  ^  ^,^2  +  c'C'  +  K  =  0.  (36) 

Now  the  last  two  equations  of  (34)  may  be  put  into  the  fol- 
lowing forms : 

(Aflj  +  F«2  +  E^a)  C^  +  (f^i  +  Btfg  +  Dflg)  C^  +  (Ba^  +  Dd^  +  Ca^)  ^3  =  0,)    ,g^. 
Afli  +  Fflg  +  Eflfa) *!  +  (f^i  +  Bff2  +  D^s) *2  +  (^^1  +  ^^2  +  C^3)*3  =  0  'j ) 

and  our  hypothesis  requires  these  to  coexist  with  the  second 
and  third  of  (7),  Article  2  ;  viz.  with 

«l^l  +  02^2  +  ^3^3  =  0,  )  /ggx 

«A+«2*2H-«3*3=0.) 

But  if  we  have  two  pairs  of  equations  of  the  forms 
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from  these  we  have 

I  m  n 


L  M  N 


(89) 


I  M  ft 

L  ~  M  ""  N  ' 

As  (37)  and  (38)  are  pairs  of  equations  of  the  same  form  as 
these,  we  have 

flfj  ""  ^2  ""  ^3 

=  a',  from  (35) ;  (42) 

(41)  being  inferred  from  (40)  by  operating  on  the  numerators 
and  denominators  of  (40)  severally  with  the  factors  a^,  a^^  a^y  and 
by  adding  numerators  and  denominators. 

Similarly  from  the  third  and  first,  and  from  the  first  and 
second  of  (34),  we  have 

A^l  +  FJg-fE&g         y^^-f- Big  4-1)^3  _   Eii  4-1)^2  +  ^*3  _     / 
b,  -  \  -  *3  ■-^' 

A<?i4-FC2  4-EC3  _  FC|  4- B<?2  4- DC3  _  EC^  4"  I>^2  +  ^^8    _     / 
<?1  <?2  C3 

As  these  last  equations  are  of  precisely  the  same  form  as 
(42),  let  us  take  a  type-expression  of  all ;  and  assume  x  to  be 
the  type  of  a',  b',  c';  and  t^  to  be  the  type  of  ««,  5»,  <?«  :  so  that 
we  have  the  following  typical  form : 

(a— x)^i4-     F^2      +     ^h      =0,    \ 
F^i       4.(B-x)^2+     D^8      =0,   [  (43) 

E^i      4-     D^2      +(c— x)^3  =  0;; 

now  from  these  three  equations  combined  with  the  condition 

^i'  +  V  +  '^3'=l 
four  unknown  quantities  are  to  be  determined,  viz.  ^^,  ^2,  ^3*  and 
X.     These  quantities  we  proceed  to  discover. 

Eliminating  t^^t^^  t^  from  (43)  by  cross-multiplication,  we  have 

(a-x)(b-x)(c-x)-d2(a-x)-e''*(b-x)-f2(c-x)4-2def  =  0;  (44 
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and  this  is  the  condition  of  the  coexistence  of  the  three  equations 
of  (43) ;  and  is  also  the  equation  for  determining  x. 

As  (44)  is  a  cubic  in  x  it  has  three  roots ;  and  these  are  the 
values  of  a',  b',  cf  which  are  the  coefficients  of  f  *,  ?;^,  (^  in  equa- 
tion (36) :  so  that 
(a— x)(b— x)(c— x)— d*(a— x)— e2(b— x)— f2(c— x)-f  2dep 

=  (a'-x)  (b'-x)  (c'-x)  =  0  ;   (45) 

multiplying  out  each  side  of  this  equation,  and  equating 
coefficients  of  like  terms,  we  have 

a'  +  b'  +  c/s  a  +  b  +  c,  \ 

BV+C/A'  +  AVrrBC  +  CA  +  AB-D^-.E^-P^,  V  (46) 

a'b'c'  =  ABC— ad*— be*  — cp*  +  2def;  ) 

as  the  left-hand  members  are  fixed  quantities,  the  right-hand 
members  are  Invariants.  Their  geometrical  meaning  is  well 
kno^-n ;  the  mechanical  interpretation  of  certain  similar  expres- 
sions will  be  given  hereafter.  It  will  be  observed  that  the  right- 
hand  member  of  the  last  is  the  determinant  v,  see  (27),  which  is 
the  condition  of  co-existence  of  the  three  partial  a?-,  y-,  ;?-derived 
functions  of  the  equation  to  the  surface  (28). 

7.]   As  the  roots  of  the  cubic  (44)  are  the   coefficients  of 
f  ^>  ^^j  C*  Ml  the  reduced  equation  of  the  surface,  and  as  these 
coefficients  must  be  real  quantities,  the  possibility  of  the  pre- 
ceding reduction  depends   on  the  reality  of  these  roots ;  and 
this  is  demonstrated  by  the  following  process,  due  to  Cauchy. 
Let  the  equation  to  the  cubic  be  put  into  the  form 
(c-x){(A-x)(B-x)-r2}-D2(A— x)— E*(B— x)  +  2dep  =  0; 
let  Tj  and  r^  be  the  two  roots  of 

(A-x)(B-x)-p2  =  0, 

fj  and  r^  being  evidently  real  quantities.  In  (44)  let  us  sub- 
stitute for  X, 

(1)  +  CO ;  the  result  is  negative  ; 

(2)  r^    ;  the  result  is  positive ; 

(3)  r^     ;  the  result  is  negative ; 

(4)  —  ac ;  the  result  is  positive ; 


'? 
I 


'^=    2 
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therefore  the  roots  of  (44)  lie  respectively  between  +  oo  and  r, ; 
between  r^  and  r2 ;  between  r^  and  ~oo  ;  and  are  all  real.  Thas 
the  assumptions  made  in  (34)  are  demonstrated  to  be  legitimate ; 
and  A^,  B^,  (/  are  real  quantities,  which  are  determined  by  bein^ 
the  roots  of  the  equation  (44).  Henceforth  we  shall  suppose 
them  to  be  known. 

8.]  Also  from  (43)  another  form  of  the  cubic  equation  may  be 
found,  which  is  for  many  purposes  more  useful  than  (44).  The 
several  equations  of  (43)  may  be  put  into  the  following  form  : 

D  £  F  £F  (  D   ) 

L   (  FD  )  L   (  DE ) 

FD  (  E    )         DE(  F    ) 

To  simplify  these  expressions,  let 


EF  FD        ^  DE 


then 


A.  -^  -li 

D  E F 

D  E  F  EF  ""  FD  "  DE 


'i  'rt         to  D  E  X  #  ^  ^\ 

TT  +  "f  +  —  = = = »  (4-7) 

n  n  V  -Bw  DT*  Tki?  \       ' 


D(x-.a)  e(x-^)  F(x-y) 

whence  adding  numerators  and  deuominators,  and  dividing  both 

sides  of  the  resulting  equation  by  —  +  -^-  +  —  >  we  have 

D  E  F 

EF  FD  ^^  _  1  /AQ\ 

D(x-a)  ■*"  e(x-^)  "^   F(X-y)  ~     '  ^^^ 

and  multiplying  up, 
(x-a)(x-^)(x-y) 

-"(x-^)(x-y)-^(x-y)(x-«)-^(x-a)(x-^)  =  0,  (49) 

which  is  a  cubic  equation  in  x,  and  is  the  same  expression  as 
(44),  but  in  a  different  form. 

The  reality  of  the  roots  is  at  once  apparent :  for  of  the  three 
(juantitics  a,  /3,  y,  one  must  be  greater  than  the  other  two,  and 
one  must  be  less:  to  fix  our  thoughts  let  us  suppose  a  >j3  >  y ;  so 
that  a  is  the  greatest  and  y  is  the  least :  then  if  x  =  oo,  the 
result  is  positive  ;  x  =  a,  the  result  is  negative ;  x  =  j3,  the 
result  is  positive ;  x  =  y,  the  result  is  negative  ; 
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consequently  one  root  is  greater  than  a,  another  root  lies  between 
a  and  /3,  and  the  remaining  root  lies  between  )3  and  y. 

9.]  The  values  of  a',  b',  (f  having  been  found,  the  direction- 
cosines  of  the  corresponding  radii  vectores  may  then  be  found. 
Let  us  take  the  radius  vector  corresponding  to  a':  then  from 
(42)  we  have 

(a  — A')ai+       Fflg         +       Eflg        =  0,     \ 

Fflj         +(B-A')a2+       Dtfg         =0,     (  (50) 

E^i       +     Dflg       +(c— A')a3=0;  ) 
and  taking  these  equations  two  and  two  together,  we  have 

«1  ^2  ^3 


(b— a')(c— a')  — D*  DE  — f(C  — a')  FD— e(b  — a') 

«1  «2  ^3 


DE  — f(c  — a')  (C— a')(a  — a')  — E*  EF  — d(a  — a') 

^1  _  «2  _  ^3 


FD  —  E  (B— a')  EF  —  D  (a  —  a')  (a— a')  (b  —  a')  —  F*  * 

from  any  one  of  which  the  direction-cosines  may  be  found.    Also 
we  have 


(b— a')(c— a')— D*  de— f(c— a')  fd—e(b— a') 

r2  (51) 


a*  _  fl,2 


~  (c-a')(a-a')-e»  ~  (a-a')(b-a')-f' 

1 

~(B-A')(C-A')  +  (C-A')(A-A')  +  (A-A')(B-A')-D2-Ei«-F2 

^  (b'-a')(c'-a')  '  ^^^ 

the  denominators  of  (52)  and  (53)  being  equal,  as  may  thas  be 
shewn.  The  derived  function  of  the  discriminating  cubic  which 
is  given  in  (45),  is 

(b— x)(c— x)  +  (c— x)(a— x)  +  (a— x)(b— x)— D*— E*— r* 

=  (b'-x)(c'-x)  +  (c'-x)(a'-x)  +  (a'-x)(b'-x);    (54) 

let  X  =  a';  then  the  two  members  become  the  denominators  of 
(52)  and  (53)  respectively. 
Also  from  (50)  we  hare 

_  1 1 1_         ,.-, 

«1  '■<'i<'z  -  ek-d(a-a')  •  FD-b(b-a')  •  DE-r(C-A')  '      ^^' 

this  last  system  is  also  evident  by  (47). 


(52) 
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As  the  principal  planes  of  the  qnadrie  are  the  central  planes 
perpendicular  to  the  principal  axes,  the  equation  to  the  A-plane  is 

X  y  z 

(a'-a)d  +  ep  "^  (a'-b)b  +  fd  "^  (a'-c)f  +  de  ^  ^'      (^^^ 

and  the  equations  to  the  other  principal  planes  are  similar. 

We  have  thus  found  systems  of  symmetrical  equations  for  de- 
termining the  values  of  a^^a^^a^  which  correspond  to  a'.  In  a 
^milar  way  symmetrical  systems  may  be  determined  in  terms 
of  b'  and  c',  whereby  the  corresponding  values  of  ii,  ig*  *s> 
i\.i\sC^  will  be  found;  and  therefore  generally  as  these  values 
will  W  determinate,  so  will  the  position  of  the  three  lines  per- 
|H»ndicular  to  each  other  to  which  a',  b',  c'  correspond  be  also 
ilettTminate ;  and  the  equation  to  the  surface  will  be  of  the 

form  A'f«  +  B'iy«  +  c/C*  +  K  =  0.  (57) 

This  is  the  most  simple  form  to  which  the  equation  of  a  cen- 
twl  Hurf«ot>  of  the  second  degree  can  be  reduced.  The  three 
nvtatt^ular  axes  to  which  it  is  referred  are  called  principal  axes. 
•riu*>H^  uanioi*  are  siH^cially  given  to  those  parts  of  the  coordinate 
ii\c»t  which  aro  intercepted  between  the  centre  and  the  sur&ce. 
Tho  ihriH^  plaui'^  {massing  through  the  centre,  which  are  per- 
iH'iuHoular  to  the  principal  axes,  are  called  principal  planes: 
ilu'V  ari'  iho  thrtH>  cix^rdinate  planes  of  the  surfiu^e  (57). 

li^.)  Am  tho  (Hiuation  of  a  central  surface  of  the  second  d^^ree 
will  Iv  a('pluHl  hortiiA-or  for  the  purpose  of  illustrating  certain 
UHoUwuu*rtl  hi>v8»  it  is  noceesarj'  also  to  demonstrate  other  pro- 
kvU^^^**  oi'  ^viuciisil  axes  and  principal  planes.  In  the  first  place 
\  J(\k\\\  (tiu'vv  that  the  central  radii  vectores  of  these  surfaces 
\\Ku*h  ^H^uoido  with  the  principal  axes  have  critical  values; 
S\\\ik\  \*^  HIV  luaxinm  <^  uunima»  either  totally  or  partially. 

tot  \|M  tnk**  tho  tHjimtion  (28)  to  be  the  equation  to  central 
gMH*U\»^v4i  Hud  lot  {^t^f^  f)  on  its  sur&ce  be  the  extremity  of  a 
vh^^V^hI  iHvh«'*  w^'U^  r\  thou 

r».,x*+^  +  r«; 

^u\l  ^  '  i*  1^^  '*•*>  ^'  ^  ww^ilar  value, 

I  \u^  -  #,Ar  -f  j/df  +  iih  =  0 :  (58) 

Wv  VKo  vIoHmvuIIhU  \4*  tluw  variables  are  connected  also  by  the 
y|tMHv^vv^^(Hl  »*H»HK  >\luH\^»\v  wo  Imvo 
i  V*  k  M  *  *^'  ^'''^  *  K^^  ♦  ^^^  ♦  uc)«<«'-H(K*  +  i>J^  +  cr)rf^  =  0;    (59) 
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and  therefore  from  (58)  and  (59), 

Let  l,m,n  be  the  direction-cosines  of  the  critical  radius  vector 
r :  so  that 

/  ~  «i  ~  «  ~     ' 
and  (60)  becomes 

a/+f»i  +  e«  _  f/+bi»  +  i>»  __  e/+d«i  +  c«  ,     . 

I  ^  m  ^  n  ^     * 

Now  these  equations  are  in  form  identical  with  (40)  ;  and  there- 
fore the  singular  radii  vectores  are  coincident  with  the  principal 
axes ;  that  is,  with  those  lines  for  which,  when  taken  as  coor- 
dinate axes,. the  terms  in  the  equation  to  the  surface  involving 
vC^  C(f  iv  disappear. 

Let  each  term  of  (61)  be  equal  to  s  ;  then  we  have 

aP  +  Bm^  +  c»^  +  2J>mn  +  2e«/+  2f/i»  =  *, 

and      (a— *)/+     rm     +     e«     =0,   j 

F/+(B-*)»i+      D»     =0,   I  (62) 

e/+     Dm     +(c— *)»  =  0;) 

whence  we  have  the  cubic  equation 

(a-*)(b-*)(c-«)-.d2(a-*)-e2(b-*)-f2(c-«)  +  2def  =  0,  (63) 

which  is  identical  with  (44) :  and  of  which  therefore  the  three 
roots  are  real  and  are  a\  b\  c\  and  the  corresponding  values  of 
/,  wi,  n  are  a^,b^^c^\  «2»  *2»  ^2 >  ^3»  ^3» ^8>  because  the  equations  for 
the  determination  of  the  three  different  values  of  /,  m^  n  which 
correspond  to  the  three  roots  of  (63)  are  the  same  as  those  by 
which,  in  the  preceding  Article,  the  direction-cosines  of  the 
principal  axes  have  been  determined. 

It  is  also  evident  from  the  form  of  the  equation  that  the 
three  singular  radii  vectores  are  at  right  angles  to  each  other. 
Let  us  take  the  cubic  which  arises  from  (62)  in  the  form  given 
in  (48):  and  let  us  take  the  equations  which  correspond  to 
b'  and  (/;  whereby,  replacing  a,  /3,  y  by  their  values,  we  have 

ef  fd         de      1  —  n 

d(b'— a)  +  ef   e(b'— b)  +  fd   f(b'— c)  +  de   ~  ' 

ef         fd         de      1  —n. 
d(c'— a)  +  ef  e(c'— b)  +  fd  f(c'— c)  +  de'"  ""  ' 
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and  subtracting  the  latter  from  the  former,  we  have 

f  c'—  b')  \ — 

^  ' /{d(b'  — a}  +  ef}  {d(c'— a)  +  ef} 

1 

J. 

{e(b'— B)  +  rD}  {e(c'— b)  +  fd} 

+ I Uo. 

{f(b'— c)  +  DE}{r(c'— c)  +  db})         ' 
and  by  reason  of  the  equations  which  are  analogous  to  (55)  this 
becomes  {&--B'){b,e,  +  b,c,  +  b^e,}  =  0; 

and  as  b'  is  not  generally  equal  to  c',  we  must  have 

and  therefore  the  two  corresponding  singular  radii  vectores  are 
perpendicular  to  each  other :  in  the  same  manner  it  may  be 
shewn  that  the  other  singular  radius  vector  is  at  right  angles  to 
each  of  these :  so  that  the  three  form  a  system  of  rectangular 
axes ;  and  if  the  equation  to  the  surface  is  referred  to  them  as 
its  coordinate  axes,  its  equation  is  (57). 

It  is  also  evident  that  the  normals  at  the  points  where  these 
principal  axes  meet  the  surface  are  coincident  with  the  axes. 

11.]  The  theory  of  principal  axes  and  planes  may  also  be  de- 
rived from  another  property  of  surfaces  of  the  second  d^^ee. 
I  shall  in  the  first  place  demonstrate  that  the  locus  of  the  middle 
points  of  a  system  of  parallel  chords  is  a  plane. 

Let  us  take  (28)  to  be  the  equation  to  the  sur&ce ;  and  let 
the  equations  to  one  of  a  system  of  parallel  chords  be 

/  ""  w  ~"  «  ~  ' 
where  (a?,  y^  z)  is  a  point  on  the  surface,  (a?',  y,  z')  is  a  point 
through  which  the  chord  passes,  and  r  is  the  distance  between 
these  two  points.  For  ar,  y,  z  in  (28)  let  us  substitute  «'+  It^ 
jf-^mr^  2f'{-nr  respectively,  and  let  us  arrange  the  result  in 
terms  of  r ;  then  (28)  becomes 

r2{A/2  +  B;»2  +  c«2+2D»?»  +  2E«;+2F/»*} 

4- 2r{(A/+F»l  +  E»)a<  +  (F/+B«»  +  D«)y'+(E/+D7« +  €«)/} 

+  Aa?'2  +  B/2  +  c/=2  +  2D//  +  2E/a?'  +  2Fa?'/+K  =  0.        (64) 

This  is  a  quadratic  equation  in  terms  of  r,  and  has  two  roots ; 
and  therefore  from  a  point  (a?',  y\  sT)  two  radii  vectores  can  be 
drawn  to  a  surface  of  the  second  degree  along  the  same  straight 
line. 
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Let  us  suppose  {x\  y,  /)  to  be  the  middle  point  of  the  chord : 
then  the  two  values  of  r  are  equal  and  of  opposite  directions 
and  signs,  and  consequently  the  term  involving  the  first  power 
of  r  in  (64)  must  vanish :  hence  we  have  the  condition 

(A/+FOT  +  Efl)a?'  +  (F/+B«i  +  D«)y'  +  (E/+DW  +  C«)/  =  0.   (65) 

As  the  chords  are  all  parallel  to  each  other,  and  to  a  central 
radius  vector  whose  equations  are 

f  =  i^=^,  (66) 

I       m      n 

I,  m,  n  are  constant:  therefore  (65)  is  the  equation  to  a  plane 
passing  through  the  centre,  of  which  the  current  coordinates 
are  a?',  y,  / :  and  therefore  the  middle  points  of  a  system  of 
parallel  chords  is  a  plane  passing  through  the  centre  of  the 
sur&ce. 

The  plane  and  the  line  whose  equations  are  (65)  and  (66)  re- 
spectively are  called  relatively  to  each  other  a  conjugate  plane 
and  a  conjugate  diameter. 

Now  it  is  evident  that  generally  a  diameter  will  not  be  per- 
pendicular to  its  conjugate  plane.  Let  us  examine  whether  this 
relation  between  them  is  ever  possible ;  and,  if  so,  the  circum- 
stances under  which  it  may  exist. 

If  (66)  is  perpendicular  to  the  plane  (65), 

a/  +  f»i  +  e«__  f/h-bw  +  dw  _e/+d»i  +  c« 

=  a/*  +  bi»*  +  c«*— 2d7««  +  2e«/+2f/»j 
=  *,  (67) 

where  9  is  the  coeflScient  of  t^  in  (64). 

As  these  equations  are  identical  with  (61),  they  involve  similar 
conclusions. 

There  are  therefore  three  diameters  which  are  respectively 
perpendicular  to  their  conjugate  planes ;  and  these  are  the  prin- 
cipal diameters,  and  their  conjugate  planes  are  the  principal 
planes  of  the  surface. 

We  have  thus  considered  the  properties  of  principal  axes 
under  three  different  aspects :  (1)  if  the  surface  is  referred  to 
them  as  coordinate  axes,  its  equation  takes  the  form  (36),  and 
has  no  term  containing  the  products  of  the  variables :  (2)  they 
are  critical  radii  vectores :  (3)  they  are  diameters  which  are 
perpendicular  to  their  conjugate  planes. 


that  is,     A— a'— — > 

D 

B  — A  =  — , 
£ 

,       DE 

c— A  =  — ; 

p 

and  consequently, 
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Principal  axes  may  be  defined  by  either  one  of  these  pro- 
perties ;  and  all  three  mutually  involve  each  other ;  and  are  in 
&ct  identical  in  the  geometrical  conception  of  infinitesimals. 

12.]  Let  us  next  consider  those  cases  in  which  the  roots  of 
the  cubic  equation  (44)  have  particular  values. 

(1)  Let  two  roots  be  equal :  say,  let  a'  =  b'  ;  then  (54),  which 
is  the  derived  function  of  (44),  also  vanishes  when  x  =  a^  =  b^  ; 
and  we  have 

(b-aO(c-a')  +  (c-a')(a-aO  +  (a-aO(b-a')-d*-e2-f2  =  0.  (68) 

Also  as  a^,  a^,  a^,  i^,  $2)  ^3  c^^i^ot  be  infinite,  by  reason  of  (52)  we 
must  have 

(b-aO(c-a')-d2  =  (c-aO(a-a')-e«  =  (a-a')(b-a')-f2  =  0;(69) 

(70) 

/  EP  FD  DE  ,^.. 

A  =A =B =  C :  (71) 

D  E  P  ^      ^ 

in  which  case  the  direction-cosines  a^,  a2,  ^3,  and  similarly  the 
direction-cosines  ii,  ^21  ^3  ^re  indeterminate ;  but  Cj,  (?2>  ^3>  which 
correspond  to  the  unequal  root  c',  are  determinate  as  here- 
tofore.    In  this  case  the  equation  to  the  surface  is 

A'(f^  +  7;2)  +  (/C'  +  K  =  0.  (72) 

The  principal  axis  of  f  being*  determinate,  any  two  axes  in 
the  plane  of  (f,  rj)  perpendicular  to  each  other  are  the  other 
principal  axes.  Equation  (72),  in  this  case,  represents  a  surface 
of  revolution,  whose  axis  of  revolution  is  the  f-axis.  If  a'  were 
the  unequal  root  of  (44),  and  b'=  c',  then  the  reduced  equation 

would  be  ^,^  +  c'  (,«  +  n  +  K  =  0,  (73) 

which  also  represents  a  surface  of  revolution  :  the  axis  of  (  being 
the  determinate  axis  and  the  axis  of  revolution  of  the  sur&ce, 
the  position  of  the  other  two  axes  being  indeterminate. 

It  will  be  observed  that  (70)  are  affected  with  an  ambiguity 
of  sign ;  but  we  have  taken  the  only  one  possible,  as  otherwise 
the  direction-cosines  as  given  in  (53)  and  (55)  would  not  be 
indeterminate. 

(2)  Let  all  the  roots  of  (44)  be  equal :  that  is,  let  a'=  b'=  c' : 
then  taking  the  a'- differential  of  (69),  we  have 

2a'=  b  +  c  =  c-|-a  =  a  +  b; 
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.-.     A  =  B  =  C  =  a'=  b'=  c',  (74) 

and  .-.     D  =  E  =  F  =  0.  (75) 

Thus  all  the  direction-cosines  are  indeterminate,  and  any  system 
of  rectangular  axes  originating*  at  the  centre  is  a  system  of  prin- 
cipal axes.     And  the  equation  to  the  surfiEU^  is 

^  +  '?'+C*+p  =  0;  (76) 

and  if  K  =  ^a^Af,  this  is  the  equation  to  a  sphere  whose  radius 
is  a. 

(3)  Let  one  root  of  (44)  he  zero ;  say,  &=  0 ;  then  we  have 

abc-ad*— BE^— cf^  +  2def  =  0;  {77) 

and  the  equation  to  the  sur&ce  becomes 

A'f2  +  B'7;2  +  K  =  0;  (78) 

and  therefore  C  =  k  '    As  (77)  is  the  same  expression  as  (27),  the 

centre  of  the  surface  is  at  an  infinite  distance.  Also  (78)  is 
the  equation  of  a  central  conic  in  the  plane  of  ((,  77) ;  therefore 
the  surface  is  a  cylinder  whose  axis  is  the  axis  of  C  ^^'^  whose 
trace  on  the  plane  of  (f,  7;)  is  the  conic  (78). 

(4)  Let  two  roots  of  (44)  be   zero;   say,  b'=c'=0;  then, 
besides  the  condition  {77),  we  have 

bc  +  ca  +  ab— d2-e*— F^  =  0;  (79) 

and  the  equation  to  the  surface  becomes 

A'f2  +  K  =  0;  (80) 

and  as  77  r=  ^  =  ^ » it  represents  two  planes  parallel  to  the  plane 

of  iv,  0. 

(5)  Let  all  the  roots  of  (44)  be  zero ;  so  that  a'=  b'=  c'=  0 ; 
then  the  equation  to  the  surface  becomes 

K  =  0 ;  (81) 

which  represents  a  plane  at  an  infinite  distance. 

13.]  We  may  express  these  several  equations  in  a  more  con- 
venient form. 

If  V  does  not  vanish,  but  if  v'=  0,  in  which  case  the  sur- 
face is  central,  and  the  constant  K  in  the  reduced  equation 
(57)  vanishes,  then  we  have 

A'f2  +  BV  +  c'C'  =  0;  (82) 

and  if  a',  b',  (f  are  all  positive,  the  only  values  of  f,  7;,  C  which 

PEICE,  VOL.  IV.  0 
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satisfy  the  equation  are  £=77  =  ^=0;  that  is,  the  equation 
represents  a  point  at  the  origin. 

If  one  coefficient,  say  c^,  is  negative,  and  a'  and  b'  are  positive, 
then  if  ^1  ^1  l 

(82)becomes  J  +  |^'-^'  =  0;  (88) 

which  is  the  equation  to  an  elliptical  cone,  all  plane  sections  of 
it  perpendicular  to  the  axis  of  C  being  ellipses  ;  and  if  a  =  d,  the 
surface  is  a  right  circular  cone,  whose  axis  of  revolution  is  the 
axis  of  C 

If  however  v^  does  not  vanish,  the  equation  to  the  surface  is 

A'f^  +  BV  +  c/C^  +  K  =  0.  (84) 

If  a',  b^,  c'  and  k  are  all  positive,  the  equation  does  not  admit 
of  geometrical  interpretation.  Let  us  however  assume  k  to  be 
negative :  so  that  with  obvious  substitutions,  and  with  all  the 
varieties  of  sign  which  the  quantities  admit  of,  the  equation 
may  take  either  of  the  forms, 

(^      w^      (^ 

|+|-$  =  1.  (86) 

which  severally  represent  an  ellipsoid,  a  hyperboloid  of  one  sheet, 
and  a  hyperboloid  of  two  sheets.  Let  us  assume  a>6>c;  then 
of  (85)  degenerate  species  are,  (l)an  oblate  spheroid,  when  a  =  b; 
(2)  a  prolate  spheroid,  when  i  =  (? ;  (3)  a  sphere,  when  a  =  b  =  c. 
And  if  a  =  £,  the  hyperboloids  of  revolution  are  particular  species 
of  (86)  and  (87).  We  have  not  however  space  or  occasion  to 
enter  into  all  these  particulars,  or  into  the  nature  and  forms  of 
the  surfaces.  This  information  must  be  obtained  from  treatises 
wherein  the  properties  of  these  surfaces  are  specially  treated  of. 
The  omission  of  this  and  similar  matter  is  necessarilv  incidental 
to  preliminary'  chapters  which  must  be  incomplete.  It  is  our 
intention  to  demonstrate  for  the  most  part  only  those  geome- 
trical theorems  which  will  be  required  in  the  sequel ;  not  because 
other  theorems  are  in  themselves  unimportant,  but  because  the 
interpretation  of  our  mechanical  results  will  not  require  them. 
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14.]  I  will  first  take  the  cone  whose  equation  is  (83);  bat 
will,  for  convenience  of  symbols,  ose  x^  y,  z  for  the  coordinates 
of  any  point  on  its  sorface ;  so  that  its  equation  is 


5  +  5-^  =  0'  (88) 

and  I  shall  observe  with  respect  to  it  that  the  vertex  is  its 
centre,  and  that,  Uke  other  surfaces  of  the  second  order  which 
are  represented  by  (84),  it  has  three  principal  axes ;  which  are 
respectively  the  axis  of  the  cone,  commonly  so  called,  or,  as  we 
may  call  it,  the  internal  axis ;  and  two  lines  through  the  vertex 
which  are  respectively  parallel  to  the  major  and  minor  axes 
of  those  elliptic  sections  whose  planes  are  perpendicular  to  the 
axis  of  the  cone ;  these  are  called  the  external  axes. 

The  plane  which  contains  the  internal  axis  and  the  major  axis 
of  the  principal  elliptic  sections  is  the  plane  of  greatest  section 
of  the  cone ;  and  that  which  contains  the  internal  axis  and  the 
minor  axis  of  the  elliptic  sections  is  the  plane  of  least  section. 
The  principal  axes  of  a  cone  of  the  second  degree,  when  its 
equation  is  given  in  the  most  general  form,  are  determined  by 
the  process  of  Art.  6 ;  for  this  is  applicable  to  equation  (28) 
whether  k'=  0  or  not. 

15.]  At  the  vertex  of  the  cone  (88)  let  straight  lines  be 
drawn  perpendicular  to  the  tangent  planes,  these  will  all  lie  in 
a  second  cone  which  is  called  the  supplementary  or  reciprocal 
cone;  its  equation  may  thus  be  found.  The  equation  to  the 
tangent  plane  of  (88)  is 

^i  ,yn     ^C.n-  ram 

and  the  equations  to  the  line  through  the  vertex  perpendicular 
to  it  are  ^^:^^_f!C.  (90) 

therefore  squaring  these,  and  multiplying  the  terms  of  (88)  re- 
spectively by  them,  we  have 

fl^^  +  iV-^r=0;  (91) 

which  is  the  equation  required,  and  represents  a  cone  of  the 
second  degree,  which  has  the  same  internal  axis  as  (88),  but 
whose  major  and  minor  external  axes  are  respectively  the  minor 
and  major  external  axes  of  (88). 

For  the  construction  of  the  second  cone  (91)  it  is  evident  that 

c  2 
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as  eveiy  generating  line  is  perpendicular  to  a  tangent  plane 
of  (88),  so  is  every  tangent  plane  of  (91)  perpendicular  to  a 
generating  line  of  (88).  Thus  the  cones  have  corresponding  or 
reciprocal  properties,  and  to  a  tangent  plane  of  the  first  cone  and 
to  its  line  of  contact  correspond  a  generating  line  of  the  second 
and  the  tangent  plane  along  that  line. 

Again,  to  the  first  cone  let  two  tangent  planes  be  drawn,  and 
let  the  corresponding  lines  on  the  second  cone  be  taken ;  the 
plane  containing  these  lines  is  perpendicular  to  the  line  of  inter- 
section of  the  two  tangent  planes  of  the  first  cone ;  and  the 
tangent  planes  of  the  second  cone  along  these  lines  are  per- 
pendicular to  the  lines  on  the  first  cone ;  and  their  line  of 
intersection  is  perpendicular  to  the  plane  through  the  lines  of 
contact  on  the  first  cone,  so  that  to  a  line  and  its  polar  plane  on 
the  first  cone  correspond  a  plane  and  its  polar  relatively  to  the 
second  cone. 

It  is  evident  therefore  that  properties  relative  to  the  angles 
contained  by  certain  planes  and  right  lines  on  the  first  cone  will 
give  rise  to  properties  of  corresponding  right  lines  and  planes 
in  the  second  cone ;  in  other  words  the  properties  of  cones  of 
the  second  degree  are  double ;  and  the  principle  of  duality  is 
applicable  to  them. 

16.]  The  plane  sections  of  the  cone  whose  equation  is  (88)  are 
generally  conies,  and  may  be  either  elliptical,  parabolic,  or  hyper- 
bolic: they  may,  however,  in  certain  cases  be  circular,  as  we 
proceed  to  prove.  The  planes  of  circular  section  are  called 
cyclic  planes. 

Let  us  suppose  a^  to  be  greater  than  i* ;  the  relative  magnitude 
of  each  of  these  to  c^  is  of  no  importance :  and  let  (88)  be  put 
into  the  form 

which  may  be  put  into  the  form 
«»+y*  +  «*  +  ||(a^-«*)*-|(a«  +  c*)*M|(a«-J«)*  +  ^(a*  +  c«)M  =0.(93) 

Let  f(a2-«2)*_f(a2  +  ca)i  =  >i,  ) 

*  "^  j    (94) 

then       ar«+/  +  r2+iij|(a«-5«)*+|(a''  +  c«)*|  =  0;    ) 

of  which  the  former  represents  a  plane  parallel  to  the  ir-oxis, 
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and  making  with  the  plane  of  {(c,^)  an  angle  whose  tangent  is 
t]  a  >  ^i  5  ^^^  ^®  latter  represents  a  sphere  passing  through 
the  origin,  whose  centre  is  in  the  plane   of  (y,  z),  and  whose 

ia      1  1     "^ 

radius  =  "o"  (^  +  ~j)  *>  ^^^  section  is  consequently  a  circle,  and 
the  plane  whose  equation  is 

|(a2  _  j2jj_  ^(^2  +  ^)i  =  i  (95) 

is  a  cyclic  plane  of  the  cone  (88).  As  ^  is  indeterminate,  (95)  re- 
presents a  series  of  parallel  planes,  all  being  parallel  to  the  plane 

I  («2  -  i^)*  -  i  (a2  +  ca)i  =  0,  (96) 

which  contains  the  a?-axis. 

Similarlyin(93),if    ^(a^-A*}*  +  |(fl2  +  (^)*  =  >fc', 
we  have  ^     (97) 

which  also  represent  a  plane  and  a  sphere ;  so  that  the  resulting 
section  is  also  a  circle.  The  plane  is  parallel  to  the  a?-axis, 
and  makes  with  the  plane  of  {x,  y)  an  angle  whose  tangent  is 

—  ,  <  ~2 — 12  i  »  *^^  ^^®  sphere  passing  through  the  origin  has  its 

centre  in  the  plane  of  (y,  r),  and  its  radius  equal  to  "^(t^-  +  "^)  • 

also  as  ^'  is  indeterminate,  there  is  a  series  of  parallel  planes,  each 
of  which  is  a  cyclic  plane,  and  all  are  parallel  to  the  plane  whose 

equation  i8  ^(a^-i^)*  +  f  («> +c*)*  =  0.  (98) 

Hence  there  are  two  series  of  cyclic  planes,  parallel  to  the  ^-axis, 
equally  inclined  to  the  plane  o({x,y),  and  lying  on  opposite  sides 
of  the  ^-axis.  Hence  also  the  line  of  intersection  of  two  cyclic 
planes,  one  being  of  each  system,  is  parallel  to  the  major  axis  of 
that  section  of  the  cone  which  is  perpendicular  to  the  internal 
axis. 

Now  if  through  the  vertex  of  the  cone  (88)  two  lines  are 
drawn  perpendicular  to  these  cyclic  planes,  as  the  line  of  inter- 
section of  the  cyclic  planes  is  perpendicular  to  the  plane  of  least 
section  of  (88),  so  will  these  lines  lie  in  the  plane  of  the  greatest 
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section  of  (91) ;  and  because  every  plane  perpendicular  to  one 
of  these  right  lines  cuts  the  reciprocal  cone  in  a  conic,  one  of 
whose  foci  is  on  this  right  line,  these  lines  are  called  focal  lines. 
The  analytical  proof  of  this  property  of  focal  lines  is  contained 
in  the  preceding  equations ;  a  geometrical  proof  will  be  found 
in  the  Memoir  of  M.  Chasles,  entitled,  *'  Sur  les  propri^t^  des 
cones  du  second  degr^,"  and  contained  in  the  Vlth  volume  of  the 
Memoirs  of  the  Royal  Academy  of  Brussels. 

17.]  The  following  are  properties  of  the  ellipsoid  which  will 
be  required  hereafter  for  illustration. 

Let  the  equation  to  the  ellipsoid  be 

^  +  ^+5  =  1.  (99) 

where  a^>b^>c^;  so  that  a  is  the  greatest,  and  c  is  the  least 
of  all  central  radii  vectores ;  b,  however,  has  also  a  critical  value 
of  a  peculiar  kind,  for  it  is  the  semi-axis  minor  of  the  elliptic 
trace  in  the  plane  of  (^,y),  and  for  that  plane  is  a  minimum,  but 
it  is  the  semi-axis  major  of  the  elliptic  trace  in  the  plane  of 
(y,  z\  and  for  that*  plane  is  a  maximum ;  we  shall  immediately 
determine  the  limits  of  these  plane  elliptical  sections  through 
the  £-axis,  for  which  b  has  a  maximum  or  a  ininimum  value 
respectively ;  these  will  be  the  cyclic  planes  of  the  ellipsoid ; 
and  the  surfi^^e  will  be  by  them  divided  into  four  parts,  two 
equal  and  opposite  pairs  of  parts,  each  part  possessing  distinct 
properties  of  its  own.  This  division  will,  as  shewn  hereafter, 
indicate  very  important  mechanical  properties. 

All  plane  sections  of  the  ellipsoid  are  evidently  closed  curves 
of  the  second  degree,  and  accordingly  ellipses ;  these  may  how- 
ever in  certain  cases  be  circles,  as  we  propose  to  prove  :  the 
planes  of  such  circular  sections  are  called  cyclic  planes. 

Let  the  equation  to  the  ellipsoid  be  put  into  the  form 

which  may  be  expressed  as  a^+^+«* — i* 

+  |^(i»-c*)4-|(««-a2)il5£(i2_c2)i  +  f (a*_J«)*l=0;  (101) 

let  £  (42  _  c2)i  _  ^  (a*  -  i«)*  =  Jk, 

<>'  V  {   (102) 

then    «*+/+«2_j2+>t|£(5«_c2)»  +  ?(a«-J«)H  =  0, 
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of  which  the  former  represents  a  plane,  and  the  latter  a  sphere : 
consequently  in  combination  they  express  a  circle,  which  is  the 
circle  of  intersection  of  the  ellipsoid  by  the  plane  ;  the  plane  is 
parallel  to  the  y-sxiB,  and  makes  with  the  plane  of  (x,  y)  an 

angle  whose  tangent  is  -  (72 2)  »  *^®  centre  of  the  sphere  is 

in  the  plane  of  [z^  x\  and  its  radios  =  ^ —  {F  (a^  —  Ifl)  +  4a^c2}*. 

Consequently  the  plane  whose  equation  is 

f(«2-e?2)*--(fl«-i2)*  =  >t  (103) 

is  a  cyclic  plane  of  the  ellipsoid  (99).  As  ^  is  indeterminate, 
(103)  represents  a  series  of  parallel  planes,  all  being  parallel  to 
the  plane  „ 

t  (42_^2ji«  ?(a2-i2)4  ^  0,  (104) 

which  contains  the  y-axis,  that  is,  the  mean  principal  axis  of  the 
ellipsoid. 

Similarly  in  (101),  if 

we  have  I    (105) 

a?2+^2  +  ;?2-i2  +  rjf(42_^2ji.?(a2_^)U=0, 

of  which  the  former  represents  a  plane  and  the  latter  a  sphere : 
consequently  in  combination  they  express  a  circle  which  is  the 
circle  of  intersection  of  the  ellipsoid  by  the  plane ;  the  plane  is 
parallel  to  the  ^-axis,  and  makes  with  the  plane  of  {x^y)  an 

angle  whose  tangent  is ^7^ — ^  j  :  the  centre  of  the  sphere 

is  in  the  plane  of  {z^  x)  and  its  radius  is 

2ac  ^      ^  ' 

Also,  as  ^  is  indeterminate^  there  is  a  series  of  parallel  planes, 
each  of  which  is  a  cyclic  plane,  and  all  are  parallel  to  the  plane 
whose  equation  is 

f  (^2  -  c2)i  +  -  {a?  -  b^)^  =  0.  (106) 

c  d 

Hence  there  are  two  systems  of  cyclic  planes,  each  system  being 
of  parallel  planes,  parallel  to  the  y-axis  of  the  ellipsoid,  equally 
inclined  to  the  plane  of  {x^y\  and  lying  on  opposite  sides  of  the 
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z-ms;  and  if  0  is  the  angle  between  the  planes  and  the  plane 

«"•■")•  ta.=  ±i(^)»         ■  (lor) 

according  to  the  notation  of  equation  (84). 

If  in  (102)  A  =  0,  a?2  +/  +  ^^  =  i^^  and  the  cyclic  plane  con- 
tains the  d-axis,  and  the  radius  of  the  circular  section  =  b ;  the 
results  are  also  similar,  if  ^=  0 :  so  that  in  these  circumstances 
the  mean  principal  axis  of  the  ellipsoid  is  the  radius  of  the  circle, 
and  the  cyclic  planes  are  related  to  the  ellipsoid  in  the  manner 
indicated  by  the  lines  in  Fig.  2,  where 

UOA  =  u'oa'  =  d ;    ou  =  oi/=  b. 

Thus  all  the  central  radii  vectores  in  these  two  cyclic  planes 
are  equal ;  and  are  equal  to  the  mean  semi-axis  of  the  ellipsoid. 
For  all  parts  of  the  surface  of  the  ellipsoid  contained  between 
these  two  planes  towards  the  maximum  axis,  the  radii  vectores 
are  greater  than  b ;  and  for  all  parts  towards  the  minimum  axis, 
the  radii  vectores  are  less  than  b;  these  cyclic  planes  therefore 
divide  the  eUipsoid  into  four  parts,  corresponding  to  two  of 
which  at  B  i  is  a  minimum,  and  corresponding  to  the  other  two 
it  is  a  maximum. 

If  planes  are  drawn  touching  the  ellipsoid  and  parallel  to  the 
cyclic  planes,  the  indicatrix  at  each  point  of  contact  will  be  a 
circle,  and  the  four  points  of  contact  will  be  umbilics. 

The  systems  of  cyclic  planes  thus  determined  are  the  only 
ones ;  for  if  we  operate  on  the  equation  (99)  with  respect  to  the 
a-  or  to  the  c-axis  in  the  same  way  as  we  have  operated  with 
respect  to  the  £-axis,  the  results  are  impossible. 

Hence  there  are  two  and  only  two  systems  of  cyclic  planes, 
and  only  four  umbilics  on  the  ellipsoid. 

The  centres  of  the  circles  lie  on  the  lines  drawn  &om  the 
umbilics  to  the  centre. 

Hence  also  in  two  ways,  and  in  no  more  than  two  ways,  can  an 
ellipsoid  be  generated  by  the  motion  of  a  circle. 

18.]  Let  us  in  the  next  place  investigate  the.  lengths  and  the 
direction-cosines  of  the  maximum  and  minimum  radii  vectores 
of  a  central  plane  section  of  an  ellipsoid,  with  the  object  of 
determining  certain  properties  which  depend  on  them. 
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Let  the  equation  to  the  ellipsoid  be 

ay2  y2         ^2 

^  +  5  +  ^  =  1.  (109) 

and  let  the  plane  of  section  be 

lx  +  my  +  nz=:0,  (110) 

where  P-^m^  +  n^  =:  1:  and  let  r  be  the  critical  radios  vector 
lying  in  this  plane,  so  that 

x^+y^+z^=^r^.  (Ill) 

Then  differentiating  these,  we  have 

^J^+lrJy+^,dz  =  0,  (112) 

ldx+mdy+ndz  =  0,  ) 

xda+ydy  +  zdz  =  rdr=zO:  )  ^       ^ 

hence,  mnltiplpng  the  second  equation  by  A,  the  third  by  /m, 
adding  and  equating  to  zero  the  several  coefficients  of  dx,  dy,  dz, 
we^have 

^  +A/+/i»  =  0  =  ^+A«»  +  /iy  =  ^+A«+;ji2r.         (114) 

Multiplying  these  by  a?,  y,  z  respectively  and  adding,  we  have 

l+/if2  =  0,  and/i=-i;  (115) 

Xla^r^  Xmb^r^  Xnt^f^         /n/5\ 

•'•     ^=^23^'       y^l^ZIi^*        ^=J2Z^^       (l^W 

whence,  multiplying  these  severally  by  /,  »»,  «,  and  adding,  we 
have  from  (110),  omitting  the  factor  Ar^, 

which  is  a  quadratic  equation  in  terms  of  r^,  and  accordingly 
gives  two  critical  values :  let  these  be  r^  and  r^ ;  then 

''^'''^  ^  aH^^U'nfi^c'n' '  ^^^^^ 

rj  and  rg  are  the  principal  semi-axes  of  the  elliptic  section. 

These  lines  are  at  right  angles  to  each  other.  To  prove  this, 
let  Oj,  Pi,  yi  be  the  direction-angles  of  r^,  and  Og,  jSg*  72  *^® 
direction-angles  of  r^:  then  from  (116), 
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.-.     COS  Oi  COS  Og  +  COB  )3i  COS /Sj  +  COS  yi  COS  72 

-    2        S  ^^  i*ffl^  c^n^  1 

^2 12  ^%  12  ffi2^2         q2  ||2  ^^2  % 

=  0,  by  reason  of  (117); 

therefore  r^  and  r^  are  at  right  angles  to  each  other. 
Hence  also  as  the  area  of  the  section  =  tir^r^^ 

the  area  =  r  =^ '  vi^^/ 

{a2/2  +  j2^2^.^^2}i  p  ^ 

if  />  is  the  length  of  the  perpendicular  from  the  centre  on 
either  of  the  tangent  planes  which  are  parallel  to  the  plane  of 
section  (110). 

Hence  the  area  is  the  same  for  all  sections  for  which  p  is 
constant. 

19.]  If  &om  the  centre  of  the  ellipsoid  lines  are  drawn  at 
right  angles  to  central  planes,  and  lengths  are  taken  on  them 
from  the  centre  equal  to  the  principal  semi-axes  of  the  sections 
made  by  the  planes,  the  extremities  of  these  lines  will  form  a 
locus  surface,  which  have  been  called  by  Professor  Maccullagh 
the  apsidal  surface  of  the  ellipsoid.  Its  equation  may  be  found 
immediately  from  the  preceding  investigation. 

Let  the  central  plane  be  that  given  in  (110),  so  that  the 
equations  to  the  line  paesing  through  the  centre  and  perpendicular 

7=^  =  -,  (123) 

this  being  the  line  along  which  the  lengths  r^  and  r^^  as  deter- 
mined by  (117),  are  to  be  measured.  Let  (a?,  y,  z)  be  the  ex- 
tremity of  r  measured  along  the  perpendicular  to  the  plane : 
then  eliminating  /,  «*,  n  by  means  of  (123)  and  (117),  we  have 

a^^r^  ^  b2^^  +  ^_;.2  -  "»  K^^V 

which  is  the  equation  to  the  apsidal  surface. 
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This  equation  may  also  be  put  into  the  following  fonn  :  sub- 
tracting 0?*  +  j'^  4-  j?2  =  r^  from  both  sides  of  the  equation,  we  have 

If  the  equation  is  put  into  an  integral  form,  we  have 

4.a«i2c2=:0,        (126) 
where  r^  =  ar^+y^-^z^. 

The  sur&oe  is  of  the  fourth  degree,  and  evidently  from  its 

mode  of  generation  consists  of  two  closed  sheets :  these  sheets 

cut  the  axes  of  «,  y,  z  respectively  at  distances  b  and  c,  c  and  a, 

a  and  d,  from  the  centre ;  a  line  drawn  through  the  centre  cuts 

the  sur&ce  in  four  points,  except  when  the  line  is  perpendicular 

to  a  cyclic  plane  of  the  ellipsoid,  in  which  case  the  two  sheets 

intersect,  as  all  the  radii  vectores  of  the  plane  section  are  equal ; 

they  intersect  in  a  point,  and  the  sur&ce  takes  the  form  of  a 

conical  cusp.  There  are  evidently  four  such  cuspal  points,  all  lying 

in  the  plane  of  {z^  a?),  on  lines  perpendicular  to  the  cyclic  planes, 

and  consequently  making  with  the  ^-axis  +  tan"^  -  (-g — rg)  ' 

Hence  on  the  planes  of  {jf^z)  and  of  (^,y)  the  traces  lie  wholly 
one  within  the  other ;  whereas  on  the  plane  of  (^,  x)  the  traces 
intersect  at  the  cuspal  points.  The  geometrical  properties  of  the 
cuspal  points  may  be  investigated  analytically  in  the  ordinary 
way  by  means  of  the  equation  (124)  or  of  (125). 

Also  the  traces  on  each  coordinate  plane  consist  of  a  circle  and 
an  ellipse.    Thus,  if  a?  =  0,  we  have 

(y2  +  -^')(i^/  +  (r^-^')-42(c2+a2)/-c2(aH*^)-^^  +  a^*V=0, 

which  is  the  same  as 

(ya  +  r^-a^)  (i2y2  +  c2;^2_j2^)  ^  q, 

and  is  satisfied  hy  ]^  +  z^=.  a*,  or  by  b^t/^'\'<?z^—b^c^  =  0,  which 
represent  respectively  a  circle  and  an  ellipse.  Similar  results  are 
true  for  the  other  coordinate  planes.  It  will  be  observed  that  in 
the  plane  o{(y,z)  the  circle  lies  wholly  outside  the  ellipse ;  that  in 
the  plane  of  (^,  a?)  the  circle  intersects  the  ellipse  at  the  cuspal  points ; 
and  in  the  plane  of  (a?,  y)  the  circle  lies  wholly  inside  the  ellipse. 
The  preceding  processes  are  equally  applicable  to  the  other 
central  quadrics,  viz.  the  hyperboloid  of  one  sheet  and  the  hyper- 
boloid  of  two  sheets. 
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20.]  If  from  a  given  point  perpendiculars  are  drawn  to  the 
tangent  planes  of  a  given  sarface,  the  locns  of  the  point  of  inter- 
section of  the  perpendicular  with  the  tangent  plane  is  called  the 
pedal  of  the  surface  with  respect  to  that  point.  Let  us  investi- 
gate the  equation  to  the  pedal  to  the  ellipsoid  with  respect  to 
its  centre,  the  resulting  sur&ce  being  the  central  pedal  of  the 
ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

a^      y^      s?      ^ 
a2  ^  ^2  +  ^       ^» 

then  the  equation  to  the  tangent  plane  is 

^a.^  j.f/-  1 
^2  +  ^  +  ^  -  ^» 

and  the  equations  to  the  perpendicular  passing  through   the 
centre  are 

.-.        (f^  +  T,2  +  (:')2  =  a2f2  +  j2^2  +  ^^.  (127) 

which  is  the  equation  to  the  central  pedal,  and  represents  a 
closed  surface  of  the  fourth  degree. 

21.]  If  r^  and  t<^  are  the  maximum  and  the  minimum  values 
of  the  radii  vectores  of  the  section  of  this  surface  made  by  the 
plane  Ix  +  my  +  «2:  =  0, 

then,  as  may  easily  be  shewn,  r^  and  r^  are  the  roots  of  the 
equation  ^2  ^2 


n 


2 


=  0. 


^  —  ^2  ^  —  ^2  ^  —  ^2 

Consequently,  if  r^  =  ar^+y^  +  i^^,  the  equation  to  the  apsidal  of 
this  central  pedal  sur&ce  of  the  ellipsoid  is 

This  surface  is  of  the  sixth  order,  of  which  however  the  origin 
is  two  coincident  points.  It  consists  of  two  sheets,  and  conse- 
quently a  line  drawn  through  the  origin  generally  cuts  it  in 
four  points,  but  in  two  particular  positions  the  sheets  intersect 
and  the  line  cuts  it  in  only  two  points.  The  traces  on  each 
principal  plane  consist  of  a  circle  and  a  central  pedal  of  an 
ellipse.  In  the  plane  of  (^j-?),  the  radius  of  the  circle  is  a, 
and  the  pedal  lies  wholly  within  it ;  in  the  plane  of  {z^  x)  the 
radius  of  the  circle  is  d,  and  the  pedal  intersects  it,  so  that 
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at  this  point,  and  similarly  on  the  other  three  quadrants  of  this 
principal  plane,  the  line  drawn  from  the  origin  cuts  the  sor&ce 
in  only  two  points ;  these  points  are  evidently  cuspal  points ;  in  the 
plane  of  (x,  y)  the  radius  of  the  circle  is  c  and  the  circle  lies 
wholly  within  the  pedal.  This  surface  evidently  resembles  in 
general  form  that  described  in  the  preceding  article. 

22.]  We  shall  also  require  in  the  sequel  the  application  of 
another  geometrical  principle,  viz.  that  of  duality,  which  arises 
from  the  theory  of  reciprocation,  as  applied  to  central  quadric 
surfaces,  of  which  we  take  the  ellipsoid  to  be  the  ty|>ical  form. 

Let  the  equation  to  an  ellipsoid  be 

S  +  l^  +  ?  =  l'  (129) 

and  from  every  point  of  it  as  a  pole  let  the  polar  plane  be  taken 

relatively  to  the  sphere 

ic2+y»4-^2  =  >t^;  (180) 

the  general  equation  of  the  polar  plane  is 

a?f+yi7  +  ^C=^:  (131) 

we  propose  to  find  the  envelope  of  these  planes ;  differentiating 
(129)  and  (131),  we  have 

whence  we  have  ^2^      j2y      ^^ 

and  eliminating  (,  rj,  C  we  have 

a^ar^  +  by  +  c^z^=:i^;  (132) 

which  is  the  equation  to  another  ellipsoid,  and  is  called  the 
sphero-polar  reciprocal  of  (129). 

Now  it  is  evident  that  a  tangent  plane  of  (132)  corresponds 
to  a  point  of  (129) ;  and  to  the  intersection  of  two  tangent 
planes  of  (132)  corresponds  a  line  passing  through  the  two  cor- 
responding  points  of  (129) ;  and  to  a  point  on  (132)  corresponds 
a  tangent  plane  of  (129).  Also  to  a  tangent  line  of  (132)  cor- 
responds a  tangent  line  of  (129).  These  surfaces  therefore  have 
reciprocal  properties,  and  to  a  plane  a  line  and  a  point  on  either, 
a  point  a  line  and  a  plane  on  the  other  severally  correspond,  so 
that  all  properties  admit  of  being  doubled.  It  is  manifest  that 
the  theory  of  the  reciprocal  cone  which  has  been  explained 
in  Art.  15  is  a  particular  case  of  this  principle. 
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I  may  also  observe  that  the  sphero-polar  reciprocal  of  any 
quadric  is  also  another  qnadric ;  bat  as  we  shall  require  only  the 
simple  form  which  has  jnst  been  discussed,  the  more  general  case 
may  be  omitted. 

23.]  It  is  necessary  also  for  us  to  investigate  the  relations 
which  exist  between  an  axis  and  its  conjugate  plane  relatively 
to  the  ellipsoid.  We  have  already  investigated  the  condition 
which  generally  exists  between  a  central  radius  vector  and  the 
plane  which  bisects  all  chords  of  the  ellipsoid  which  are  parallel 
to  that  radius  vector ;  but  some  further  properties  of  axes  in 
conjugate  relations  to  each  other  will  be  required  in  the  sequel. 

Let  the  equations  to  a  radius  vector  be 

U^  =  -;  (133) 

then,  by  reason  of  equation  (65),  the  equation  to  its  conjugate 
plaaeiB  /^^^^^^Q.  ^j3^j 

and  therefore  if  the  equation  to  a  central  plane  is 

La?  +  My  +  N-gr  =  0,  (135) 

the  equations  to  the  axis  conjugate  to  it  are 

i=A=^*  ^^^^^ 

If  (x\y,  /)  is  the  point  where  the  central  radius  vector  cuts 
the  surface,  then  the  equation  to  the  conjugate  plane  is 

^+^  +  -^  =  0.  (137) 

which  is  evidently  the  plane  parallel  to  that  which  touches  the 
ellipsoid  at  (a/,  y',  /) ;  so  that  if  a  tangent  plane  be  drawn  to  an 
ellipsoid  at  a  given  point,  the  central  plane  parallel  to  that  plane 
is  conjugate  to  the  axis  drawn  to  the  point  of  contact. 

Now  if  three  axes  of  an  ellipsoid  are  such  that  each  is  the 
axis  conjugate  to  the  plane  which  contains  the  other  two,  these 
lines  form  a  system  of  conjugate  axes.  And  if  three  planes  are 
such  that  the  line  of  intersection  of  any  two  is  the  conjugate 
axis  of  the  third,  these  planes  form  a  system  of  conjugate  planes. 
Of  such  systems  we  have  already  had  an  instance  in  the 
principal  axes  and  the  principal  planes.  Let  us  determine  the 
relations  which  exist  generally  between  these  lines  and  planes. 

Let  (a?i,  y^,  z^  (a?2,  y^y  z^  (^3)  J'a*  ^3)  ^  the  three  points  on  the 
ellipsoid  to  which  the  system  of  conjugate  axes  corresponds ;  so 
that  the  equations  to  the  three  axes  are 
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m 


—  =iJL  =—, 


X. 


i 


n 


(138) 


—  =  il    =— • 
«8  St  ^8 ' 

and  the  equations  to  the  conjogate  planes  are 


XX- 


A 


i  + 


m  +  fli-o  \ 

j«   +  ^a  -  "»  I 


■^  "^  ■*■  <?■  ~    ' 


a 
a 


8     ,    Iflfz 

2    -^  ja 


(189) 


Bat  since  the  first  of  (138)  coincides  with  the  line  of  intersection 
of  the  second  and  third  of  (139),  we  have 

(140) 


Hi 


which  equations  are  equivalent  to  the  two  equations, 


/.a 


c2 
+    j«    +   ^a    -"' 


(141) 


and  as  the  other  two  lines  of  (138)  most  coincide  with  the  lines 
of  intersection  of  the  other  planes  of  (139),  we  shall,  in  addition 
to  (141),  have  also  the  equation 

.^2.^3 


+ 


^2^8 


=  0; 


(142) 


these  are  three  relations  between  the  coordinates   of  the  ex- 
tremities of  three  conjugate  axes. 

By  a  similar  process  it  may  be  shewn,  that  if 

i^x  +  M^y  +  ^i^  =  0,  (  (143) 

are  the  equations  to  three  planes  of  a  conjugate  system,  then 

fl^LjLi  +  ^^MgMi  +  C^ij^jj^  —  0,  >  (144) 

With  respect  to  these  equations  I  would  observe,  that  if  a  point 
^1  (^p^iJ  ^:)  ^  given  on  the  ellipsoid,  the  central  plane  conjugate 
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to  the  axis  through  p^  is  also  given :  now  any  axis  may  be  taken 
in  this  plane  as  the  second  conjugate  axis :  let  it  be  that  which 
passes  through  the  point  ^2(^2^ If 2>  ^2)  5  *^®^  *^^  third  conjugate 
axis  must  be  that  axis  in  this  plane  which  is  conjugate  to  the 
axis  passing  through  Pg :  liet  this  cut  the  surfsu^  in  the  point 
^zi^zfifz^  ^3):  so  that  we  thus  obtain  a  complete  system  of  con- 
jugate axes. 

Hence  if  p^  is  given,  Pg  and  P3  must  be  in  a  determinate  plane ; 
that  is,  in  the  plane  which  is  conjugate  to  the  axis  through  p^  : 
P2  may  be  any  point  in  this  plane,  but  P3  must  be  such  that  the 
axis  through  it  is  conjugate  to  the  axis  through  Pj :  hence,  as 
p^  is  wholly  indeterminate,  and  P2  is  indeterminate  in  the  con- 
jugate plane,  the  number  of  systems  of  conjugate  axes  is  infinite. 

24.]  Again,  a  system  of  conjugate  axes  may  be  defined  by 
the  following  equations ; 

Ifi  =  *«h>  [         3f2  =•  *»*2»  [         Ifz  =  *»«3»  [  (145) 

^1  =  cn^ ;  )       ^2  =  ^»2  5  )       ^3  =  <?«3;  ' 

in  which  cases  the  equation  of  the  ellipsoid  gives 

/l2  +  V+«l^  =  /2'  +  <  +  »2'  =  ^3'  +  »«3'  +  «3'=l.  (146) 

and  from  (14il)  and  (142)  we  have 

hh  +  ^2^z  +  **2^3  =  Vi  +  ^^  +  «8^  =  hh  +  ^^2  +  «i*2  =  0  5  (147) 
and  from  these  six  equations  we  have  the  inverse  systems 

'i'  +  ^2'  +  ^3'  =  V  +  V  +  <  =  V  +  V  +  V=l;     (148) 
wijUi  +  m^n^  +  m^n^  =  «i  ^  +  n^k  +  ^zh  =  A^^i  +  ^2*^2  +  ^3^3  =  0.  (149) 
Also  we  have   theorems  analogous   to  (11),  (12),  and  (13)  of 
Art.  2.     Now  these  relations  are  usefiil  for  the  proof  of  many 
properties  of  conjugate  axes ;  thus,  let  r^,  r^,  r^  be  three  conju- 
gate axes ;  then 

^l'  +  ^2'  +  ^3'  =  «MV  +  '2'  +  ^3')  +  *'(V  +  <  +  0 

=  a2^j2^^.  150) 

that  is,  the  srm  of  the  squares  of  three  conjugate  axes  is  con- 
stant. 

25.]  Again,  let  there  be  three  central  radii  vectores  of  an 
ellipsoid  mutually  at  right  angles  to  each  other ;  then  the  sum 
of  the  squares  of  their  reciprocals  is  constant. 

Let  /*!,  r^,  Tj  be  the  three  central  radii  vectores,  of  which  let 
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the  direction-cosines  be  (^i,  m^,  n^),  (l^,  m^,  n.^,  (4,  m^,  n^ ;  then 
we  have  J_  _  ^      V       «i'     \ 


72  ,.2         M  2 

*       I     "'2      .     "2 


rg*  a«   "    42    ^    c« 


(151) 


and  therefore  by  addition 

111  111  ,_„, 

irr  +  7^  +  7^=^+jr+^-  (152) 

26.]  The  normal  and  the  tangent  plane  drawn  at  any  point 
of  a  qnadric  central  snr&ee  meet  each  of  the  principal  planes  at 
a  point  and  along  a  straight  line  respectively,  and  these  are  such 
that  in  each  principal  plane  the  point  is  the  pole,  and  the 
straight  line  is  the  corresponding  polar,  relatively  to  a  certain 
determinate  conic  in  that  principal  plane. 

Let  us  take  the  ellipsoid  whose  equation  is 

5  +  ^+5  =  1.  (153) 

to  be  the  typical  case  ;  and  consider  the  normal  and  the  tangent 
plane  at  the  point  (Xy  y^  z) ;  and  let  us  also  take  the  principal 
plane  of  (^,  y),  which  is  that  of  the  greatest  and  mean  principal 

axes.     Then  the  normal  pierces  this  plane  at  (  — 5 —  a?,     .^   yj ; 

and  the  equation  to  the  line  of  intersection  of  the  tangent  plane 
and  the  plane  of  (^,y)is 

this  is  evidently  the  polar  of  the  pole  ( — ^ — x,  —jz —  )  rela- 
tively to  the  conic  ^  ^2 

By  a  similar  process  we  may  shew  that  the  like  conies  in  the 
other  principal  planes  are  expressed  by  the  equations 

of  these  equations  (155)  is  that  of  an  ellipse  in  the  plane  of  (x^y) ; 
(156)  of  an  hyperbola  in  the  plane  of  (x,  z) ;  and  (157)  of  a  curve 
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which  is  wholly  imaginary  in  the  plane  of  (y,  z).  These  curves 
are  called  the  focal  conies  of  the  ellipsoid  (153) ;  and  for  this 
reason ;  the  vertices  of  (165)  are  the  foci  of  the  elliptic  sections 
of  the  ellipsoid  by  the  principal  planes  of  (y,  z)  and  (ar,  z) ;  and 
the  foci  of  it  are  the  foci  of  the  elliptic  section  by  the  plane  of 
(a?,  y)  :  also  the  vertices  of  (156)  are  the  foci  of  the  elliptic  sec- 
tions of  the  ellipsoid  in  the  planes  of  (ar,  y)  and  of  {z,  y) ;  and  the 
foci  are  the  foci  of  the  elliptic  section  made  by  the  principal 
plane  of  (a?,  z).  The  third  carve  is  imaginary,  although  its  foci 
are,  a^  in  the  other  two  cases,  real.  It  will  be  observed  that  the 
hyperbola  (156)  passes  through  the  umbilics  of  the  ellipsoid. 

27.]  Now  we  call  those  surfaces  of  the  second  degree  confocal, 
the  principal  sections  of  which  are  confocal ;  hence  it  appears 
that  all  quadric  sur&ces,  which  have  the  same  focal  conies,  are 
confocal. 

Thus  the  general  equation  of  all  surfaces  of  the  second  degree 
confocal  with  (153)  is 


where  d,  which  is  called  the  parameter,  is  indeterminate,  the 
equations  to  its  focal  conies  being  (155),  (156),  and  (157).  And 
if  (158)  passes  through  a  given  point  {af^  y',  /),  we  have  from  it 
the  cubic  equation  in  d, 

-/2(^  +  ^2^(^^j2j  ^  0;  (159) 

in  which  if  we  substitute  for  0  successively  +  00,  —  (j^,  —  J^,  —  a^, 
the  results  are  severally  +,—,+,—;  so  that  the  roots  are 
real,  and  lie  respectively  between  +00  and  —  c^,  —  c^  and  —  i^, 
—  i^  and  —  a^;  in  which  cases  (158)  represents  respectively  an 
ellipsoid,  a  hyperboloid  of  one  sheet,  and  a  hyperboloid  of  two 
sheets.  Thus,  at  the  point  (x\  y,  /)  these  three  confocal  surfaces 
intersect.  We  have  also  proved  (see  Vol.  I,  Art.  411,  Ed.  2.) 
that  they  intersect  at  right  angles  and  along  their  lines  of  curva- 
ture. Thus,  at  the  common  points  of  intersection  of  these  three 
surfaces,  their  normals  are  at  right  angles  to  each  other.  It  is 
also  evident  that  these  surfaces  intersect  in  eight  points,  one  in 
each  octant  of  space  about  their  centre. 

Now  if  ^  =  —  (?2,  (158)  requires  that  5?  =  0,  and  we  have 

.-^  +  i^c^  =  1'  (160) 
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which  is  the  equation  to  the  focal  conic  in  the  plane  of  (x,  y)  ; 
similarly  if  ^  =  —4^,  and  if  ^  =  —a*,  we  have  the  focal  conies 
in  the  planes  of  (r,  x)  and  {y^z)  respectively;  whence  it  appears 
that  the  focal  conies  are  only  particular  cases  of  quadrics  confocal 
with  (153). 

And  therefore  sor&ces  which  are  confocal  may  also  be  de- 
scribed as  those  which  have  the  same  focal  conies. 

28.]  If  to  a  system  of  confocal  ellipsoids  tangent  planes  are 
drawn  parallel  to  each  other,  the  locns  of  the  points  of  contact 
is  a  rectangular  hyperbola. 

Let  the  equation  to  the  system  of  ellipsoids  be 

gl  ^  g2 

-T—^  +  w—^  +  -^—k  =  1  (161) 

where  0  is  the  variable  parameter ;  and  let  the  equation  to  the 
tengent  plane  be  &  +  »/^  +  «r  =  />  (162) 

where  p  varies,  and  /,  m,  n  are  constant,  being  the  direction- 
cosines  of  the  common  normals  to  all  these  parallel  planes. 
Then,  since  (162)  touches  (161), 

X  y  z 

flT^      l^Q      ^2:p^  1  (163) 


i  m  n         Ix  +  my  +  nz 

X  y  z         y      z      z      X      X       y 

I  m  n         m      n     it      I       I       m         (ifKA\ 


a^^-e       U^  +  e      c«+d      i*-c«      <^-d^      a^-l^  ' 

•••     — 7-»+ -Z— ^+ — i— ^  =  0.  (165) 

which  is  the  equation  to  a  plane  passing  through  the  origin  con- 
taining the  common  normal  to  all  the  planes  and  their  points  of 
contact ;  and  consequently  perpendicular  to  every  one  of  them  ; 
the  locus  lies  in  this  plane,  and  consequently  is  a  plane  curve. 
Also  from  (163)  and  (164)  we  have 

(^  _  £)  (Ix  +  my  +  nz)  =  l^-c",  (166) 

and  also  two  other  symmetrical  equations.  Each  of  these  is  a 
central  quadric,  having  its  centre  at  the  origin,  and  is  evidently 
a  hyperboloid  of  two  sheets ;  so  that  the  locus  is  a  plane  central 
section  of  such  a  hyperboloid,  and  is  consequently  a  hyperbola. 

J)  2 


i 
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Also  the  planes  whose  equations  are 

y     z 

— —  =  0,     and    IsB  +  mv  +  nz  =  0, 

191      U 

are  asymptotic  to  the  surface ;  and  the  asymptotes  are  the  lines  of 
intersection  of  these  planes  with  the  plane  (165).  If  {l^,  m^,  nj 
(I2,  m^yfii)  BTe  these  lines  respectively,  then 

-^  =  ^  =  ^;   ojidUz-^mm^+nn^^O;  (167) 

and  consequently  the  asymptotes  are  perpendicular  to  each  other, 
and  the  hjrperbola  is  rectangular. 

The  former  of  (167)  shews  that  one  asymptote  is  perpendicular 
to  the  tangent  planes ;  this  theorem  is  also  evident  from  the  fact 
that  the  confocal  ellipsoid  becomes  a  sphere  when  ^  =  oo ,  and  the 
point  of  contact  in  that  case  lies  in  the  perpendicular  from 
the  origin  on  the  tangent  plane. 

As  the  other  asymptote  is  the  line  of  intersection  of  the  plane 
(165)  with  the  plane  Ix  +  my  +  nz  =:  0,  we  have 

i2_^  ^.^2  ^2_J2 

— 7—^2+ ^"2+ ^2=  0, 

ll^-h  fnm^ 4-  nn^  =  0 ; 
whence,  if  a^  /^  +  h^m?  4-  c^  «^  =  jo^, 


a^  _j02        j2  _^2        ^2  _^2  > 

which  determine  the  position  of  the  second  asymptote. 

29.]  If  from  any  point  (f,  ry,  f)  an  enveloping  cone  is  drawn 
to  the  ellipsoid  (153),  the  principal  axes  of  that  cone  coincide 
with  the  normals  of  the  three  confocal  surfaces  of  the  second 
degree  which  intersect  at  the  vertex  of  the  cone. 

By  Ex.  2,  Art.  855,  Vol.  I,  Ed.  2,  the  equation  to  the  cone 
whose  vertex  is  (f,  rj,  f),  and  which  envelopes  the  ellipsoid 
(153),  is 

i^  ^  ^+  ^  -  -^J  "  (i^+  i2+  ^2 -  i;(-2+  ;^2+  ^-  i)=o.  (169) 

For  the  sake  of  abbreviation  let 

f^      r\^      C^ 

|2+^  +  ^-1  =  k;  (170) 
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so  that  (169)  on  expanedon  becomes 

2nf  2Cf  2fn  „  „„,, 

+  ^J'^+^>  +  ^*y+ =  0;      (171) 

the  other  terms  being  omitted  because  the  position  of  the  prin- 
cipal axes  of  the  cone  depends  on  the  first  six  terms  only  of  the 
expanded  equation ;  see  Article  9. 
In  this  case  equation  (48)  becomes 

f2  ^2  ^2 

a^{«2x  +  K)  ■*"  62(42x  +  k)  "*■  c2(c2x  +  k)  "^  "^'  ^^^^^ 

also  from  (170)  we  have 

therefore  by  subtraction 

^     +-2L  +  -£L=i.  (173) 


j2+5      ^+5      c2+5 
XXX 


Now  K  and  x  are  functions  of  the  coordinates  of  the  g^ven 
vertex  (f,  rj,  C)  ^^^  ^re  therefore  known :  hence  if  we  describe 
the  quadric  surface  whose  equation  is 

^     +^+«fL  =  l,  (174) 


,2+5        J2  +  5        ^+K 
XXX 


(173)  shews  that  that  surfiice  passes  through  the  vertex  of  the 
enveloping  cone;  and  this  surface  is  evidently  confocal  with 
the  original  eUipsoid  (153) ;  and  as  x  has  three  values  which 
are  the  roots  of  (172),  so,  as  we  have  shewn  in  Art.  27,  the 
equation  (174)  represents  three  surfaces  which  are  severally 
an  ellipsoid,  a  hyperboloid  of  one  sheet,  and  a  hyperboloid  of 
two  sheets,  all  of  which  are  confocal  with  (163) ;  and  which 
intersect  orthogonally  at  (f,  rj,  f ). 

For  the  determination  of  the  principal  axes  of  the  cone,  let  us 
take  the  system  of  direction-cosines  of  Art.  9,  and  the  forms 
of  them  given  in  (55);  in  the  case  of  (173),  these  take  the 
following  values 

|(a^+5)  =  ^^(j^+i)  =  ^'(c*+^);  (175) 

and  to  fix  our  thoughts  let  us  suppose  x  in  this  equation  to  be 
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that  root  of  (172)  which  corresponds  to  the  ellipsoid.  Now  the 
direction-cosines  of  the  normal  to  the  ellipsoid  (174)  at  the 
point  (f ,  rji  C)  are  proportional  to 

(  V  C    . 


aS  +  5  J2^.K  ^^1 

XXX 


(176) 


and  a  comparison  of  these  values  with  (175)  shews  that  the 
principal  axis  (a^,  aj,  ^3),  the  position  of  which  is  determined  by 
(175),  coincides  with  the  normal  of  the  confocal  ellipsoid  which 
passes  through  the  point.  This  axis  is  gpenerally  the  internal 
axis  of  the  cone.  By  a  similar  process  we  may  shew  that 
the  two  external  axes  of  the  cone,  which  correspond  to  the 
two  other  roots  of  the  cubic,  are  normal  to  the  two  confocal 
hyperboloids  which  intersect  at  the  given  vertex. 

The  normals  to  these  two  hyperboloids  are,  as  we  have  shewn, 
tangents  to  the  lines  of  curvature  on  the  ellipsoid  at  the  point 
{(,  rj,  C) ;  and  therefore  if  a  cone  envelopes  an  ellipsoid,  and 
if  through  the  vertex  of  the  cone  an  ellipsoid  be  described 
confocal  with  the  former  ellipsoid,  the  normal  to  the  ellipsoid, 
and  the  tangents  to  the  two  lines  of  curvature  on  it,  are  the 
principal  axes  of  the  enveloping  cone. 

M.  Chasles  has  also  proved  that  the  generating  lines  of  the 
confocal  hyperboloid  of  one  sheet  which  passes  through  the 
vertex  are  the  focal  lines  of  the  cone. 

Now  these  same  properties  are  true  if  instead  of  the  ellipsoid 
(153)  we  had  taken  any  other  quadric  confocal  with  it ;  and 
therefore  are  true  if  the  focal  conies  are  the  directors  of  the 
cone,  because  the  focal  conies  are  the  limiting  forms  of  the 
confocal  quadrics. 

Hence  also  it  follows  that  if  two  quadrics  have  the  same  focal 
conic,  and  if  from  any  point  in  space  as  vertex  two  cones  are 
described  enveloping  these  surfaces,  these  cones  have  the  same 
principal  axes,  and  the  same  focal  lines. 

For  other  properties  of  confocal  quadrics  and  confocal  conies, 
many  of  which  are  interesting  and  important,  I  must  refer  the 
reader  to  M.  Chasles,  Memoire  de  Geomfetrie. 
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CHAPTER  11. 

THE  KINEMATICS  OF  A  RIGID  BODY.  ANGULAR  VELOCITIES  ; 
THEIR  COMPOSITION  AND  RESOLUTION,  AND  RELATION  TO 
LINEAR  VELOCITIES. 

30.]  Several  times  in  the  course  of  the  treatise  on  Me- 
chanics allusion  has  been  made  to  a  division  of  the  subject  into 
two  parts,  Kinematics  and  Dynamics  proper.  In  the  former  of 
these  the  affections  of  pure  motion  are  investigated ;  that  is, 
motion  and  its  incidents  are  discussed  apart  from  all  considera- 
tion of  the  action  of  forces  which  produce  that  motion  ;  thus,  for 
instance,  it  is  shewn  that  motion  takes  place  in  time  and  space ; 
that  a  particle  moves  with  a  certain  velocity,  and  that  velocity 
depends  on  time  and  space,  and  is  measured  by  the  ratio  of 
space  to  time.  In  the  latter,  motion  is  considered  as  the  effect 
of  certain  producing  causes,  and  the  relations  between  it  as  the 
effect  and  force  as  the  cause  are  investigated ;  thus  the  laws  of 
motion  and  the  equations  of  motion  belong  to  Dynamics  proper. 
In  the  exposition  of  the  first  principles  of  Dynamics,  see  Chapter 
VII,  Vol.  Ill,  this  division  of  the  subject  is  made,  and  the  parts 
are  treated  separately;  but  it  was  unnecessary  to  bring  the 
division  into  more  special  prominence,  because  the  Kinematics 
of  a  moving  particle  do  not  present  to  the  mind  images  difficult 
of  formation.  Every  one  can  form  a  conception,  more  or  less 
perfect,  of  the  motion  of  a  single  particle ;  it  describes  a  certain 
line,  which  is  its  path,  and  we  can  easily  imagine  that  path  ;  it 
moves  with  a  certain  velocity,  and  if  its  velocity  varies,  it  is 
not  difficult  to  conceive  the  rate  of  variation.  But  the  motion 
of  a  system  of  particles  is  more  complex  ;  we  can  indeed  follow 
the  path  of  any  one  particle  of  it ;  it  describes  a  line,  just  as  if  it 
were  not  connected  with  the  other  particles ;  but  what  is  the 
motion  of  all  the  particles  of  the  system  relatively  to  that 
particle  ?  Let  us  however,  at  present,  confine  our  attention  to 
the  motion  of  a  rigid  body,  which  is  a  system  of  particles  of 
invariable  form,  being  such  that  the  distance  between  every  pair 
of  particles  remains  unaltered.  The  body  can,  as  it  were, 
pirouette  about  any  one  particle  in  all  ways,  but  it  is  difficult 
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to  imagine  and  to  trace  the  motion  of  any  other  particle.  So  if 
a  body  rotates  about  an  axis  absolutely  fixed,  we  can  easily 
picture  to  ourselves  the  path  described  by  every  particle ;  it  is  a 
circle,  the  plane  of  which  is  perpendicular  to  the  fixed  axis,  and 
the  centre  of  which  is  in  that  axis.  But  when  the  body  has  the 
most  general  motion  of  which  it  is  capable,  our  conception  is  for 
the  most  part  very  obscure.  Hence  arises  the  necessity  of  re- 
solving that  motion  into  its  simplest  elements ;  so  that  when  we 
have  an  adequate  conception  of  each  separate  element  of  motion, 
we  may  combine  them,  and  thus  obtain  an  adequate  conception 
of  the  motion  of  the  whole  body.  We  must  therefore  first  dis- 
cuss the  several  motions  of  which  a  rigid  body  is  capable,  inde- 
pendently of  the  forces  which  produce  these  motions;  and 
subsequently  consider  the  relations  which  subsist  between  these 
efiects  and  their  causes.  In  the  present  Chapter  we  shall 
confine  our  attention  to  the  former  part,  viz.  the  Kinematics 
of  a  rigid  body ;  and  in  the  following  Chapters  we  shall  consider 
the  Dynamics  proper,  the  fundamental  axioms,  and  the  theorems 
deducible  from  them. 

31.]  Let  us  imagine  a  rigid  body  or  a  system  of  material 
particles  of  invariable  form  to  be  in  motion.  The  form  of  this 
system  will  be  definite  if  (1)  the  distances  from  each  other  of 
three  particles  which  are  not  on  the  same  straight  line  are 
given ;  (2)  the  distances  of  every  other  particle  from  each  of 
these  three  particles  are  given,  the  distances  being  afiected  with 
proper  signs,  as  indicating  direction ;  so  that^  as  the  system  is 
rigid,  if  the  positions  of  the  first  three  particles  are  determined, 
the  position  of  every  other  particle  is  also  determined,  and  that 
of  the  whole  body  is  also  known.  The  analytical  proof  of  the 
sufficiency  of  this  enquiry  will  be  given  hereafter.  We  shall 
however  now  presume  that  it  is  sufficient  for  us  to  consider  the 
motion  of  the  first  three  particles. 

Let  the  three  particles  of  the  system  which  form  a  triangle, 
and  relatively  to  which  every  other  particle  is  known,  be  p,  Q,  e, 
and  let  these  be  joined  by  straight  lines.  Now  if  the  motion  is 
such  that  the  sides  of  this  triangle  are  always  parallel  to  their 
original  positions,  it  is  plain  that  the  line  joining  any  other 
point  to  each  of  these  three  points  is  also  parallel  to  its  original 
position ;  such  a  motion  is  said  to  be  a  motion  of  translation 
of  the  body  or  system.     In  this  case  the  paths  of  all  particles 
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are  equal  and  parallel  lines,  whether  straight  or  curved,  and  are 
described  with  equal  and  parallel  velocities ;  and  the  motion  of 
the  whole  body  will  be  easily  inferred  from  that  of  any  one 
particle.  As  the  incidents  of  such  a  motion  have  been  fully 
discussed  in  the  previous  volume  of  our  work  it  is  unnecessary 
to  say  more  on  this  part  of  the  subject. 

32.]  If  however  the  paths  described  by  the  several  particles 
are  not  equal  and  parallel  the  body  has  another  motion  besides 
that  of  translation.     Let  us  consider  its  nature. 

Now  let  p,  Q,  B  be  the  positions  of  the  three  particles  of  the 
body,  to  which  the  position  of  every  other  particle  is  referred  at 
a  given  time ;  and  let  P^  Q^,  R^  be  their  positions  after  a  certain 
motion  ;  suppose  moreover  that  the  motion  is  most  general  and 
that  the  paths  described  by  these  three  particles  in  their  motion 
are  not  equal  and  parallel ;  we  may  analyse  the  motion  by  the 
following  process :  first  let  all  the  three  particles  be  moved  so  as 
to  describe  paths  equal  and  parallel  to  that  described  by  p  ;  that 
is,  let  us  suppdBe  a  motion  of  translation  of  the  whole  body  such 
that  every  particle  of  it  moves  over  a  space  equal  and  parallel 
to  PP^;  let  the  positions  taken  by  Q  and  r  after  this  motion  be 
^^,  r'';  through  p',  q",  r"  let  a  plane  be  drawn,  which  is  mani- 
festly parallel  to  the  original  plane  pqr  ;  and  also  let  a  plane  be 
drawn  through  the  three  final  positions  p',  q',  r';  let  these  two 
planes  intersect  along  the  line  p^n  ;  let  the  body  rotate  about  the 
line  p'n,  until  the  plane  q'V'p'  is  brought  into  the  plane  qVp'; 
and,  if  it  is  necessary,  let  the  body  again  rotate  about  a  line 
passing  through  p'  and  perpendicular  to  the  plane  p'q'r',  until 
q''  and  r''  coincide  respectively  with  q'  and  r';  by  these  several 
motions  the  body  will  have  passed  from  its  first  to  its  final 
position.  The  motions  are  three ;  the  first  is  a  motion  of  trans- 
lation ;  the  other  two  are  motions  of  turning  or  of  rotation  about 
certain  axes ;  and  as  the  motion  has  been  of  the  most  general 
kind,  so  may  all  motion  be  resolved  into  separate  motions  of  the 
kinds  which  we  have  mentioned. 

This  motion  of  rotation  requires  careful  consideration.  It 
always  takes  place  about  a  certain  straight  line  or  axis.  If 
a  body  rotates  all  points  along  the  axis  are  at  rest  so  far  as 
the  motion  of  rotation  is  concerned ;  they  may  move  by  reason 
of  other  circumstances,  but  they  do  not  move  by  reason  of 
the  rotation  of  the  body  about  that  axis;   and   the   straight 
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line  along  which  the  quiescent  points  are  is  called  the  axis  of 
rotation. 

Also  this  axis  may  or  may  not  meet  the  body.  If  it  meets 
the  body,  the  particles  of  the  body  along  the  axis  are  at  rest ;  if 
it  does  not  meet  the  body,  all  the  particles  of  the  body  move  by 
reason  of  the  rotation. 

Many  rotations  about  different  axes  may  co-exist;  we  must 
consider  how  this  is,  and  investigate  laws  by  which  these  may 
be  combined  into  one  or  more  resultants. 

33.]  Now  the  most  simple  rotation  is  that  of  a  body  rotating 
about  an  axis  fixed  absolutely ;  that  is,  relatively  to  it  and  to 
space.  In  this  case  every  particle  of  the  body  describes  a  circle 
in  a  plane  perpendicular  to  the  axis ;  and  the  body  being  rigid, 
the  times  in  which  the  circles  are  described  are  the  same  for  aU 
the  particles;  and  their  relative  position  is  not  changed  by  or 
during  the  motion. 

Imagine  a  particle  ^  at  a  distance  r  &om  the  axis  of  a  rotating 
body ;  and  through  the  fixed  axis  and  containing  it  let  a  plane 
be  drawn  fixed  in  space  ;  then  the  position  of  the  particle  may 
be  determined  at  any  instant  by  means  of  r  and  the  angle  at 
which  r  is  inclined  to  this  fixed  plane.  Thus  in  Fig.  8,  let  p  be 
the  place  of  m  at  the  time  t\  let  oz  be  the  rotation-axis,  fixed 
relatively  to  the  body  and  to  space;  through  it  let  the  plane 
zox  be  drawn,  and  let  it  be  fixed  in  space,  so  that  when  the  body 
rotates,  this  plane  as  well  as  the  axis  remains  fixed ;  let  op  be 
drawn  at  right  angles  to  02: ;  op  =  r,  Poa?  =  ^  ;  then  r  and  B  are 
suflBcient  to  determine  the  place  of  m. 

Firstly,  let  us  suppose  the  body  to  rotate  uniformly  about  the 
axis;  that  is,  let  us  suppose  B  to  receive  equal  increments  in 
equal  times ;  let  co  be  the  angle  by  which  B  is  increased,  that 
is  through  which  r  revolves,  in  an  unit  of  time  ;  then  if  ^  is  the 
angle  through  which  r  has  revolved  in  t  units  of  time, 

^  =  a)/J ;  (1) 

so   that  if  OP   coincides  with  ox  when  ^=0,  Poa?  =  ^  =  o)^. 

And  from  (1)  we  have  q 

o)  =  -  .  (2) 

We  must  enlarge  our  language ;  let  us  take  our  nomenclature 
from  that  of  motion  of  translation.  Since  the  linear  velocity 
of  a  particle  moving  uniformly  is   the  linear  space   described 
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by  it  in  an  unit  of  time ;  so  let  the  angle  through  which  an 
nnifonnlj  rotating  body  rotates  in  an  unit  of  time  be  called  the 
angular  velocity  of  the  body.  Thus  to  is  the  angular  velocity  of 
the  body,  and  is  defined  mathematically  by  (2).  It  is  to  be 
observed  that  the  angular  velocity  is  independent  of  r  and  is  the 
same  for  all  points  of  the  body. 

Secondly,  suppose  the  body  to  rotate  about  the  axis  but  not 
aniformly,  so  that  the  radius  vector  of  any  particle  does  not 
describe  equal  angles  in  equal  times ;  then  the  angular  velocity 
varies  and  is  a  function  of  the  time.  Let  the  time  be  resolved 
into  infinitesimal  elements ;  and  let  us  suppose  the  angular 
velocity  at  the  time  ^  to  be  a>,  and  to  be  co  +  ^o)  at  the  time 
t  +  dt;  and  let  ^d  be  the  angle  through  which  the  body  has 
rotated  in  the  time  dt.  Then  since  o)  is  the  angular  velocity  at 
the  beginning  of  dt,  and  a>  +  ^o)  is  the  angular  velocity  at  the 
end  of  dt,  the  mean  angular  velocity  with  which  dO  has  been  de- 
scribed in  o)  +  <f)d(o  if  ^  is  a  proper  fraction ;  and  0  is  positive 
or  negative  according  as  the  angular  velocity  is  increasing  or 
decreasing ;  so  that  by  reason  of  (1) 

do  ^  ((t)-\-  <f>doi>)  dt ; 
and  omitting  the  infinitesimal  of  the  second  order, 

de  =  a>dt;  (3) 

thus  do  is  the  angle  described  in  dt  units  of  time  by  the  body 
rotating  with  the  angular  velocity  o)  at  the  beginning  of  dt ;  and 
therefore  dividing  both  sides  by  dt,  we  have 

0)  =  ^;  (4) 

d6 
and  therefore  o)  or  :rr  is  the  angle  described  in  an  unit  of  time, 

at 

and  is,  according  to  our  definition,  the  angular  velocity  of  the  body. 

Thus  in  both  cases,  of  uniform  and  of  continuously  varying 
angular  velocity,  angular  velocity  is  the  angle  described  by  the 
radius  vector  of  any  particle  in  an  unit  of  time ;  and  is  the  ratio 
of  the  angle  described  in  a  given  time  to  the  time  in  which  it  is 
described  ;  in  the  case  of  varying  velocity  this  ratio  is  the  ratio 
of  two  infinitesimals. 

The  unit  angular  velocity  is  that  of  a  body  which  rotates 
through  an  unit  angle  in  an  unit  of  time ;  and  if  the  angular 
velocity  of  a  body  is  co,  o)  is  a  number  designating  the  number  of 
unit  aogles  through  which  the  body  rotates  in  an  unit  of  time. 
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34.]  Again  let  a  rigid  body  rotate  about  a  fixed  axis ;  at  a 
given  instant  the  angular  velocity  is  the  same  for  all  particles  of 
the  body ;  but  the  linear  velocity  is  evidently  not  the  same  for 
all ;  the  linear  velocity  of  those  at  a  greater  distance  from  the 
axis  is  greater  than  of  those  at  a  less  distance ;  the  relation 
between  the  angular  and  the  linear  velocities  of  a  particle  is 
thus  found. 

Let  us  take  a  particle  m  at  a  distance  r  from  the  axis.  Let 
0)  be  the  angular  velocity,  d6  be  the  angle  described  by  r  in  the 
time  dt,  and  let  di  be  the  space  described  by  m ;  then  di  =  rdO; 
and  as        de  ,^, 

=  ro) ;  (6) 

so  that  the  linear  velocity  of  m  is  the  product  of  the  angular 
velocity  and  the  radius  of  m^  and  therefore  varies  directly  as  the 
distance  of  m  from  the  rotation-axis.  If  therefore  r  =  1,  the 
angular  velocity  is  identical  with  the  linear  velocity. 

85.]  Hence  is  derived  the  principle  on  which  angular  velocities 
are  measured ;  if  two  bodies  rotate  with  angular  velocities  such 
that  the  particles  in  each  at  an  unit  distance  from  the  axis  de- 
scribe equal  spaces  in  equal  times,  the  angular  velocities  of  the 
bodies  being  uniform  during  that  time,  these  angular  velocities 
are  said  to  be  equal  And  this  mode  of  determining  equal  an- 
gular velocities  being  adopted,  it  is  evident  that  one  angular 
velocity  may  be  double,  or  treble,  or  n  times  another.  If  the 
equal  spaces  are  described  by  each  particle  in  the  same  direction, 
the  angular  velocities  are  equal  and  in  the  same  direction ; 
but  if  the  equal  spaces  are  described  in  opposite  directions^  the 
angular  velocities  are  equal  and  opposite.  Angular  velocities 
may  therefore  be  affected  with  signs.  Thus  if  o)  represents  the 
angular  velocity  with  which  a  body  rotates  in  a  given  direction, 
—  0)  will  represent  the  equal  angular  velocity  of  a  body  rotating 
in  the  opposite  direction.  As  angular  velocities  have  rotation- 
axes,  intensities  or  magnitudes,  and  directions,  it  is  evidently 
desirable  to  have  some  geometrical  and  graphical  representative 
of  them,  as  of  linear  velocities.  This  is  supplied  by  a  straight 
line  on  a  principle  similar  to  that  by  which  the  line-representa- 
tives of  couples  are  determined  in  Statics.  Along  the  rotation- 
axis  let  a  length  be  taken  containing  the  same  number  of  linear 
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units  as  a>  contains  angle-units ;  then  this  line  by  its  position 
and  its  length  represents  the  axis  of  rotation  and  the  intensity 
of  the  angolar  velocity.  Let  a  point  on  this  rotation-axis  be 
taken  as  a  fixed  pole  ;  as  the  body  may  rotate  about  this  axis  in 
either  of  two  directions,  so  may  the  line-representative  of  the 
angular  velocity  be  measured  from  this  pole  in  either  of  two 
opposite  directions,  and  therefore  we.  must  choose  a  principle  by 
which  direction  of  rotation  may  be  determined.  Let  it  be  this ; 
if,  as  we  look  along  the  axis  from  the  pole,  the  body  rotates  from 
left  to  right,  like  the  hands  of  a  watch  when  we  face  it,  let  that 
rotation  be  called  positive,  and  let  its  line-representative  be 
measured  &om  the  pole  in  the  direction  in  which  we  look  ;  but 
if  the  body  rotates  from  right  to  left,  that  is  in  the  direction 
opposite  to  that  of  the  motion  of  the  hands  of  a  watch,  let  that 
rotation  be  negative,  and  let  the  Hue-representative  be  measured 
from  the  pole  in  a  direction  opposite  to  that  along  which  we 
look.  Thus  in  Fig.  4 ;  let  o  be  the  pole  and  ox  the  rotation- 
axis  ;  as  we  look  &om  o  towards  af  let  the  body  rotate  as  the 
hands  of  a  watch  which  we  fiice ;  that  is,  in  the  direction  of  the 
letters  pqrs,  then  that  rotation  is  positive,  and  its  line-repre- 
sentative is  to  be  measured  from  o  towards  the  right ;  let  oa  be 
that  line,  then  o  a  is  as  to  direction  and  length  a  representative 
of  the  angular  velocity.  If,  on  the  contrary,  when  we  look  from 
o  towards  x,  the  rotation  of  the  body  is  in  the  opposite  direction, 
then  the  line  o  a  is  to  be  measured  along  ox  produced  back- 
wards ;  that  is,  o  a'  is  the  line-representative  of  the  angular 
velocity.  I  may  observe  that  if  we  look  &om  o  towards  a',  that 
is  towards  the  lefb  instead  of  the  right,  oa'  is  the  representative 
of  the  rotation  in  the  second  case  according  to  the  principle  we 
have  adopted,  for  as  we  look  from  o  towards  a'  the  body  rotates 
in  the  same  direction  as  the  hands  of  a  watch ;  thus  the  line- 
representative  is  independent  of  the  direction  in  which  we  look 
from  o.  These  line-representatives  are  called  vectors,  and  we 
shall  hereafter  use  them  as  adequate  representatives  of  angular 
velocities.  This  mode  of  representation  is  the  foundation  of 
Graphical  Kinematics. 

86.]  Thus  much  as  to  single  angular  velocities,  and  their  line- 
representatives.  We  will  now  investigate  the  circumstances  of  a 
body  which  rotates  with  many  simultaneous  angular  velocities ; 
that  is,  we  suppose  a  body  to  rotate  about  a  determinate  axis 
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but  either  of  these  is  the  equation  to  a  straight  line  passing 
through  o ;  and  as  all  particles  along  it  are  at  rest,  it  is  the  axis 
of  the  resultant  angular  velocity.  From  (11)  it  appears  that  it 
is  the  diagonal  of  the  parallelogram  of  which  oa  and  on  are  the 
containing  sides ;  so  that  the  axis  of  the  resultant  angular  velocity 
lies  along  the  diagonal  of  the  parallelogram  of  which  the  line- 
representatives  of  the  component  angular  velocities  are  the  con- 
taining sides. 

The  intensity  of  the  resultant  may  be  found  as  follows ;  let  us 
suppose  it  to  be  0)^ ;  then  as  the  path  which  a,  or  indeed  any 
particle  on  the  line  oa,  describes  in  dt  in  the  case  of  the 
component  angular  velocities  is  that  due  to  a)^  only,  and  is 
a>i,  o  A  sin  ydt,  and  as  the  path  described  by  a  in  ^^  in  the  case 
of  the  resultant  angular  velocity  is  oDcOAsmcoAdt,  these  paths 
are  to  be  equal ;  and  therefore 

0)^  sin  y  =  a)^,  sin  CO  A  ;  (12) 

similarly  if  we  equate  to  each  other  the  two  paths  described  by 
B  in  the  cases  of  the  component  and  of  the  resultant  angular 
velocities,  we  shall  have 

a)«  sin  y  =  oDc  sin  COB ;  (13) 

from  either  of  which  equations  it  appears  that  a)^  is  represented 
in  length  by  the  diagonal  oc.  Hence  it  follows  that  if  a  body 
rotates  with  two  simultaneous  velocities,  whose  line-representa- 
tives meet  in  a  point  and  are  the  adjacent  sides  of  a  parallelo- 
gram, the  resultant  angular  velocity  is  equivalently  expressed  in 
aU  respects  by  that  diagonal  of  the  parallelogmm  which  abuts 
at  the  point  of  intersection  of  the  line-representatives  of  the 
component  angular  velocities. 

Hence  if,  as  in  Fig.  7,  co  is  produced  to  c',  so  that  c'o  =  co, 
then  if  oa,  ob,  oc'  are  the  line-representatives  of  three  simul- 
taneous angular  velocities,  the  body  is  at  rest ;  because  oc,  which 
represents  the  resultant  of  co^  and  cu^,  represents  an  angular 
velocity  which  is  neutralised  by  that  of  which  oc'  is  the  line- 
representative ;    and  therefore  if  aoc'=  /3,  boc'=  o,  from  (12) 

and  (13)  we  have         ^  ,„  „, 

!^^    =    .^    =    !^'    '  (14) 

sin  a      sin  /3      sin  y '  ^     ' 

hence  also  if  a  body  rotates  with  three  simultaneous  angular 
velocities  whose  axes  meet  in  a  point,  and  whose  line-representa- 
tives are  parallel  and  equal  to  the  three  sides  of  a  triangle,  the 
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angular  velocities  neutratise  each  other,  and  the  body  remains 
at  rest. 

Hence  also  it  follows  that  if  a  body  has  two  simultaneous 
angiilar  velocities  co^  and  0)5  about  two  axes  which  intersect 
at  an  angle  y,  these  are  equivalent  to  a  single  angular  velocity 
a>0,  which  is  given  by  the  equation 

toe*  =  ft>a*  +  2a)«a)5  cos  y  +  0)5*  ;  (15) 

the  rotation-axis  of  which  makes  angles  a  and  fi  with  the  rota- 
tion-axes of  0)^  and  a>a,  which  are  such  that 

smasm^smy  ^     ^ 

88.]  Now  suppose  a  body  to  have  two  simultaneous  angular 
velocities  a)^  and  coy  about  two  axes  intersecting  each  other 
at  right  angles ;  then,  if  co  is  the  resultant  angular  velocity, 

a>«=a).a  +  a>,*;  (17) 

and,  if  a  is  the  angle  between  the  axes  of  co  and  a>«, 

0),  =  0)  cos  a,  )  ,jg. 

coy  =  0)  sin  a ; )  ^     ' 

so  that  angular  velocities  may  by  means  of  their  line-representa- 
tives be  resolved  and  compounded  according  to  the  projective 
laws  of  pure  geometry,  the  laws  of  resolution  and  composition 
of  statical  pressures,  and  of  d3mamical  linear  velocities. 

Similarly  if  a  body  has  three  simultaneous  angular  velocities 
a>gy  a)y,  o),  about  three  axes  which  intersect  at  right  angles ;  then, 
if  o)  is  the  resultant  angular  velocity, 

a)^=a).2  +  V  +  ^.*;  (19) 

and  if  a,  )3,  y  are  the  angles  which  the  axis  of  the  resultant  angu- 
lar velocity  makes  with  those  of  the  component  angular  velocities, 

o).  a)«.  o). 


^    *^v    


=  0).  (20) 


cos  a      cos  fi      cos  y 

39.]  Hence  we  can  deduce  the  single  resultant  angular  ve- 
locity of   many  angular  velocities,   whose  rotation-axes   pass 
through  a  given  point :    let  that  point  be  the  origin,  and  at 
it  let  a  system  of  coordinate  axes  originate ;  let  the  several 
angular  velocities  be  a)i,a>2,......a)^;  and  let  their  rotation-axes 

te  (ch ,  ^1,  yi)»  (o2»  ^^2,  yz), (an » ^»»  y*) ;  let  each  angular  velo- 
city be  resolved  into  three  components  along  the  three  coor- 
dinate axes ;  so  that  those,  whose  rotation-axis  is  the  axis  of  x, 
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me  a>iCOBai,  ci>2COBa2i (o^cobo^i  and  if  2.  o)  cos  a  is  the  sum 

of  all  these, 

2.0)  cos  a  =  a>2  ^^^  ^  "^  ^2  ^^^  ^  ~^ '\-<»>f^co&a^;  \ 

similarly  j       ^^n 

S.cocos^  =  a>iCOS^2  +  a>2COS)S2+ +a),cos)9,,  (       ^     ^ 

2.0) cosy  =  (DjCOsyj  +a)2COsy2  4- +a)^cosy,.  ^ 

Let  n  be  the  resnltant  angular  velocity ;  and  let  a,  b^che  the 
direction-angles  of  its  rotation-axis  ;  then 

ncosa  =  2.a>cosa,    nco6i  =  2.a>cos^,     ncosc  =  2.a>cosy;  (22) 

.\     n2=  (2.a)COsa)2  +  (2.a)COS)9)*  +  (2.a)COsy)2;         (28) 

.  2.a>co8a       2.a)COS)3       s.cocosy  ,^.. 

and  = r^  = =  n ;  (24) 

cosa  cos  6  cose  ^     ^ 

which  equations  give  the  intensity  of  the  resultant  angular  velo- 
city, and  the  direction-cosines  of  its  rotation-axis. 

40.]  A  machine  devised  by  Bohnenberger*,  which  is  repre- 
sented in  Fig.  8,  may  probably  facilitate  the  conception  of 
simultaneous  angular  velocities,  and  their  combined  effects ;  the 
machine  is  delineated  in  its  primary  state  of  rest,  o  is  the 
centre  of  a  sphere,  through  which  a  horizontal  axis  a  a'  passes, 
the  ends  of  which  are  pivots  acting  in  a  horizontal  circular 
ring  abaV,  so  that  the  sphere  can  rotate  about  this  axis.  To 
this  horizontal  ring  two  pivots  are  attached  at  b  and  b^  the  line 
joining  which  is  perpendicular  to  aa';  these  pivots  work  in  a  ver- 
tical circular  ring  cb  cfB\  so  that  the  ring  containing  the  sphere 
can  rotate  about  the  axis  bb';  the  ring  C(/  has  also  two  pivots 
at  c  and  c^,  which  are  fixed  points,  the  line  joining  which  is 
vertical  and  is  at  right  angles  to  both  aa^  and  bb^;  and  the 
vertical  ring  can  rotate  about  cc'  as  an  axis.  The  three  lines 
AA^  bb^,  cc^  intersect  in  o  the  centre  of  the  sphere,  and  thus 
form  a  system  of  rectangular  axes  in  space,  the  origin  of  which 
is  at  the  centre  of  the  sphere.  Now  this  is  the  state  of  the 
machine  at  rest,  and  the  problem  is  this;  let  an  angular 
velocity  a>g  be  given  to  the  sphere  about  the  line  a  a';  to  the 
ring  aba'b'  carrying  the  sphere  let  an  angular  velocity  a)^  be 
given  about  the  axis  bb';  and  to  the  ring  cbcV  caiTying  the 
former  ring  and  the  sphere  let  an  angular  velocity  co,  be  given 
about  the  axis  cc';  then  the  sphere  being  connected  with  the 
rings  has  all  these  angular  velocities  simultaneously,  and  the 

*  See  Bohnenbergery  Gilbert*8  **  Annalen  der  Physik/'  Band  LX,  18 19. 
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qoestion  is,  what  line  of  particles  is  at  rest  ?  What  is  the  re- 
sultant axis  of  rotation,  and  what  is  the  angular  velocity  of  the 
sphere  about  it  ?  Try  to  follow  in  your  mind  the  path  described 
by  any  particle  of  the  sphere,  when  it  moves  with  all  these 
simultaneous  angular  velocities;  and  try  thence  to  determine 
the  line  of  quiescent  particles.  Probably  in  the  difficulty  of 
doing  so,  you  will  perceive  the  necessity  of  such  composition  and 
resolution  of  angular  velocities  as  we  have  just  explained.  Let 
us  assume  the  three  angular  velocities  to  be  positive  ;  then  the 
resultant  angular  velocity  will  be  given  by  equation  (19)  and  the 
direction-cosines  of  its  axis  by  (20).  This  may  be  thus  exhibited ; 
let  us  suppose  a)^  =  ooy  =  a>, ;  then  a  =  p  =  y;  let  a  diameter  of 
the  sphere  be  drawn  making  equal  angles  with  aa^,  bb^,  C(/  in 
its  original  position  ;  and  at  the  poles  where  this  diameter  meets 
the  surface,  let  the  surface  be  divided  into  three  equal  lunes,  and 
let  them  be  coloured  respectively  red,  yellow,  and  blue  ;  then  it 
will  be  found  that  the  sphere  will  rotate  about  this  axis  which  is 
equally  inclined  to  the  three  lines  aa^,  bb',  cc/,  and  the  rotating 
sphere  will,  if  its  angular  velocity  is  great  enough,  appear  white  ; 
whereas  if  the  resultant  rotation-axis  does  not  pass  through  the 
point  where  the  differently  coloured  lunes  meet,  the  colour  of  the 
rotating  sphere  near  its  pole  will  be  that  of  the  lune  in  which 
the  rotation-axis  pierces  the  sphere. 

41.]  The  experiment  with  the  pendulum,  devised  by  Foucault 
to  exhibit  to  the  eye  the  rotation  of  the  earth  about  its  axis,  is  a 
simple  application  of  the  laws  of  resolution  and  composition 
of  angular  velocities  which  have  been  investigated.  Let  us 
suppose  the  earth  to  be  a  perfect  sphere,  of  which  a  plane 
section  through  the  poles  is  drawn  in  Fig.  9 ;  p  and  ^  being  the 
north  and  south  poles,  c  being  the  centre,  and  wcb  being  the 
intersection  of  the  plane  of  the  paper  and  the  plane  of  the 
equator.  Let  a  pendulum  be  suspended  at  the  north  pole,  so 
that  it  may  vibrate  freely  in  all  directions.  Now  if  the  pendu- 
lum is  at  rest,  and  suspended  from  a  point  not  rotating  with  the 
earth,  but  fixed  absolutely  in  space,  the  earth  would  rotate 
under  the  pendulum  &om  west  to  east  in  24  hours;  and  the 
apparent  effect  to  a  person  on  the  earth  would  be  a  complete 
rotation  of  the  pendulum  through  360°  from  east  to  west  in  the 
same  time.  A  point  of  suspension  however  not  fixed  to  the 
earth  cannot  be  obtained,  and  of  course  if  the  point  of  suspension 
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is  joined  to  the  earth,  all  moves  together,  and  the  pendulom  has 
no  apparent  rotatoiy  motion.  Let  however  the  pendulum  be 
suspended  from  a  point  fixed  to  the  earth ;  and  let  it  vibrate  in 
a  plane ;  then  as  the  earth  turns,  the  point  of  suspension  turns, 
and  the  pendulum  turns,  but  the  plane  cf  vibration  is  not  affected 
by  these  rotations  ;  it  is  as  stationary  as  if  the  point  of  suspen- 
sion were  absolutely  fixed ;  so  that  in  the  course  of  24  hours, 
if  the  pendulum  vibrates  so  long,  the  plane  of  vibration  will 
apparently  pass  in  succession  over  all  the  meridians  from  east  to 
west,  because  the  earth  in  that  time  performs  a  complete  revo- 
lution from  west  to  east  under  the  pendulum ;  and  the  angular 
velocity  of  the  earth  will  be  the  apparent  angular  velocity  of  the 
plane  of  vibration  of  the  pendulum.  A  similar  phenomenon 
will  be  presented  by  a  pendulum  at  the  south  pole,  but  the 
direction  of  the  apparent  rotation  of  the  plane  of  vibration  will 
be  from  west  to  east.  At  the  equator  no  such  effect  takes  place. 
For  suppose  a  pendulum  to  be  suspended  at  the  equator,  and  its 
plane  of  vibration  to  be,  say,  north  and  south ;  as  the  earth 
rotates  about  its  axis,  it  is  evident  that  neither  the  point  of 
suspension  of  the  pendulum  nor  the  plane  of  vibration  has  any 
rotation ;  the  point  of  suspension  of  the  pendulum  is  carried 
round  in  a  circle,  and  the  plane  of  vibration  continues  north 
and  south.  At  the  equator  therefore  no  effects  of  the  earth's 
rotation  such  as  we  have  described  will  be  exhibited  by  a  pen- 
dulum. The  full  effect  is  exhibited  at  either  pole;  and  no 
effect  at  the  equator.  Now  let  us  take  any  place  a,  whose 
latitude  is  A ;  and  let  ac  be  drawn  to  the  centre  of  the  earth. 
Let  o)  be  the  angular  velocity  of  the  earth  about  its  axis ;  then 
o)  sin  X  is  the  angular  velocity  about  the  line  ao,  which  is  the 
normal  to  the  earth's  surface  at  the  point  a  ;  so  that  the  plane 
of  vibration  of  the  pendulum  at  a  will  undergo  a  displacement 
from  east  to  west  similar  to  that  which  takes  place  at  p,  but 
more  slowly ;  for  whereas  the  time  of  a  complete  revolution  at 

2ir 
P  =  —  =  24  hours,   the  time   of   a  complete    revolution    at 

2^ 

A  =  • — ; — -  ;  so  that 

CO  sm  A  24  hours 

The  time  of  revolution  at  a  =  — ; — ^^ —  •  (25) 

sm  A  ^     ' 

This  law  has  been  verified  by  numerous  observations  made  at 

various  places  on  the  earth ;  for  although  the  vibration  of  the 
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pendulnm  has  not  been  continued  through  24  hours,  yet  the 
arcs  described  by  the  plane  of  vibration  in  a  given  time  have 
been  found  to  vary  in  different  latitudes  as  the  sines  of  these 
latitudes. 

42.]  We  proceed  now  to  consider  the  resolution  and  compo- 
sition of  angular  velocities,  the  rotation-axes  of  which  do  not 
meet ;  and  we  will  first  consider  the  particular  case  of  angular 
velocities  whose  axes  are  parallel,  and  about  which  separately 
the  body  rotates  in  the  same  direction.  Let  the  angular  ve- 
locities be  a>a  and  co^ ;  and  let  their  poles  be  o  and  0^,  and  their 
axes  DA,  o^B;  oo^  being  perpendicular  to  each  of  these  lines; 
see  Fig.  10 ;  let  p  be  the  place  of  any  particle  in  the  line  oo^ 
and  to  fix  our  thoughts  let  us  take  it  between  o  and  o';  let 
oo'  =  (?,  OP  =  a?,  Po'=  y  ;  then  the  do¥aiward  path  of  p  in  the 
time  dt  which  is  due  to  a)^  is  xm^dt^  and  the  upward  path  in 
the  same  time  due  to  0)5  is^a>5^^ ;  so  that  the  downward  path 
of  P  in  the  time  dt        ^  (xa>^-^ya>^)de. 

Now  suppose  Q  to  be  a  point  in  00^  which  under  the  effects 
of  the  two  angular  velocities  co^  and  co^  remains  at  rest ;  then 
if  X  and  y  are  the  respective  distances  of  Q  from  da  and  &om 
o'b,  x<aa^ya>i,  =  0;  whence 

-  =  ^;  (26) 

whereby  Q  is  determined ;  and  as  every  point  in  the  line  through 

Q  perpendicular  to  00^  is  at  rest,  so  QC  is  the  axis  of  the  resultant 

angular  velocity;  and  (26)  shews  that  it  divides  the  distance 

between  the  axes  of  the  two  component  angular  velocities  into 

two  parts  which  are  to  each  other  inversely  as  the  angular 

velocities. 

Let  0)  be  the  resultant  angular  velocity;  then  in  the  case 

of  the  component  angular  velocities,  the  downward  path  of  o'  in 

the  time  dt  =  (o^cdt;  and  in  the  case  of  the  resultant  angular 

velocity^  the  downward  path  of  0^=  (oydt;  these  are  of  course 

equal ;  whence  we  have  zopyx 

^  <OaC  =  (i>yi  (27) 

similarly,  if  we  equate  the  two  paths  of  o  in  the  two  cases,  we 
have  a)jc  =  a>a?;  (28) 

whence  o)      <»a      <»h      '«>a  +  *«>5 


X        y  +  x 


(29) 
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ll^^JLt^;  (30) 

/.    o>  =  0)^  +  0)^;  (31) 

that  is,  the  resultant  angular  velocitjr  is  the  sum  of  the  com- 
ponent angular  velocities. 

A  similar  theorem  is  true,  whatever  is  the  number  of  the 
component  angular  velocities  which  have  parallel  axes. 

If  one  of  the  component  angular  velocities,  say  0)5,  is  negative, 
the  paths  of  all  particles  between  0  and  0^  due  to  both  co^  and 
0)5  will  be  downward ;  let  us  then,  see  Fig.  11,  consider  the  path 
taken  by  a  point  p  in  the  line  00'  produced ;  now  the  line-repre- 
sentative of  0)5  is  o^B,  which  is  drawn  from  o^  in  a  direction 
opposite  to  that  in  which  oa  is  drawn  from  o.  Let  op  =  ^, 
o'p  =  y ;  then  the  downward  path  described  by  p  in  rf^  due 
to  0)^  is  (o^xdt ;  and  the  upward  path  due  to  0)5  is  (Oj^ydt; 
therefore  the  whole  downward  path  in  the  time  d^ 

=  {<»>aOS'-(Oi,y)dt. 

Let  Q  be  a  point  in  o  o^  which  remains  at  rest ;  then,  if  o  Q  =  a?, 

^'^=^'  <o,x  =  a>,y;  (82) 

so  that  the  line  00'  is  divided  externally  into  two  parts  which 
are  inversely  proportional  to  the  component  angular  velocities. 

Also  let  o)  be  the  resultant  angular  velocity  whose  rotation- 
axis  is  QC;  then  equating  the  downward  paths  of  o  which  are 
due  to  0)5  and  to  a>  respectively,  we  have 

(i>i^c  =  <ax;  (33) 

and  equating  the  downward  paths  of  o'  which  are  due  to  a)^  and 
to  0)  respectively,  ^^^  ^  ^y .  (34) 

<0    _  5;^  _  ^  _  ft)6~Q)a 

c   "^  X  ^  y  "   a?— y 
_  a>6~a)a. 


c       ' 


/.     0)  =  (Oft  —  0)^ ;  (85) 

that  is,  the  resultiint  angular  velocity  is  the  excess  of  the  greater 
component  over  the  less ;  and  has  therefore  the  same  sign  as 
the  greater. 

Hence  if  a  body  moves  with  many  angular  velocities  coj,  Wg,  •  •  o)„, 
all  of  which  have  parallel  rotation-axes,  and  if  a  is  the  resultant 

angular  velocity,  n  =  co^  +  a)^  + +  o), 

=  2.0);  (36) 
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where  2 .  a>  is  the  algebraical  sum  of  the  several  components ; 
bat  more  will  be  said  hereafter  on  this  subject. 

43.]  If  however  the  difference  between  a)^  and  a>5  is  infi- 
nitesimal, then  0)  is  also  infinitesimal ;  and  if  a)^  =  co^,  o)  =  0, 
and  the  resultant  angular  velocity  vanishes.  In  this  case  how- 
ever X  =z  y;  which  can  be  only  if  a?  =  y  =  oo.  Here  then 
a  paradox  presents  itself;  when  two  component  angular  velo- 
cities with  parallel  axes  are  equal  and  have  opposite  signs,  the 
resultant  angular  velocity  is  zero,  and  its  axis  is  at  an  infinite 
distance.     We  must  return  to  first  principles. 

Consider  Fig.  12,  wherein  oa  and  o'b  are  the  line-representa- 
tives of  two  equal  angular  velocities  which  have  opposite  di- 
rections: let  oo'=  c,  and  take  any  particle  p  in  the  line  oo': 
let  OP  =  X,  o'p= jr;  then  the  downward  path  of  p  in  the  time 
dl  due  to  0)^  and  to  —co^ 

=  m^x  dt  +  tAa]/ dt^ 

=  a)„(?rf^;  (87) 

and  therefore  is  the  same,  whatever  is  the  place  of  P.  Thus  all 
particles  of  the  body  are  advanced  in  the  time  dt  along  a  distance 
equal  to  m^cdt  and  perpendicular  to  the  plane  containing  the 
two  parallel  axes  of  the  component  angular  velocities.  The 
effect  therefore  of  a  body  moving  with  such  a  pair  of  equal  and 
opposite  angular  velocities  is  a  displacement  of  translation  of 
the  body  over  a  distance  proportional  to  the  product  of  either 
angular  velocity  and  the  perpendicular  distance  between  the  two 
axes.  M.  Poinsot,  to  whom  we  are  indebted  for  the  laws  of 
composition  and  resolution  of  angular  velocities,  calls  such  a 
pair  of  equal  and  opposite  angular  velocities  a  couple  of  an- 
gular velocities,  and  the  product  (o^c  he  calls  the  moment  of 
the  couple.  The  analogy  is  evident  between  these  theorems  and 
those  of  statical  couples. 

Hence  a  couple  of  angular  velocities  gives  a  body  a  displace- 
ment of  translation  equal  to  co^cdt  in  the  time  dH,  and  along  a 
line  perpendicular  to  the  plane  of  the  axes  of  the  couple. 

Hence  also  it  is  evident  that  a  couple  may  be  equivalently 
replaced  by  any  other  equimomental  couple  provided  that  the 
planes  containing  the  axes  of  the  couples  are  either  parallel  or 
identical.  And  the  geometrical  representation  of  a  couple  is  a 
straight  line  whose  length  is  proportional  to  the  moment  of  the 
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coaple,  and  which  is  perpendicular  to  the  plane  of  the  axes  of 
the  couple. 

44.]  Lastly,  let  us  consider  the  most  general  case;  that  in 
which  a  body  moves  with  many  gimultaneouB  angular  velocities, 
the  rotation-axes  of  which  do  not  pass  through  one  and  the 
same  point,  and  are  not  parallel. 

As  the  signs  of  angular  velocity  are  arbitrary,  it  is  convenient 
for  our  present  purpose  to  affect  them  with  those  which  are  best 
suited  to  a  system  of  coordinate  axes  in  space.  Let  then  those 
ang^ular  velocities  be  considered  positive  with  which,  having  for 
their  rotation-axes  severally  the  axes  of  x^  y^  z,  the  body  turns 
from  the  ^-axis  to  the  ;2;-axis,  from  the  jer-axis  to  the  ar-axis, 
from  the  fl?-axis  to  the  y-axis  respectively;  and  let  those  be 
negative  with  which  the  body  rotates  in  opposite  directions. 
This  system  is  evidently  cyclical,  and  is  easily  remembered. 

Let  the  angular  velocities  be  a>i,  0)3,  ««•  co^;  and  let  a  point 
o  rigidly  connected  with  the  body  be  the  origin ;  at  it  let  a 
system  of  rectang^ular  coordinates  fixed  in  space  originate ;  and 
let  the  direction-angles  of  the  rotation-axes  be  o^ ,  jS^ ,  y^ ,  a, ,  jSs ,  72  > 

...a»»  Pny  y.  ;    let   (iTij^i,  Z^\  («2>J'2»  ^2)*  —  ipu^ifuy  ^n)  ^0   poiuts 

severally  on  the  rotation-axis  of  each,  and  \et  Pn  p^y*  Pn  ^ 
the  perpendicular  distances  from  o  on  the  several  rotation-axes. 
And  of  all  these  quantities  let  a>,  (a,  ^,  y),  (a?,  ^,  r),  p  be  the 
types.  Let  us  consider  the  type  velocity  o).  At  the  origin  let 
a  pair  of  equal  and  opposite  angular  velocities  be  introduced,  each 
of  which  is  equal  to  co,  and  the  rotation-axis  of  which  is  parallel 
to  that  of  0) ;  and  from  o  let  the  perpendicular  distance  p  be 
drawn  to  the  rotation-axis  of  o) ;  so  that  instead  of  the  original 
0),  we  have  a>  at  o  equal  to  the  original  o)  and  with  a  rotation- 
axis  parallel  to  that  of  the  original  a>,  and  a  couple  of  angular 
velocities,  each  of  which  is  o),  and  the  distance  between  whose 
axes  is  j9 ;  so  that  jdo)  is  the  moment  of  the  couple ;  and  the 
effect  of  which  is  a  displacement  of  the  body  in  the  time  dt  over 
a  distance  equal  to  (ji^pdi  in  a  line  perpendicular  to  the  plane 
which  contains  the  origin  and  the  rotation-axis  of  co.  Let  a 
similar  process  be  performed  on  all  the  angular  velocities;  then 
we  have  a  system  of  angular  velocities  the  rotation-axes  of  which 
pass  through  o,  and  also  a  system  of  couples  of  angular  velocities, 
the  effects  of  which  are  severally  a  displacement  of  translation  of 
the  body. 
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Let  n  be  the  resultant  angular  velocity  of  all  those  which  act 
at  o ;  let  xi^.  Ay,  a.  be  its  axial  components ;  and  let  a,  b,  c  be 
the  direction-angles  of  its  rotation-axis ;  then 

n^  ^  (Ol  cos  Oj  +a>2C0S  02  + +^«  <^os  ^ 

=  2.0) cos  a;  (38) 

Ay  =  2.0)  co6)3;  (39) 

A,  =  2.0)  cos  y;  (40) 

.-.       a2  =A.2  +  ny2  +  A/, 

=  (2.0)  cosa)^  +  (2.o)COS^)*  +  (2.a>cosy)^;     (41) 

.  2.0)C06a        2.0)C08)S        2.0)C08y  /.^v 

and  =  T-^  = =  o  ;  (42) 

cos  a  cos  0  cos  c  ^     ' 

whereby  the  intensity  and  the  direction-cosines  of  the  rotation- 
axis  of  the  resultant  angular  velocity  through  o  are  known. 

45.]  As  to  the  couple  of  angular  velocities  which  arises  from  oi, 
the  moment  of  the  couple  is  jdo);  and  as  jd  is  the  perpendicular 
from  the  origin  on  a  line  passing  through  (^,  y,  z\  whose  direc- 
tion-angles are  (a,  ^,  y),  we  have 

j»*  =  (-?cos^— ycosy)*  +  (a?co8y— ;?coso)*  +  (ycosa— fl?cos^)^.  (43) 
Now  the  displacement  of  translation  which  the  body  undergoes 
by  virtue  of  this  couple  of  angular  velocities  is  along  a  line 
perpendicular  to  the  rotation-axis  of  o)  and  to  j9 ;  so  that  its 
direction-cosines  are 

2^006)3— ycosy      fl?cosy— xrcosa     y  cosa— fl?cos)3         ,^^ 

'P  '  "P  '  "p  ' 

Let  Ao-  be  the  space  through  which  the  body  is  displaced  in 

the  time  ^^  by  reason  of  this  couple  of  angular  velocities ;  then 

ACT  =  (oj)dt',  (45) 

and  the  direction-cosines  of  a  <r  are  given  by  (44)  ;  so  that  if 
a(,  ATI,  a(  are  the  axial  projections  of  A<r, 

a(  =  u>(z  cos  p—y  cos  y)  dt^   \ 

ATI  =  a>(x  cos  y—z  cos  o)  dt,    >  (46) 

a(  =  <o(y  cos  o— a?  cos^)  dL    ) 
A  result  similar  to  this  is  true  for  each  component  angular 
velocity ;  and  therefore  if  <r  is  the  whole  space  through  which 
the  origin  is  transferred,  and  if  £,  rj,  ^are  the  axial  projections  of  <r, 

f  =  2.0)  {z  cos  /3— y  cos  y)  dt,    \ 

i;  =  2.0)  (a?  cos  y—z  cos  o)  dt,    v  (47) 

f  =  2.0)  (y  cos  o— a?  cos  p)dt;  ) 
and  a^  =  e'^V^  +  Cl  (48) 
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and  the  direction-cosines  of  <r  are 

2.a)(2'cos/3— ycosy)rf^    2.a)(a;cosy~;?cosa)^^    2.a)(ycosa— a?C0B)8)rf^    ,.q. 
<r  cr  <r 

whereby  we  have  the  resultant  motions,  both  of  translation  and 
of  rotation  about  an  axis  through  the  origin,  of  a  body  moving 
with  many  simultaneous  angular  velocities. 

46.]  If  the  simultaneous  angular  velocities  cd^,  a)2,...a>M  are 
such  that  the  body  is  at  rest,  then  a  =  0,  and  o-  =0;  so  that 
we  have  the  six  conditions 

2.a)cosa  =  0,    \  2.a)(;zrcos^— y cosy)  =  0,    \ 

2.a)cos/3  =  0,    V    (50)  2.a)(a?cosy— i^cos  a)  =  0,    >     (51) 

5.a)cosy  =  0;  )  2.a>  (^cosa— a?cos^)  =  0;   J 

from  these  equations  theorems  can  be  deduced  similar  tq  those  of 
Arts.  71-75,  Vol.  III. 

47.]  If  the  angular  velocities  are  capable  of  composition  into 
a  single  angular  velocity,  let  n  be  the  single  angular  velocity, 
n«,  Ay,  n.  its  axial  components,  and  {sf\y,  /)  a  point  on  its  axis ; 
then  as  the  effect  of  n  is  to  be  identical  in  all  respects  with  the 
combined  effects  of  the  component  angular  velocities, 

n^.  =  2.0)008  o,    n^  =  2.0)  cos^,    n,  =2.o)C06  y;        (52) 

n.ar'-n,/=7,,    J  (58) 

from  the  last  of  which  we  have  the  condition 

fn,  +  7)n^  +  Cn.  =  0;  (54) 

which  equation  shews  that  the  resultant  line  of  displacement  is 
perpendicular  to  the  rotation-axis  of  the  resultant  angular  velo- 
city ;  and  as  the  resultant  displacement  may  be  replaced  by  two 
equal  and  opposite  angular  velocities  whose  rotation-axes  are 
perpendicular  to  the  line  of  displacement,  we  may  take  these 
rotation-axes  to  be  parallel  to  that  of  n,  whereby  we  sh^  have 
three  angular  velocities  with  parallel  rotation-axes  which  may  be 
compounded  into  a  single  angular  velocity. 

48.]  If  the  axes  of  all  the  simultaneous  couples  are  parallel, 
then 

ncosfl  =  cos  a  2.0),     ncos  J  =  cos  j3  2.0),     ncosc  =  cosy  2. o)*, 
.•.     a  =  a,  i  =  i3,  c  z=  y 

n  =  2.0) ; 


'    }  (55) 
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that  is,  the  resultant  angular  velocity  is  equal  to  the  sum  of  all 
the  component  angular  velocities,  and  its  rotation-axis  is  parallel 
to  the  rotation-axes  of  the  components.     Also 

^  =  (cos  )3  2.a>^— cos  y2.a>y)^^,   \ 

rj  =^  (cob  y  2.(0 X— cos  a2.a>2)dt,   ^  (56) 

f  =  (cos  a  2.a)y— cosj3s.a)a?)rf^.   ) 

In  this  case  (54)  is  satisfied ;  and  the  ang^ular  velocities  are 
capable  of  reduction  to  a  single  angular  velocity ;  let  a  be  the 
resultant,  and  let  {x,y,  ^)  be  a  point  on  its  rotation-axis ;  then 
as  it  produces  the  same  effect  as  all  the  components  taken  in 
combination,  and  as  the  direction-angles  of  its  axis  are  a,  )3,  y, 

f  =  (cos  )3  n5— cos  yn^)rf^,  y 

1)  =  (cos  yn^— cos  oni)//^,  >  (57) 

f  =  (cos  aay-- COS  p  ax)dt;  ) 

which  are  severally  equal  to  the  values  given  in  (56).  But  as 
these  results  are  true,  whatever  be  the  system  of  coordinate  axes, 
a,  /3,  y  are  manifestly  indeterminate  ;  so  that  we  have 

X  = ,  y  = ^  ,  z  =  .  (58) 

(f,y,  i)  is  called  the  centre  of  the  parallel  angular  velocities. 

49.]  From  the  preceding  Articles  it  appears  that  if  a  body  is 
moving  with  many  simultaneous  angular  velocities;  the  resultant 
motion  consists  (1)  of  a  determinate  angular  velocity  n,  the 
rotation-axis  of  which  is  determinate  in  direction  but  not  in 
position ;  and  (2)  of  a  displacement  of  translation  of  an  arbitra- 
rily chosen  point  on  the  axis  of  the  resultant  angular  velocity  n, 
the  line  of  motion  and  amount  of  which  are  g^ven  by  equations 
(47)  and  (48).  Now  whatever  is  the  position  of  this  arbitrarily 
chosen  point,  the  resultant  angular  velocity  is  the  same  in 
intensity  and  direction,  but  the  amount  and  the  line  of  the 
displacement  of  translation  of  the  point  varies  with  the  point ; 
for  although  in  the  infinitesimal  time  dt  the  displacement  is 
infinitesimal,  yet  equations  (47)  shew  that  it  varies  with  the 
origin.  Let  us  therefore  inquire  what  is  the  position  of  the  origin, 
when  that  displacement  is  the  least ;  the  form  of  (47)  indicates 
that  it  does  not  admit  of  a  maximum,  but  it  may  be  a  minimum. 

Let  the  directions  of  the  coordinate  axes  be  unchanged ;  and 
let  (Xq,  yo>  -^o)  ^  ^^®  origin  for  which  the  displacement  of  transla- 
tion is  the  least;  so  that  for  x,  y^  z  in  (47)  we  must  substitute 
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^— ^o>y~yo>  ^~"^o5  *^^  ^®*  fo>  %9  (0  ^  ^'^^  axial  components  of 
the  displacement  o-q  of  the  new  origin ;  then 

fo  =  ^•^{(^-•2^o)c^i3-0-yo)cosy}  rf^; 

+  {f-Cyo°.-^oO^/}'-        (60) 
Thus  a-Q^  is  a  fonetion  of  x^^  y^,  z^  which  are  three  independent 

variables ;  whence  equating  to  zero  the  three  partial  differentials 

of  (Tq,  as  in  Art.  82,  Vol.  Ill,  we  have 

_CVz5^        ^  ^Q«— CQ«  iyn,-f  Hy 

which  are  the  equations  to  a  straight  line ;  this  line  therefore  is 
the  locus  of  points  for  which  the  displacement  of  translation  due 
to  the  simultaneous  angular  velocities  is  a  minimum.  The  line 
is  evidently  parallel  to  the  rotation-axis  of  a ;  and  passes  through 
a  point  whose  coordinates  are 

ffiy-iyn,  ffl,--Cfl«  lyn^-ffiy ,  .^^. 

a^dt     '  cfidt     '  ci^dt     '  ^^  ' 

which  give  the  following  geometrical  construction.  At  any 
point  o  taken  arbitrarily,  let  the  displacement  of  translation  <r 
and  its  axial  components  f,  ^,  C  ^^  drawn ;  also  let  the  rotation- 
axis  of  n  be  drawn.  Let  ^  be  the  angle  between  these  two 
lines ;  through  o  draw  a  line  perpendicular  to  both  of  them ;  and 
along  that  perpendicular  from  o  take  a  length  od  =j9,  such  that 

<rsin<^  /fiQ\ 

then  a  line  drawn  through  d  parallel  to  the  rotation-axis  of  a  is 
that  whose  equations  are  (61).  This  line  is  called  the  central 
axis  of  the  system,  and  the  equations  to  it  can  be  found  directly 
from  this  conception  of  it. 

50.]  If  the  origin  is  taken  on  the  line,  /?  =  0 ;  and  therefore 
sin  ^  =  0 ;  60  that  the  line  of  displacement  lies  along  the  rotation- 
axis  of  n.  In  the  case  therefore  of  the  central  axis  the  system 
of  simultaneous  angular  velocities  is  reduced  to  (1)  an  angular 
velocity  a  about  a  determinate  axis,  and  (2)  a  displacement  of 
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translatioii  <r  along  this  axis.  In  the  infinitesimal  time  dt  the 
body  rotates  through  an  angle  adt  about  the  axis,  and  moves 
along  the  axis  over  a  distance  <r  which  is  given  by  equation  (48). 
Thus  it  has  a  helical  motion:  while  it  rotates  with  a  given 
angular  velocity,  it  also  advances  along  the  rotation-axis  with  a 
determinate  linear  velocity.  Hence  it  is,  that  such  a  motion  is 
called  a  screw,  and  the  central  axis  is  called  the  axis  of  the  screw. 
The  ratio  of  the  velocity  of  translation  along  the  central  axis 
to  the  ang^ular  velocity  about  it  is  called  the  pitch  of  the  screw ; 
thus  if  V  is  the  velocity  of  translation  along  the  central  axis, 
and  n  is  the  angular  velocity, 

the  pitch  =  — *• 

This  is  one  of  the  most  simple  images  which  the  motion  of  a 
rigid  body  admits  of. 

Hence  as  the  motion  of  any  particle  of  the  body  is  made  up  of 
the  motion  of  rotation  about  the  central  axis,  and  of  the  motion 
of  translation  along  it,  and  as  the  projection  of  the  former  on 
the  central  axis  is  zero,  it  follows  that  the  projections  on  the 
central  axis,  and  consequently  on  any  axis  of  rotation,  since  all 
rotation-axes  are  parallel,  of  the  displacements  of  all  particles  of 
a  body  are  equal. 

I  may  observe  that  the  equations  (61)  of  the  central  axis  may 
be  found  by  investigating  the  locus  of  points  at  which  the  dis- 
placement of  translation  lies  along  the  rotation-axis  of  n. 

51.]  Now  when  a  body  has  a  continuous  motion  the  system 
of  the  central  axes  forms  a  ruled  surface  in  space,  and  another 
ruled  surface  in  the  body ;  all  the  generators  of  the  second  suc- 
cessively coincide  with  those  of  the  first.  In  imagining  such  a 
motion  let  us  suppose  that  of  translation  or  the  sliding  of  the 
axis  to  take  place  before  the  rotation  about  the  axis ;  let  two 
generators  be  placed  on  each  other  in  their  corresponding  posi- 
tion^, and  let  the  sliding  along  them  take  place  over  the  distance 
a- ;  and  then  let  the  body  turn  about  the  common  generator  of 
the  two  surfaces  through  the  angle  cid^;  by  this  means  the 
next  two  generators  will  be  brought  into  coincidence ;  and  the 
corresponding  sliding  and  rotation  will  again  take  place;  and 
so  on ;  whereby  the  two  surfaces  will  be  successively  brought  into 

•  For  a  farther  discussion  on  Screws,  see  "The  Theory  of  Screws," 
by  R.  S.  Ball.    Dublin.  1876. 
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contact  with  each  other  along  their  generators.  If  one  of  the 
surfaces  is  developable,  the  other  is ;  and  if  <r  =  0  throughout 
the  motion,  in  which  case  there*  is  no  sliding,  the  two  sur&ces 
are  evidently  cones.  This  also  is  the  case  when  one  point  in  the 
body  is  fixed,  so  that  all  the  axes  pass  through  that  point.  The 
line  of  contact  of  the  two  surfaces  is  called  the  instantaneous 
sliding  axis. 

The  case  however  in  which  the  body  has  a  fixed  point,  and  in 
which  the  ruled  surfiu^s  become  cones,  deserves  further  illustra- 
tion. Let  o,  see  Fig.  13,  be  the  fixed  point  of  the  body;  and 
from  it  let  a  sphere  be  described  of  any  radius ;  and  let  the  cones 
which  are  respectively  fixed  in  space  and  fixed  in  the  body  be 
cut  by  the  surfsu^  of  the  sphere  in  the  curves  is  and  is';  let  i 
be  the  point  where  the  instantaneous  axis  meets  the  spherical 
sur&ce ;  let  s  and  s'  be  the  arcs  of  the  two  curves  is  and  is'  re- 
spectively ;  of  which  let  the  length-elements  be  ds  and  d^\  let 
01  be  the  instantaneous  line  of  contact  of  the  two  cones,  and  let 
the  time  be  divided  into  equal  infinitesimal  elements  dt ;  also 
let  the  curves  s  and  s'  be  divided  into  elements  corresponding 
to  successive  ^^*s,  and  so  that  the  coiresponding  elements  are 
equal.  Let  os  be  the  cone  fixed  in  space^  and  os'  that  fixed  in 
the  body ;  then  the  motion  of  the  body  will  be  represented  by 
the  rolling,  without  sliding,  of  the  latter  cone  on  the  former ; 
the  line  of  contact  of  the  two  cones  being  always  the  instan- 
taneous axis  of  the  body.  Hereafber  we  shall  have  a  case  in 
which  we  shall  find  the  equations  to  these  cones,  and  thus  have 
their  relative  magnitudes  and  position.  In  the  mean  time  I 
may  observe  that  the  rolling  may  take  place  in  many  ways. 
One  cone  may  roll  outside  the  other,  as  in  Fig.  13 ;  or  the 
moveable  cone  may  roll  inside,  as  in  Fig.  14 ;  or  again  as  in 
Fig.  15^  where  the  moveable  cone  is  larger  than  the  fixed  cone 
and  rolls  on  the  outside  of  it.  Or  again  either  of  the  cones  may 
degenerate  into  a  plane,  as  in  Fig.  16 ;  and  either  of  the  cones 
may  become  a  straight  line,  in  which  case  the  axis  of  rotation  is 
fixed.  Or  the  cones  may  become  identical,  in  which  case  the 
position  of  the  rotation-axis  is  indeterminate. 

Also  the  vertex  of  either  cone  may  be  at  an  infinite  distance, 
in  which  case  the  cone  becomes  a  cylinder ;  and  as  the  instan- 
taneous axes  are  all  parallel,  the  path  of  every  particle  is  in  a 
plane  perpendicular  to  the  axis  of  the  cylinder. 
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52.]  Let  us  consider  other  properties  of  the  central  axis. 
From  (59)  we  have 

n  n  '  ^     ^ 

and  by  a  process  similar  to  that  of  Art.  77,  Vol.  Ill,  it  may  be 
shewn  that  this  quantity  is  invariant,  through  whatever  angle 
the  system  of  coordinate  axes  is  turned.  But  if  ^  is  the  angle 
between  or  corresponding  to  any  origin  and  the  rotation-axis  of  o), 

cos®  = : 

.'.     (Tcos^  =  a  constant  =  o-q  ;  (65) 

where  (Tq  is  the  displacement  of  translation  along  the  central  axis; 
that  is,  the  projections  of  the  displacements  of  translation  of  all 
points  of  the  body  on  the  central  axis  are  equal ;  in  other  words, 
the  body  has  a  motion  of  translation  along  the  central  axis,  and 
passes  through  the  distance  o-q  in  the  time  dt.  If  therefore  a 
plane  is  drawn  perpendicular  to  the  central  axis,  the  distances 
of  all  points  of  the  body  from  this  fixed  plane  are  increased  or 
diminished  by  the  same  quantity  in  the  time  dt.  And  the  line 
of  this  quantity  is,  as  shewn  in  Art.  49,  that  along  which  the 
displacement  of  translation  is  the  least.  Hereby  we  have  the 
following  construction  for  the  direction  of  the  central  axis ;  through 
any  point  in  space  draw  straight  lines  equal  and  paraUel  to  the 
actual  displacements  of  all  the  points  of  a  body  due  to  the  time 
dt ;  then  the  ends  of  these  lines  will  be  all  in  one  plane  which  is 
perpendicular  to  the  central  axis. 

Again,  all  the  properties  of  reciprocal  lines  which  are  demon- 
strated in  Vol.  Ill,  Arts.  89-93,  are  true,  mutatis  mutandis,  of 
angular  velocities ;  indeed  the  principle  of  duality  is  completely 
applicable  to  these  theorems,  x,  y,  z,  b,  l,  m,  n,  g  are  to  be 
changed  into  o^,  o^,  o,,  o,  f,  ly,  f,  <r  respectively,  and  the  enun- 
ciations of  the  theorems  are  to  be  changed  accordingly ;  that  is, 
pressures  are  to  be  changed  into  angular  velocities,  and  moments 
are  to  be  changed  into  displacements  of  translation.  Thus,  it  is 
there  proved  that  any  system  of  pressures  may  be  reduced  into 
two  pressures  acting  along  lines  at  right  angles  to  each  other : 
hence  it  follows  that  every  system  of  angular  velocities  may  be 
reduced  into  two  angular  velocities  whose  axes  are  perpendicular 
to  each  other. 

Again,  as  all  moment-centres  of  equal  moment  lie  on  a  cylin- 
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drical  snrface  whose  axis  lies  along  the  central  axis ;  so  all  points 
for  which  the  displacement  of  translation  is  the  same  lie  on  a 
cylindrical  surface  ;  also  all  the  lines  of  equal  displacement  cor- 
responding to  points  on  a  circle  whose  plane  is  perpendicular  to 
the  central  axis  lie  on  the  snr&ce  of  a  hjrperboloid  of  revolution. 

So  for  all  points  on  a  line  perpendicular  to  the  central  axis, 
the  lines  of  displacement  are  in  the  surface  of  a  hyperbolic 
paraboloid. 

From  the  theorems  of  Art.  91,  Vol.  Ill,  we  have  the  following 
deductions.  If  a  body  moves  with  many  simultaneous  angular 
velocities,  they  may  be  reduced  to  two  others  whose  rotation- 
axes  are  such  that  if  one  is  given,  the  other  is  the  reciprocal 
line ;  and  the  perpendicular  line  to  these  two  axes  passes  through 
and  is  perpendicular  to  the  central  axis  of  the  system. 

And  from  Art.  93,  it  follows  that  every  system  of  angular  ve- 
locities may  be  replaced  by  two  equal  angular  velocities,  whose 
rotation-axes  are  perpendicular  to  each  other,  and  each  of  which 
is  inclined  at  45^  to  the  central  axis,  and  the  axes  are  perpen- 
dicular to  a  line  which  is  bisected  at  right  angles  by  the  central 

axis ;  each  of  the  angular  velocities  =  — ;   and  the  length  of 

the  perpendicular  distance  between  the  axes  =  — ^  • 

53.]  We  have  in  the  next  place  to  determine  the  velocity  of 
any  particle  of  a  body  which  has  the  most  general  motion ;  that 
is  a  motion  of  rotation  as  well  as  a  motion  of  translation. 

I  will  first  take  the  case  where  one  point  is  fixed,  through 
which  of  course  the  rotation-axis  passes,  so  that  the  displacement 
of  a  particle  may  be  due  to  the  rotation  only ;  and  I  shall  con- 
sider the  displacements  which  take  place  during  the  infinitesimal 
time  dt. 

Let  the  fixed  point  of  the  body  be  taken  as  the  origin,  and  let 
a  system  of  coordinate  axes  fixed  in  space  originate  at  it ;  let  co 
be  the  angular  velocity  with  which  the  body  rotates  about  the 
axis,  of  which  let  the  direction-angles  be  (a,  )3,  y) ;  let  (j?,  y,  z) 
be  the  place  of  the  particle  p,  the  displacement  of  which  in  the 
time  ^^  is  to  be  calculated  ;  let  ds  be  the  displacement,  of  which 
let  dx,  d^y  dzhe  the  axial  projections  ;  let  co,,  coy,  co^  be  the  axial 
components  of  co  ;  so  that 

(66) 


f^x  W|f  «« 


COS  a      cos  fi      cos  y 


=  O). 
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Let  p  be  the  perpendicular  distance  from  {x,  y,  z)  on  the  rota- 
tion-axis (a,  )3,  y) ;  then  as  a>^^  is  the  infinitesimal  angle  through 
which  the  body  rotates  in  the  time  dt, 

ds=:j)a)dt;  (67) 

and 

p^  =  (2C08p—yco8yY  +  (xco8y-2cosay  +  (y  cos  a— a?  cos  ^)*.   (68) 

Now  ds  is  perpendicular  to  the  rotation-axis,  and  to  the  line 
drawn  from  the  origin  to  {x,y,2);  also  dx^dy^dz  are  propor- 
tional to  its  direction-cosines  ;  therefore 

cosa^^  +  cosj3^y  +  cosy^2r  =  0,  )  . 

xdX'\-       Jfdy+       zdz  =  0;)  ^     ^ 

dx  dy  dz  ,^^, 

.'.     r = ^ = (70) 

zcosp—ycoay      xcosy—zcosa      ycosa^xcos^    ^     ' 

ds 

/.     dx  =  (2:cos)3— ycosy)a)rf^  =  (^co^  ^y(»i»)dt^  \ 

dy  =  (^cosy~rcosa)a)^^  =  (x<t}g^Z(Og)dt,  >       (72) 
dz  =  (yco8a~a;cos^)a)^^=:  (y<t}g—X(Oy)dt;) 

d^ 
.'.     J^  =  (^  ^ir  -y  ^•)^  +  (a?  0),  -  2: 0)^)2  +  (^  0).  -  a?  0)^)2.      (73) 

In  all  these  expressions  there  has  been  an  ambiguity  of  sign, 
which  I  have  omitted  ;  that  sign  has  been  taken  which  is  in  ac- 
cordance with  the  principle  of  signs  of  angular  velocities  assumed 
in  Article  44;  for  suppose  the  body  to  rotate  about  the  axis 
of  X  only ;  so  that  coy  =  o),  =  0 ;  then  for  a  particle  in  the 
first  octant  of  space,  dz^  the  increment  of  z^  will  be  positive,  and 
dy,  the  increment  of  y,  will  be  negative ;  similarly  for  single 
rotations  about  the  other  coordinate  axes ;  and  equations  (72) 
are  in  accordance  with  these  conditions. 

Hence  the  equations  to  the  tangent  line  of  the  path  which 
the  particle  m  at  {x,  y,  z)  is  taking  at  the  time  t  are 

Hence  also  if  a  body  has  a  fixed  point  at  the  origin,  and 
rotates  with  angular  velocities  co^,  coy,  o),  about  its  three  coor- 
dinate axes  respectively,  the  rotation-axis  of  the  body  is  the 
locus  of  the  points  which  are  at  rest,  and  its  equations  conse- 
qaently  are  f  _  n   _  C  (75^ 


(Ojc       a)y       0), 
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If  -7^  =  a  constant,  (73)  is  the  equation  to  a  circular  cylinder: 

(it 

hence  the  locus  of  particles  in  a  body  moving  about  a  fixed  point 
which  at  any  given  instant  have  the  same  velocity  is  a  circular 
cylinder. 

54.]  As  an  exact  comprehension  of  (72)  is  of  great  importance, 
let  us  investigate  these  expressions  by  another  and  a  more  ele- 
mentary process. 

From  {x,y,z),  the  place  of  w,  let  perpendiculars  T^yT^^r^  be 
drawn  to  the  three  rectangular  axes  of  x^y^z  respectively;  and 
let  Q  be  the  angle  between  r^  and  the  plane  of  {Xy  y\  ^  the  angle 
between  r^  and  the  plane  of  (jl^z\  yjf  the  angle  between  r.  and  the 
plane  of  (z^x) ;  so  that  dOy  d<l>y  dyjf  are  positive  according  to  our 
hypothesis  of  signs  for  small  rotations  about  the  axes  of  x,y,  z 
respectively.  Let  rotations  through  infinitesimal  angles  take 
place  successively  about  these  axes,  and  let  the  changes  of  the 
variables  due  to  these  rotations  be  calculated.  For  a  rotation 
about  the  axis  of  x  through  dd  we  have 

y  =  rjjCos^,  ;2r  =  f^8in^, 

dy  =  —rgQmddO,  dz  =  r.cos^rf^, 

=  —zdO;  =zyd$; 

so  that  the  infinitesimal  variations  of  y  and  z  are  respectively 
—zd$,  and  yd$;  similarly  for  a  rotation  through  an  angle  d(t> 
about  the  axis  of  y,  the  variations  of  z  and  x  are  respectively 
--xdif)  and  zd<l) ;  and  for  a  rotation  through  dyjf  about  the  axis 
of  z,  the  variations  of  x  and  y  are  respectively  —ydyjf  and  xdxff ; 
60  that  if  dx,  dy,  dz  are  the  total  variations  of  x^  y,  and  z  due 
to  these  combined  rotations, 

dx  =  zd<l>  —yd\lr,\ 

dy  =  xd\lf—zdeA  (76) 

dz  =:yd$  —xdff),} 

55.]  We  shall  hereafter  find  it  convenient  to  refer  a  body  and 
its  motion  to  two  sets  of  coordinate  axes  at  the  same  time ;  one 
of  which  is  assumed  to  be  fixed  in  space,  and  the  other  to  be 
fixed  in  the  body  and  to  be  moving  with  it.  At  first  I  will 
assume  these  two  systems  to  originate  at  the  same  fixed  point  of 
the  body  so  that  the  body  is  capable  of  only  a  motion  of  rota- 
tion about  an  axis  passing  through  this  fixed  point ;  and  I  will 
suppose  a  point  p  to  be  {x^y^z)  and  (^,  ?y,  f)  in  reference  re- 
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spectively  to  the  systems  fixed  in  space  and  fixed  in  the  body ; 
and  I  shall  suppose  the  two  systems  to  be  related  by  the  scheme 
of  direction-cosines  given  in  Art.  2.  As  the  body  moves  about 
an  axis,  which  passes  through  the  origin,  a?,  y,  z  and  the  nine 
direction-cosines  vary,  but  f ,  ?;,  f  do  not  vary ;  so  that  from  (2), 
Art.  2,  we  have  for  the  variations  in  the  time  dt 


dt"^  dt'^^  dt"^^  dt'  ^ 

dy  _  ^da^  .  ^^^2  .  ^^^2 
dt"^  dt  "^"^  dt  ^^  dt  ' 


dz  ^  ^da 
di^^Tt 


3 


db 


^^-df^^ 


dc. 


dt 


3  . 

9    f 


(77) 


which  values  of  -rj  >  -tt^  -t-.  express  at  the  time  t  the  axial  com- 
ponents of  the  velocity  of  the  particle  which  is  at  (a?,  y,  z\ 

Let  0)^,  coy,  0);^  be  the  axial  components  of  the  angular  velocity 
0)  of  the  body  along  the  fixed  axes  of  a?,  y,  z  respectively ;  then 
from  (72),  Art.  53, 

dx 

dt  =  "^'-9'^' 

jT  =  f  («3"»  —  <^2  <*».)+'»  (^S®*  — ^8  »«)  +  C(<'8<*»-<^2".)' 


(78) 


dy 

^  =  f  («!  o).  -  flg  o),)  H-  iy  (ii 0),  -  igO),)  +  C((?i  o),  -  <?3  to,), 

In  (77)  and  (78)  (f,  ?;,  f )  is  the  plaoe  of  any  particle,  and  there- 
fore f,  17,  C^^^  indeterminate ;  so  that  the  systems  of  equations 
are  identical ;  hence  we  may  equate  coefficients,  and  we  have 

dt 


^=«3^|f  — ^2^«»      J^  =  *3^|f— *2<^«>      •^  =  ^3^|f— ^2^»;    ' 


fl?^ 


3^*; 


da 


-  =  a^uij^—a^uiy^ 


dt 

dbo      ,  ,  rftfo 


(79) 


56.]  These  formulce  are  important,  and  it  is  necessary  to 
understand  their  meaning ;  we  have  arrived  at  them  indirectly, 
and  therefore  let  us  prove  them  by  another  process. 

The  circumstances  of  the  body  are  these.     A  point  in  it  is 

F  7, 
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fixed  and  is  the  origin;  at  it  originate  (1)  a  system  of  coor- 
dinate axes  (x,  y,  z)  fixed  absolutely  in  space ;  (2)  a  system  of 
coordinate  axes  (f,  17,  C)  fixed  in  the  moving  body :  the  body 
rotates  with  an  angular  velocity  o)  about  an  axis  such  that  the 
axial  components  of  o)  along  the  axes  of  x,  y,  g  are  o).,  <»y«  a>, ;  at 
the  time  t  the  direction-cosines  of  the  axis  of  ^  are  o^,  ^2*  ^3* 
What  are  the  changes  of  these  quantities  due  to  the  angular 
velocity  a>?  Take  a  point  (a?,  y,  z)  on  the  axis  of  f  at  a  distance 
p  from  the  origin ;  then 

dx  __    da^  dy  __     da^  dz  _^    da^ 

'''    Tt^^dT'       Tf^W       Tt^^Tt' 

and  replacing  jT >  3? '  Ti^y  ^&i  values  given  in  (72),  we  have 


dOo 

da. 


(80) 


and  the  other  six  equivalents  of  (79)  may  be  found  by  similar 
processes.  ^       ^        j 

Thus,  if  p  =  1,  ~J,  —J,  _?  aj^  severally  the  axial  com- 
ponents of  the  velocity  of  the  particle  on  the  axis  of  f  at  an  unit 
distance  from  the  origin  at  the  time  t. 

57.]  Hereby  also  the  axial  components  «,,  a)^,  «,  may  be  de- 
termined in  terms  of  the  ^-differentials  of  the  direction- cosines. 
Let  us  multiply  the  three  equations  in  the  last  horizontal  row 
of  (79)  by  fl2>  *2>  ^2  respectively  and  add,  then 

da,.      -  db^         dc^  ,^  , 

.,  =  a,^>^b,J+c,jf;  (81) 

also  let  us  multiply  the  three  equations  in  the  middle  row  of 
(79)  by  ^3,  J3,  <?g  respectively  and  add ;  then 

da^     ,  dL        dc„ 


—  O),  =  rt. 


these  two  values  of  co,  are  in  accordance  with  the  first  equation 
of  (6),  Art.  2. 


^•=^»rf^ 


«« 
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Hence^  and  from,  similar  processes,  we  have 

daq^  .  ,  db^        de^  (      da,      ,  rfd,         rf<?i)       ,^^. 

Hence  also  the  equations  (75)  to  the  rotation-axis  may  be  ex- 
pressed in  terms  of  the  ^-differentials  of  the  direction-cosines  of 
the  axes  fixed  in  the  body. 

58.]  Also,  if  a>^,  a>i,,  o)^  are  the  axial  components  along  the  axes 
^^  ii  Vi  C  of  the  angular  velocity  of  the  body  at  the  time  ^, 

0)^  =  a^  <0g  +  «2^F  +  ^3  ^Mi 

0),  =  3^  0),  +  ig  Wy  +  *s  <»•>  •  (86) 

and  conversely,       «,  =  fljcof +  Ji(o,  +  (?ia)^,  \ 
Also,  from  the  second  vertical  row  of  (79),  we  have 

=  aiO),  +  fl2®|f  +  ^3^» 

=  «^> 
using  the  equalities  contained  in  (11),  (12),  and  (13)  of  Art.  2.   By 
a  similar  process,  equivalents  of  a>^  and  o);  in  terms  of  the  ^-dif- 
ferentials of  the  direction-cosines  are  determined,  and  we  have 

db.         dbo         dbo  (,   '^^i      z  ^^2  .  z  ^^zl 


dc.         dcg,        dc^  {     d(u        da,.  ,     da^)        ,__. 

I  da,      .  dan     ,  rfa.  (     db,  ,      dbo  .      db^) 

The  ^-differentials  of  the  direction-cosines  may  be  determined 
as  follows  in  terms  of  w^ ,  a>„and  co^.    From  (79)  and  (87)  we  have 
da, 

-Jl  =  «3^f-«2^. 

=  <'3K«f  +  *2^"l  +  ^2^f)  — ^2(^3^f+*3<»n  +  ^3^;) 
=  (^2  ^3  —  H  ^2)  ^;  —  K  *3  "•  ^3  ^2)  ^1 
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So  that  hence,  and  hy  similar  processes,  we  have 
da,       ,  dao       ,  da^       , 


dt 
dL 


dt 


=  <?2Wf  — «2^f> 


dt 

dh 


dt 


-  =  ^3^f  ""^8®^» 


1(89) 


dt 


dt 


dt 


59.]  The  groups  (79)  and  (89)  involve  some  remarkable  results 
which  will  be  useful  in  the  sequel. 
From  (79)  we  have 

sda.J^     /dL\^     /dcn^^  «        « 


/dao\^     /db^\^     /dcn\^  „ 


0) 


2 


dt^    '  ^dt^    \ydt 
And  similarly  from  (89)  we  have 


2 


(^)+(w)+( 


.2 


W^  +  ^1 


2     y 


Also  we  have  from  (79) 


da2  da^  ,  ^^2  ^^3      ^^2  ^^3 


=  —  a)„a)„     \ 


rf^rf^        di"di  '^  It  dt  "^  '^ 


<0g<0y. 


And  from  (89) 


0) 


i^^j 


rf^  d^       dt  dt  '^  dt  dt  "" 
^^1  doj^      dc2  da^      dc^  da^ 

dt  dt^lidt'^Ttli""  ""^^"^^^ 

da-i  db^      da^  db.j,      da^  db^ 

dt  dt^TtTt^'Ttlt^  ""^^•»- 


>- 


(90) 


(91) 


(92) 


(98) 
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Also  from  (79)  we  have 


da 


da 


^2:J7-«3:77  =  *i«n  +  ^i^cA 


dt 


dt 


da.  da^       , 


^dt 
da„ 


dt 


da.       _ 


dt 


dt 


,  dbo      ,  dd^ 

^2-37  "*3  j7  =  ^l^<^+«l^^ 


db^ 


dt 
db 


*8 :77  "  *i:77  =  ^2^f +«2«^ 


^^ 


dt 


dc, 


^2:77  ""^3  37  =«lWf  +  *l«i|.^ 


'2^/^ 

/;?(?, 


dt 
dc 


''^dt''''^Tt 


8 


=  ag^o^  +  A 


2^11. 


rfc 


2 


^^ 


dc.  - 

Similarly  from  (89)  we  have 

dhn      I  dc. 

dc.         da,       .  , 

^1 77  -«i:77  =  ^2«r+^3^.;  J 


^^ 


t^^ 


2 


57 


*2-:77  -«2  77  =  ^8^.+^i«*;/ 


da^      ?  7 

-^3-^=^l^x  +  ^2<«>|f> 


(fa. 


(94) 


(95) 


(96) 


(97) 


(98) 


(99) 


60.]  The  componentfl  of  the  absolute  velocity  of  the  particle  m 
at  the  time  t  along  the  moving  axes  which  are  fixed  in  the  body 
may  thos  be  found ;  let  them  be  t;^,  t;,,  v^ ;  then 
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dx         dy         dz 
J,/    da^         ddn         rfflr.v         /     rfi,  dbo         db^\ 

^/    dci        de^        de^\ 
whence,  and  by  similar  processes  for  the  other  components,  we  have 

^  =  fa);-fa>^    -  (100) 

These  equations  enable  ns  to  determine  the  position  of  the  ro- 
tation-axis at  the  time  t  relatively  to  the  axes  fixed  in  the  moving 
body;  for  if  r^  =  r,  =  t?;  =  0, 

i=^  =  l;  (101) 

a>{       o),       o)^ 

and  these  are  the  equations  to  the  line  of  quiescent  particles. 

Now,  in  the  general  motion  of  a  body,  the  axial  components 
of  the  ang^ular  velocities  are  functions  of  the  time,  and  may  be 
expressed  in  terms  of  t ;  and  therefore  the  position  of  the  rota- 
tion-axis will  vary  from  time  to  time  relatively  to  both  systems 
of  axes,  and  will  describe  a  conical  surfisuse  the  vertex  of  which 
is  the  fixed  point.  If  then  we  eliminate  t  from  (75),  the  result- 
ing equation  will  be  that  of  the  conical  sur&ce  fixed  in  space ; 
and  if  we  eliminate  ^  from  (101),  the  resultant  equation  will  be 
that  of  the  conical  surfisice  fixed  in  the  body;  and  these  two 
conical  surfaces  will  always  have  a  generating  line  common ; 
which  will  be  the  rotation-axis  at  the  time  t.  These  are  the 
cones  referred  to  in  Art.  51. 

61.]  Let  us  now  suppose  the  body  to  be  free  from  all  con- 
straint :  let  us  as  heretofore  take  a  point  in  or  rigidly  connected 
with  the  body  to  be  the  origin  of  a  system  of  rectang^ular  coor- 
dinate axes  fixed  in  it  and  moving  with  it ;  relatively  to  a  system 
of  axes  fixed  in  space,  let,  at  the  time  t,  {x,  y,  z)  be  the  place  of 
a  type-particle  m  of  the  body,  and  let  (a?o>yo»  ^o)  ^  ^^  place  of 
the  moving  origin ;  and  let  (f,  ?;,  f )  be  the  place  of  m  relatively 
to  the  origin  and  to  the  axes  which  are  fixed  in  and  move  with 
the  body;  then,  taking  the  scheme  of  direction-cosines  of  Art.  2, 

we  have  a?  =  a?o  +  «if+*i'?H  ^iC  ) 

y  =  yo  +  «2f+^2^  +  ^2C,   ■  (102) 
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we  have  also  the  inyerse  system, 

As  the  body  moves  a^q'  ^o'  ^o  ^^^  ^^^  ^^®  direction-cosines  evi- 
dently vary ;  but  f,  iy,  f  are  constant ;  therefore 


dt  "  dt  '^^dt  "^^  dt  '^^  dV 


dt 
da, 


dt 
dL 


dt 
dc^ 


T7  — T7  +  fTr  +  '?   j^   +C"77> 


(104) 


dt^dt   '  ^  dt   '  '  dt    '  ""  dt 
which  are  the  components  along  the  fixed  axes  of  the  velocity  of  any 
particle  f«,  and  admit  also  of  expression  in  the  following  forms ; 


dx      dXf.     ,         .  / 


da^ 
dt 


+  *i 


dt 


dc^ 
It 


+  ^XT^) 


+  (y-yo)(«2^+J2^^  +  ^2  4?) 


dt  '  ^dt 


+c 


3 


dt 
de^ 
It 


); 


Also  similarly, 


dw       dXf.     /         V         /         V       \ 

^  ~  ■^+ («'-''o)«.-(«-^o)«« 

77  =  ^  +  (5'-yo)«.-(«-«o)'»»-  y 


(105) 


dt        dt 

Let  r{,  v„Vf  be  the  components  of  the  velocity  of  m,  along 
the  moving  axes  of  (,f),  (;  so  that 
dx  dy  dz 


"^^'^Tt  +'''dt-^'''Tt 


ssa 


dx. 


^9i 


^  dt  ^"^dt   '^'^  dt 


+  ij(ai 


+  «2 

db^ 
W^^'Tt 


+  a 
dh 


dz. 


% 


dh 


da^ 


"^-df^"' 


da. 


ro\      >/     </^i         dco         dCi 


+  fl 


3 


) 


dt 


+  flj 


^^ 


); 


rffl?Q         dy^         dz, 


"'^=^^7/  +  ^^ 


^^ 


1?.-=    <?, 


It 


dt 


+  ^2   ^^  +  ^3 


+  i?w^— f«,-  . 


(106) 
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In  these  expressions  the  first  three  terms  of  each  are  the  re- 
solved parts  along  the  axes  of  f,  rj,  f  of  the  velocity  of  the  moving 
drigin ;  and  the  last  two  terms  are  the  velocities  due  to  the  ro- 
tation about  an  axis  passing  through  the  moving  origin.  But 
the  point  (xq,  y^^  z^)  is  arbitrary ;  so  that  we  have  the  following 
theorem ; 

An  infinitesimal  motion  of  a  body  in  a  time  ^^  is  compounded 
of  a  motion  of  translation  of  any  particle  of  it  at  (xq,  y^^  Zq), 
and  of  a  motion  of  rotation  of  the  body  about  an  axis  passing 
through  that  point. 

Now  a  question  arises  whether,  when  a  body  has  the  general 
motion  described  in  the  preceding  paragraph,  there  is  a  point,  or 
a  locus  of  points  in  it,  which  is  at  the  instant  under  considera- 
tion at  rest.  To  shorten  the  expressions  (106)  let  »,  t?,  w,  be  the 
components  along  the  axes  of  ^,  77,  C  of  the  absolute  velocity  of 
the  moving  origin ;  so  that  if  the  point  (^,  rj,  f  )  is  at  rest 

^  +  Cwo  — ^w<  =  0>  t7  +  fa)^— C^f  =  0,  w^  +  Tjo)^— fo),  =  0;    (107) 
$(iy^  +  v<»)^  —  W(t)^  _  Tycoon- ^^0)^  —  ^0);  _  Cco^  +  ^o).,  — t7a)^     /^0R^ 

which  are  the  equations  to  a  straight  line,  all  points  of  which 
are  for  the  instant  at  rest.  This  straight  line  is  called  the  in- 
stantaneous axis:  it  is  evidently  parallel  to  the  rotation-axis 
which  passes  through  the  moving  origin.  It  describes  in  its 
successive  positions  a  ruled  surface  both  in  the  moving  body  and 
in  space,  its  position  being  at  any  instant  the  line  of  contact 
of  these  surfaces,  as  one  rolls  on  the  other :  as  its  equations  are 
the  same  as  (61),  Art.  49,  this  line  is  the  central  axis  of  the  sys- 
tem ;  but  since  from  the  preceding  equations  «*a)^  +  vo),  +  w' 6)^=0, 
there  is  no  motion  of  translation  along  it ;  and  the  axis  of  the 
resultant  screw  is  the  instantaneous  axis,  when  the  pitch  of  the 
screw  vanishes.  All  this  is  it  once  apparent  on  kinematical 
principles. 

If  all  the  particles  move  in  one  and  the  same  plane,  or  if 
every  particle  moves  in  one  of  a  series  of  parallel  planes,  to  which 
the  plane  of  (^,  y)  is  parallel,  the  instantaneous  axis  pierces  the 
plane  at  a  point  which  is  called  the  instantaneous  centre  :  and 
the  loci  of  this  centre  in  the  body  and  in  space  are  called  cen- 
trodes.     These  curves  are  determined  by  means  of  the  equations 

u  —  rjd}  =^0j  v  +  fa)  =  0; 
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and  in  reference  to  the  fixed  origin 

«*-(y-yo)^  =  0,         v  +  (a?-a?o)a)  =  0. 

62.]  If  the  displacement  of  translation  lies  along  the  rotation- 
axis,  the  motion  is  compounded  of  a  sliding  along  a  line  and  of  a 
rotation  about  that  line :  this  is  indeed  the  case  which  we  have 
considered  in  Art.  50,  the  sliding  axis  of  rotation  being  the 
central  axis  of  the  body ;  we  may  thus  find  the  equations  of  the 
central  axis. 

Let  (xqj  yQ,  Zq)  be  any  point  chosen  arbitrarily;  of  the  velocity 
of  which  let  if,  v,  «?  be  the  components.  Let  (^,y,  2^)  be  a  point 
on  the  central  axis ;  this  point  has  therefore  only  the  sliding  dis- 
placement of  translation,  and  the  line  of  its  motion  is  along  the 
rotation-axis  of  the  angular  velocity ;  therefore  da,  dy,  dz  are 
proportional  to  o),,  w^,  w,  respectively.     Hence  from  (105), 

dx  dv 

^  +  (^-^o)«,-(y-yo)«.   -;^+(«-«o)«.-(^-^o)«. 

=  ^ ;  (109) 

from  which  we  have 


a>,  a>y 


which  are  the  equations  to  the  central  axis. 

63.]  Any  system  of  rectangular  axes  may  be  transferred  into 
any  other  rectangular  system  having  the  same  origin  by  a  single 
rotation  through  a  definite  angle  about  an  axis  passing  through 
the  common  origin. 

Let  P  be  any  point  on  this  axis;  and  let  P  be  (x,y,z)  and 
(f,  Tj,  C)  respectively  in  reference  to  the  systems  of  coordinate 
axes  given  in  Art.  2.  And  let  these  systems  be  connected  by 
the  scheme  of  direction-cosines  given  in  that  article.  Then,  as 
the  position  of  p  is  not  changed  by  the  rotation,  f,  tj,  C  are 
respectively  equal  to  a?,y,  2? ;  and  therefore 

{ai^l)x-\-a2y+a^z  =  0,\ 

M  +  («2-%+«3^  =  0,  (111) 

c^x-\-c,^y  +  (c^-l)z=0.) 

Let  X,  fXy  V  be  the  direction-angles  of  the  axes  about  which  the 
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rotation  takes  place,  and  let  0  be  the  angle  through  which  the 
system  is  tnmed ;  then 

(a^  — l)cosX+  a2COSiJi+         fl3cosi;=0,  J 

ilC0SX  +  (J2— l)c08fX+  ijCOSrsrO,    >  (112) 

e?iCOsX+  e?2CO8fx  +  (e?3—l)co8i;  =  0;  ) 

whence,  having  regard  to  (11),  (12),  (18),  Art.  2, 

cosX  COS/i 


^1  — *2"~^3+l  <»2+*l 

cosX  COS/i 


COSX  COS/i 


COSV 

«8  +  ^l 

cosv 

^8  +  ^2 

COSV 

(118) 


(114) 


flg  +  ^l  ^3  +  <^2  ^8-«l-*2+l 

and  therefore 

(cosX)^       _       (cos/i)^       _       (cos  r)' 

which  assign  the  position  of  the  axis  about  which  the  rotation 
takes  place. 

If  we  make  the  following  substitutions, 

l-.fli=a,     1-^2=  A     1-^8=  y»  (115) 

then  (eoBA)«  ^    (cosfx)'   ^   (cosr)«  ^  _1 .^^g. 

^  +  y-o  y  +  a-/3  a  +  p-y  a  +  /3  +  y  ^  ^ 
To  determine  0.  Imagine  a  sphere  of  radius  unity  described 
about  the  origin ;  and  let  the  axes  of  a?,y,  z,  of  f,  rj,  f,  of  rotation, 
respectively  intersect  the  surface  of  the  sphere  in  the  points 
A,  B,  c,  a',  b^  c',  and  g  ;  and  let  ga,  ga',  &c.  be  joined  by  arcs  of 
great  circles.  Then  ga  =  ga'=  X,  gb  =  gb'=  /yi,  GC  =  Qcf=  v ; 
also  cosaa'=  flj,  cosbb'=  ig*  coscc'=  c^:  also 

aga'=bgb'=cgc'=  B. 
Hence  in  the  isosceles  triangle  aga^ 

cos  e  (sin  kf  =  flj  -  (cos  X)«,  (117) 

.-.     4(sin|)'=a  +  i3  +  y,  (118) 

which  gives  the  angle  through  which  the  system  is  turned  about  og. 
From  (115) 

a  =  2(sin^y,    ^  =  2(sin?|^/,     y  =  2  (sin^/ •  (119) 

It  is  evident  from  the  preceding  construction  that  a  and  a^  lie  in 
a  small  circle  of  the  sphere  whose  angular  distance  from  g,  the 
pole,  is  X,  and  that  the  axis  oa  describes  about  og  a  right  cir- 
cular cone  whose  semi-vertical  angle  is  X,  as  o  a  moves  from  its 
original  position  to  oa';  similarly,  ob  and  oc  describe  right  cir- 
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cular  cones  about  OG  whose  semi- vertical  angles  are  respectively 
/i  and  V* 

Equations  (111)  are  those  of  planes,  each  of  which  passes 
through  the  axis  of  rotation.  The  first  of  these  evidently 
bisects  the  angle  between  the  planes  of  (y,  z)  and  of  (77,  Q  \  ^^^ 
consequently  bisects  the  arc  aa^;  similarly  the  other  planes  bisect 
the  arcs  bb'  and  cc'  respectively. 

64.]  The  two  systems  to  which  the  rotation  of  a  rigid  body 
has  been  referred  in  the  preceding  Articles  are  related  to  each 
other  by  means  of  nine  direction-cosines,  but  as  six  equations  of 
condition  are  given,  only  three  of  the  direction-cosines  are  arbi- 
trary ;  that  is,  three  independent  variables  are  sufficient  for  pass- 
ing from  one  system  of  rectangular  coordinates  to  another,  both 
of  which  originate  at  the  same  point.  I  proceed  to  explain  the 
mode  of  expressing  angular  velocities  referred  to  one  system  in 
terms  of  angular  velocities  referred  to  another  system  by  means 
of  the  formulsB  which  are  investigated  in  Art.  8  ;  and  to  give 
clearness  to  our  thoughts  let  us  consider  the  systems  of  axes 
which  are  delineated  in  Fig.  1.  o  is  the  common  point  at  which 
the  two  systems  originate,  and  from  o  as  a  centre  let  a  sphere  of 
radius  unity  be  described,  on  the  surfece  of  which  the  great 
circles  delineated  in  the  figure  are  supposed  to  be.  Let  co^e*  <*>y  >  <i>2) 
0)^,  o),,  (o^be  the  angular  velocities  about  the  axes  of  a?,y,  z,  f,  ?;,  f 
respectively.  Let  the  planes  of  (a?,y)  and  of  (f,?;)  intersect  in  the 
line  ON,  and  be  inclined  to  each  other  at  the  angle  0 ;  so  that  0 
is  also  the  angle  between  the  axes  of  z  and  ^;  on  is  technically 
called  the  line  of  nodes.  Let,  as  in  Art.  3,  ^ON  =  >/r,  ^on  =  (^ ; 
then,  as  the  body  moves,  ^,  ^,  and  <^  vary.     The  angle  0  is  tech- 

dO 
nically  called  the  obliquity,  and  -r:  is  the  angular  velocity  of  the 

body  about  the  line  on  ;  ;^  is  the  angular  velocity  about  the  axis 

dyl^  .  ^      . 

of  f ;  -J—  is  the  angular  velocity  about  the  axis  of  z^  and  indi- 
cates the  velocity  with  which  on  moves  along  the  plane  of  {x^y) ; 
it  is  called  the  velocity  of  precession,  the  precession  being  the 
angle  «0N ;  and  the  precession  is  direct  or  retrograde  according 
as  the  angle  -^  is  increasing  or  diminishing.  The  angular  velo- 
city j7  is  sometimes  called  the  nutation ;  of  these  terms  how- 
ever and  of  their  origin  more  will  be  said  hereafter. 


and  .  =  ,.„(,g-,^')=«,.«^. 


L 
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passing  through  a  fixed  point  with  an  angular  velocity  o),  of 
which  the  axial  components  are  co^,  o),,  a>;„  then,  since 
dx  dy  dz 

dt  ^    ^  dt  •  '  dt      ^  " 

Aj  =      2.m(y^  +  z^)(i)g-'2.fnscya)g  —  X,fttzxa),j  \ 
^2=  —:i>mxy(Oj^  +  x.m{z^'^a^)(ag'-:i.myz<i)g,  >        (85) 
A^  =  ^2.mzx(Og^2.tnyz(i)g  +  2.m{x*'\-y^)a)g.  ) 

These  expressions  will  receive  further  explanation  as  to  origin 
and  meaning  in  the  next  chapter. 

If  the  system  consists  of  particles  moving  in  one  plane  only, 
say  in  that  of  (x,  y),  or  of  particles  each  of  which  moves  in  a 
plane  parallel  to  that  of  (x,  y),  then,  as 

6)^^  =  0)^:=  0,      0),  =  6),      Aj  ^  ^2  =  0>      ^8  ^^  ^» 

dy        dx 
dt^^dt 
where  r  is  the  distance  fix>m  m  from  the  axis  of  h, 

95.]  Let  us  now  consider  the  changes  which  these  undergo, 
when  the  system  is  referred  to  another  origin,  which  may  or  may 
not  have  motion  of  translation,  and  through  which  as  a  fixed 
point  an  axis  passes,  about  which  the  system  rotates,  as  explained 
in  Art.  61. 

Let  (a?o,yo»  ^0)  ^  ^^®  ^®w  origin,  of  which  let  v  be  the  velo- 
city, and  let  «,  t;,  «r  be  the  axial  components  of  v.  At  the  time  t 
let  (a?,y,  z)  be  the  place  of  m  in  reference  to  the  fixed  axes,  and 
(f,  Tj,  f )  in  reference  to  the  new  axes :  so  that 

«?  =  «o  +  f»     y=yo  +  »?»     ^  =  ^o  +  C; 
dx  df       dy  dri       dz  dC 

dt  "     ^dt'     dt  "     ^dt       dt"     ^dt' 

and  where,  as  the  motion  relative  to  the  new  origin  is  of  rota- 
tion only, 

Now  in  terms  of  these  values,  if  m  is  the  mass  of  the  system, 

^,  =  i.«|(j.„+,)(,.  +  |f)-(.,+C)(t-  +  g)} 
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of  which  the  first  term  is,  in  reference  to  the  axis  of  ^i,  the 
moment  of  momentum  of  the  whole  mass  collected  at  the  moving 
origin,  and  the  last  term  is  the  moment  of  momentum  of  the 
system  relative  to  the  parallel  axis  through  the  moving  origin. 
Hence  A^  is  the  sum  of  these  quantities  only  when  the  inter- 
mediate term  vanishea  This  is  the  case  when  the  moving  origin 
is  the  mass-centre,  because  then  ^.mrj  =z  2.^^=  0,  and,  using  the 
notation  of  Art.  81, 

Hence,  as  these  quantities  are  subject  to  the  laws  of  projection, 
we  have  the  following  general  theorem  : 

The  sum  of  the  moments  of  the  momenta  of  all  the  particles 
of  a  system  about  any  axis  is  equal  to  the  moments  of  the  mo- 
mentum of  the  whole  mass  collected  at  its  mass-centre  about  the 
same  axis,  together  with  the  sum  of  the  moments  of  the  mo- 
menta of  all  the  particles  about  a  parallel  axis  passing  through 
the  mass-centre. 

This  theorem  is  also  thus  evident.  Through  the  origin  o,  and 
through  the  mass-centre  g,  let  parallel  lines  be  drawn,  and 
through  p,  the  place  of  any  particle  m,  let  a  plane  be  drawn 
perpendicular  to  these  lines ;  let  r  and  /  be  the  distances  from  p 
on  the  lines  through  o  and  g,  and  let  p  be  the  perpendicular  dis- 
tance between  these  lines ;  then  if  ^  is  the  angle  between  / 
andp,  r2=p2-2p/cos^  +  r'2; 

but  since  /  is  the  perpendicular  distance  from  m  on  b,  line  pass- 
ing through  the  mass-centre,  2.m/ cos ^  =  0 : 

which  equation  expresses  the  theorem  enunciated  above. 

96.]  A  similar  theorem  is  true,  that  is,  the  intermediate  terms 
in  (86),  and  in  its  two  symmetrical  expressions,  vanish,  when  the 
new  origin  and  its  component  velocities  satisfy  the  following 
conditions,  viz. 
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r-    dC        dn       ^   \ 


'>dt      Ut 
dt       '^dt 


|r-^«  +  »o^-yo^  =  0.j 


(87) 


Let  OS  investigate  the  meaning  of  these  conditions. 

Multiplying  these  equations  severally  hy  ^Poj^o*  ^Qy  *°^  adding, 
we  have 

which  shews  that  the  line  of  motion  of  the  new  origin  lies  in 
the  plane  containing  the  origin,  the  new  origin,  and  the  mass- 
centre. 

Also,  multiplying  the  equations  severally  by  ^,  ?J,  f,  and  adding, 
we  have 

^(Cyo-^^o)  + J7(^^o-C^o)+^(^^o--^J'o)  =  0,       (88) 

which  shews  that  the  line  of  motion  of  the  mass-centre  also  lies 
in  the  aforesaid  plane. 

Hence  the  first  condition  for  the  co-existence  of  the  equations 
(87)  is  that  the  absolute  line  of  motion  of  the  new  origin,  and 
the  relative  line  of  motion  of  the  mass-centre  lies  in  the  plane 
which  contains  the  origin,  the  new  origin,  and  the  mass-centre. 

Also  in  reference  to  the  origin,  the  equation  to  this  plane  is 

XQ{wy-vz)'{yQ{uz-wx)'k'ZQ{vx^u^)  =  0; 
since 

and  consequently  the  line  of  motion  of  the  mass-centre  is  at  right 
angles  to  the  line  joining  the  new  origin  and  the  mass-centre. 
Putting  (88)  into  the  form 

and  replacing  jj  >  -j-  >  -j^  by  their  values  given  above,  we  have 

(^o^+/o^+^of)(^^*+'?^>i  +  C«^)-p^(^o^f+j'o  =0; 

where  p  is  the  distance  of  the  mass-centre  from  the  mo\ang 
origin. 
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Now  this  condition  is  evidently  satisfied  if  the  rotation-axis  is 
perpendicolar  to  the  lines  which  join  the  moving  origin  with  the 
origin  and  with  the  mass-centre :  because  in  these  cases 

and  ^a)f  +  Jjo),  +  fo);  =  0 ; 

80  that  the  rotation-axis  is  perpendicular  to  the  plane  above 
mentioned. 

Also,  since  the  lines  of  motion  of  the  moving  origin  and  of  the 
mass-centre  lie  in  this  plane,  there  is  some  point  in  it  which  is 
an  instantaneous  centre  ;  so  that,  if  (^,  77,  Q  is  this  point  relative 
to  the  moving  origin, 

"  a)|  0),  6)^  ' 

which  are  the  equations  to  a  straight  line  perpendicular  to  the 
plane  and  which  intersects  it  at  the  instantaneous  centre.  This 
straight  line  is  the  central  axis,  see  (61),  Art.  49,  and  is  that 
about  which  rotation  takes  place  but  along  which  in  this  case 
there  is  no  motion  of  translation. 

97.]  If  all  the  particles  of  the  system  move  in  one  plane,  or  if 
each  particle  moves  in  a  plane  and  all  the  planes  are  parallel, 
then  if  the  plane  cf  (^,  y)  is  parallel  to  these  planes,  and  A  is  the 
moment  of  momenta  of  all  the  particles  about  an  axis  perpen- 
dicukrtoit,  jy       ax. 

Let  (xq,  yj  be  the  moving  origin,  u  and  v  the  axial  com- 
ponents of  its  absolute  velocity  v,  on  the  angular  velocity  about 
the  rotation-axis,  (^,  rj)  the  place  of  m  with  reference  to  the 
moving  origin  ;  so  that 

dx  dy  J. 

then         h  =  5.?;^  {(a?o  +  f)(t; +  a)f)-(j^o +  ??)(«- w;;)}, 

=  M(a'of-yof^)  +  a)2.w(^2^Ty2) 

+  5.»^{a)(a?of+yo72)-hft;-77w}. 

Thus  the  moment  of  momenta  about  an  axis  perpendicular  to 
the  planes  of  motion  of  the  particles  is  equal  to  the  moment  of 
momentum  of  the  whole  mass  collected  at  a  given  point  about 
the  same  axis,  together  with  the  moment  of  momenta  of  all  the 
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particles  aboat  a  parallel  axis  passing  through  the  point,  when 
the  last  term  vanishes.  Now  this  is  the  case  when  the  new  axis 
passes  through  the  mass-centre,  because  then  2.m(  =  2,mri  =  0: 
so  that  if  V  is  the  velocity  of  the  mass-centre,  and  jd  the  perpen- 
dicular from  the  origin  in  its  line  of  motion. 

The  last  term  also  vanishes  when 

But  if  {(q,  tjq)  is  the  instantaneous  centre, 

and  substituting  these  values  for  oSf^yQ,  the  equation  is  satisfied. 
Also  substituting  for  u  and  v  in  terms  of  the  coordinates  of 
the  instantaneous  centre,  the  condition  becomes 

that  is,  the  line  joining  the  moving  origin  to  the  mass-centre  is 
perpendicular  to  the  line  joining  the  moving  origin  to  the  in- 
stantaneous centre :  or,  in  other  words,  the  moving  origin  is  on 
the  circle  described  on  the  line  joining  the  instantaneous  centre 
and  the  mass-centre  as  its  diameter.  Consequently  the  moment 
of  momentum  of  all  the  particles  about  any  axis  at  right  angles 
to  the  plane  of  motion  is  equal  to  the  moment  of  momentum  of 
the  whole  mass  collected  at  a  given  point  about  the  axis  to- 
gether with  the  moment  of  momentum  of  the  system  relative 
to  a  parallel  axis  through  this  point,  provided  that  this  point 
is  situated  on  a  circle  in  the  plane  of  motion,  of  which  the 
diameter  is  the  line  joining  the  mass-centre  and  the  instan- 
taneous centre. 

98.]  The  following  are  instances  in  which  the  moment  of 
momentum  of  a  moving  system  is  calculated. 

Ex.  1.  A  straight  rod  of  length  a  moves  freely  about  an 
end,  which  is  jointed  to  a  fixed  point.  Find  the  moment  of 
momentum  of  the  rod  with  respect  to  a  given  plane. 

Let  o  be  the  fixed  end  of  the  rod,  and  through  o  let  a  plane 
be  drawn  parallel  to  the  given  plane:  also  through  o  let  a 
straight  line  be  drawn  perpendicular  to  the  plane ;  and  let  6  be 
the  angle  between  the  straight  line  and  the  rod ;  let  d<f>  be  the 
angle  described  in  the  time  dt,  by  the  projection  of  the  rod  on 
the  plane :  let  r  be  the  distance  of  any  element  Kpdr  from  0 : 
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=/ 


0  ^        ^       dt 

Ex.  2.  Four  thin  bars  of  equal  length,  jointed  at  their  ends 
and  forming  a  square,  are  placed  on  a  smooth  plane:  one 
comer  is  fixed,  and  of  the  two  bars  abutting  at  it  one  moves 
with  the  angular  velocity  o)  and  the  other  with  the  angular 
velocity  a/:  find  the  moment  of  momentum  of  the  system. 

Let  m  be  the  mass,  and  2a  the  length  of  each  bar:  let  A  be  the 
moment  of  momentum  about  an  axis  passing  through  the  fixed 
comer  at  right  angles  to  the  plane  in  which  the  bars  move :  then 

A  =  (ol   pK3F^dx  +  (i/l  p Kas^dx  +  ffia'^ {4a) +  a)^+2(u)'\'a)^) 003(6^—0)} 

Jo  J  -a 

+  6)  r  pKX'dx  +  wa2{4a)'  +  o  +  2(a)  +  a)')cos(^'— ^)} 

»/— a 
/•2a 
+  0)'/      pKX^dx 

=  i^(5  +  8c08(d'-^)}(a)  +  a)'). 


Section  5.  Work:  Energy :  The  Priyiciple  of  Via  Fiva :  Lagrange's 
Prific2j)le  of  Least  Aclion :  Carnot's  Theoreins. 

99.]  The  efiects  of  force  in  producing  motion  of  matter  may 
be  estimated  in  two  ways :  either  with  respect  to  the  time  during 
which  the  force  acts,  or  with  respect  to  the  distance  over  which  it 
acts,  or  through  which  its  point  of  application  moves  in  the  line 
of  its  action ;  these  effects  are  respectively  the  time-integral  and 
the  space-integral  of  the  force ;  the  former  is  expressed  in  terms 
of  momentum,  which  involves  velocity  in  its  first  power ;  the 
latter  in  terms  of  vis  viva,  which  involves  velocity  in  its  second 
power.  Many  instances  of  these  effects  have  arisen  in  the  former 
volume  of  the  Treatise  in  cases  of  motion  of  a  material  particle. 
It  is,  however,  to  the  space- integrals  of  forces  acting  on  a  system 
of  material  particles  that  our  attention  will  mainly  be  given  in 
this  section,  because  these  integrals  have  in  late  years  assumed 
a  much  greater  importance  than  heretofore,  being  the  foundation 
of  the  principle  of  Work  or  Energy,  whereby  all  forces  in  nature 
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are  shewn  to  be  not  only  correlated,  bnt  to  have  in  them  a  prin- 
ciple of  permanence  or  conservation,  so  that  no  energy  can  ever 
be  lost  or  destroyed ;  energy  can  be  transferred^  and,  as  we  shall 
see  in  the  sequel,  transmuted  from  one  form  into  another,  say 
from  mechanical  force  into  heat  or  electrical  force,  and  vice  versd, 
but  a  principle  of  equivalence  always  rules  it,  and  it  can  never 
be  lost. 

100.]  Now  this  process  of  space-integration  necessarily  leads 
to  the  formation  of  quantities  of  the  form  Yds^  where  f  denotes 
a  force  (impressed  momentum-increment),  and  ds  is  the  element  of 
distance  along  the  line  of  action  of  the  force  through  which  the 
force  acts,  or  through  which  its  point  of  application  is  moved ;  so 
that  we  have  for  consideration  the  product  of  a  force  and  of  the 
distance  through  which  its  point  of  application  travels;  this 
product  is  termed  the  Work  of  the  force  done  in  the  distance. 
The  appropriateness  and  the  origin  of  the  term  are  shewn  by  the 
following  particular  instance.  If  tt^  is  a  mass  lying  on  the  earth's 
surface  at  a  place  where  the  acceleration  due  to  the  earth's  action 
is  ^,  so  that  the  force  acting  on  m  is  mg^  which  is  also  the  weight 
of  My  then  exertion  or  effort  or  labour  is  required  to  raise  the 
weight.  We  shall  use  the  term  effort.  And  the  effort  varies 
directly  as  the  weight,  and  also  directly  as  the  height  through 
which  it  is  lifted ;  for  p  times  as  much  effort  is  required  to  lift  a 
weight  of  p  pounds  as  to  lift  a  weight  of  one  pound ;  and  also 
n  times  as  much  effort  is  required  to  lift  a  given  mass  through 
n  feet  vertical  as  to  lift  it  through  one  foot  vertical.  Thus  if  m 
is  the  mass  lifted,  and  h  is  the  vertical  height  through  which  it 
is  lifted,  the  effort  varies  as  mgh  ;  and  effort  admits  of  quanti- 
tative determination;  and  the  name  oiWork  is  given  to  that 
particular  measure  of  effort  which  is  such  that  the  work  =  mgh^ 
that  is,  is  equal  to  the  product  of  the  weight  and  the  vertical 
distance  through  which  the  weight  is  lifted.  In  this  case  we 
assume  ^  to  be  such  that  the  force  mg  is  constant  throughout  it. 
The  conception,  however,  and  the  corresponding  definition,  may 
be  extended  to  the  case  where  the  force  is  not  constant,  but 
varies  from  point  to  point;  for  we  may  divide  the  distance 
through  which  the  force  acts  into  infinitesimal  elements,  aud 
consider  the  force  to  be  constant  through  each  of  them,  although 
varying  from  one  to  another. 

Then  if  f  denotes  the  force  and  ds  the  infinitesimal  distance 


lOO.]  WORK  AND  ENEEGY.  127 

through  which  it  acts  along  its  own  line  of  action  without 
variation,  the  work  of  the  force  in  ds  =:  vds:  and  this  is  the 
element  of  work,  and  consequently  =  rfw,  if  w  is  the  general 
symhol  for  work,  so  that     rfw  =  f  rf*  • 

and,  taking  these  quantities  between  corresponding  limits,  we  have 

Wj  — Wo=  r   Yds:  (89) 

Wj— Wq  being  the  quantity  of  work  due  to  the  force  f  in  the 
change  of  position  of  the  system  from  its  first  to  its  last  place. 
If  the  body  returns  to  its  original  position  no  work  is  done. 

Thus  as  force  acts  in  a  certain  direction,  the  point  of  applica- 
tion may  be  moved  along  the  line  of  action  either  in  the  direction 
of  or  in  the  direction  opposite  to  that  of  the  action  of  the  force ; 
in  the  former  case  work  is  said  to  be  done  by  the  force,  and  in 
the  latter  case  work  is  said  to  be  done  against  the  force ;  in  the 
latter  case  of  course  some  other  force  or  agent  acts,  and  works 
against  the  original  force.  Thus  in  the  case  cited  of  lifting  a 
heavy  body,  work  is  done  against  mff  (the  earth's  force)  when 
the  body  is  lifted  by  the  lifting  agent,  whereas  if  the  mass  falls 
from  a  given  height  towards  the  earth  work  is  done  by  the 
earth,  and  is  measured  by  the  product  of  the  weight  and  the 
vertical  distance  through  which  the  mass  has  fallen. 

If  the  point  of  the  application  of  the  force  is  moved  along  a 
line  which  is  inclined  at  an  angle  <^  to  the  line  of  action  of  the 
force,  and  through  a  distance  ds  along  that  line,  the  work  due 
to  the  force  is  equal  to  v  cos  (f>ds^ds  cos  <^  being  the  projection 
of  da  on  the  line  of  action  of  the  force.  So  that  if  a  force  acts  on 
a  particle  along  a  line  at  right  angles  to  the  line  of  motion  of 
the  particle  it  does  no  work  on  the  particle ;  it  may  alter  the 
direction  of  motion,  but  not  the  magnitude  of  the  velocity.  And 
if  cos  </)  is  negative,  work  is  done  against  the  force.  Thus  when 
the  point  of  application  of  a  force  is  moved,  the  work  due  to  the 
motion  either  may  be  done  by  the  force,  or  may  be  zero,  or  may 
be  done  against  the  force. 

If  many  forces  act  on  a  system  the  work  due  to  each  can  be 
estimated  in  a  similar  manner,  and  the  whole  work  is  the  sum 
of  the  several  works  due  to  the  several  forces.  Thus  if  m  were  a 
particle  of  a  system,  and  p  were  an  accelerating  force  acting  on  w, 
and  the  system  consisted  of  many  particles  of  which  m  is  the 
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type,  the  whole  work  would  be  equal  to  i.mfvdp^  dp  being  the 
distance  in  its  line  of  action  through  which  p  acts,  and  the  inte- 
gral being  definite. 

As  (89)  is  a  definite  integral,  it  follows  that  the  work  done  in 
a  system  as  it  passes  from  one  position  to  another,  depends  on 
the  position  of  the  points  of  application  of  the  forces  at  the  be- 
ginning and  the  end  of  the  motion  considered,  and  is  inde- 
pendent of  the  time  occupied  in  the  passage  of  the  system  from 
its  first  to  its  last  position.  This  circumstance  arises  from  the 
fact  of  Work  being  fi  space-integral,  and  not  a  time-integral. 

A  change  of  configuration  of  the  system  will  generally  ensue 
on  work  being  done  by  or  against  a  force,  because  the  points  of 
application  of  the  forces  are  moved  and  these  are  generally 
places  of  parts  of  the  system. 

101.]  The  following  are  examples  of  determining  the  amount 
of  work  due  to  the  action  of  forces  and  the  consequent  change  of 
position  of  a  system. 

Ex.  1.  If  a  system  of  heavy  bodies  is  lifted,  each  through  a 
different  height^  the  work  done  against  the  earth's  attraction 
on  the  system  =  ^5 2.7W,  where  z  is  the  vertical  distance  through 
which  the  centre  of  gravity  of  the  system  has  been  raised. 

Hence  we  can  determine  the  work  done  in  raising  a  ladder 
from  a  horizontal  into  a  vertical  position ;  in  drawing  up  a  Vene- 
tian blind ;  in  rolling  up  a  cloth  blind ;  in  drawing  up  from  a 
well  a  weight  hanging  from  an  axle  by  a  heavy  chain. 

Ex.  2.  A  particle  m  moves  towards  a  centre  of  force  which 
varies  inversely  as  the  square  of  the  distance:  determine  the 
amount  of  work  done  by  the  force  in  the  motion  from  one  place 
to  another. 

Let  w  be  the  work :  then 

dr 


0 

Hence  if /•q=  cc,w  =  — ,  and  this  is  the  work  done  in  moving 

m  from  infinity  to  a  place  at  a  distance  r  from  the  centre  of 
force.  If  m  moves  towards  the  centre  of  attraction  work  is  done 
by  the  force  on  m^  but  if  m  is  moved  away  from  the  centre  by 
some  external  agent,  work  is  done  against  the  central  force. 
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If  a  body  or  a  system  of  particles  is  moving  from  infinity 
towaids  a  centre  of  attraction  whieli  varies  inversely  as   the 

sqnare  of  the  distance,  the  quantity  2.  —  is  called  the  Potential 

of  the  system  at  the  point  from  which  the  distances  are  mea- 

Boied.     Hence   the  Potential  is   the  amount  of  work  done  in 

the  system  in  the  motion  of  the  particles,  each  from  infinity  to 

the  distance  r.    This  result  is  of  great  importance  in  subsequent 

enquiries. 

Ex.  3.  Prove  that  the  work  done  by  two  particles  m  and  m\ 

which  attract  each  other  with  forces  varying  directly  as  the 

mass  and  inversely  as  the  square  of  the  distance,  in  coming  from 

rest  at  places  at  an  infinite  distance  apart  to  places  at  the  dis- 

umm' 
tance  r  apart,  = . 

'^  r 

Ex.  4.  The  work  done  in  stretching  an  elastic  string  or  bar  of 
small  transverse  section  from  its  natural  length  a  to  the  length 
a'  may  thus  be  found. 

We  will  assume  the  elasticity  to  be  in  accordance  with  Hooke's 

law,  and  £  to  be  the  modulus  of  elasticity :  so  that  if  ^  is  the 

length  of  the  string  when  f  is  the  pulling  force,  a  being  its 

natural  length,  /        F\  x a 

(v  =  a(l  +  -);         .*.    F  =  E ; 

C^  E 

.*.   the  work  =  /  Frfa?  =  ^  {a! —of. 

K  T  is  the  force  which  stretches  the  string  to  the  length  a', 

T  =  E : 

a 

T 

.*.    the  whole  work  =  -  («'— a), 

and  is  equal  to  one  half  of  the  product  of  the  stretching  force 
and  the  extension.       . 
Ex.  5.  Shew  that  -5—  is  the  work  done,  when  a  heavy  elastic 

OB 

string  of  length  a  and  weight  to  hanging  vertically  is  stretched 
by  its  own  weight. 

102.]  In  the  general  case  of  doing  work  on  a  material  system, 
let  wp  be  the  force  acting  on  a  particle  »*  at  a  point  Q  (a?,  y,  z\  of 
which  let  the  axial  components  be  wx,  f»Y,  mz  :  let  Q  move  to  a 
point  q',  and  let  qq'  =  ds ;  let  dp  be  the  projection  of  ds  orf  the 
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line  of  action  of  P :  and  let  <^  be  the  angle  contained  between  d^i 
and  that  line  of  action  ;  so  that  dp  =  ds  cos  <^  :  then 

mvdp  =  mvds  cos<^ 

=  mvds -r^--- 

Yds 

=  «»(x  dx  +  Ydy-^z  dz),  (CO) 

where  dx,  dy^  dz  are  the  projections  of  ds  on  the  coordinate 
axes.  And  as  this  equation  is  true  for  the  work  done  in  every 
particle  of  the  system  on  which  force  acts,  so  the  work  done  by 
all  the  forces  in  the  infinitesimal  displacement  will  be 

l,m{Tidx-{-Ydy-{-zdzy 

Let  ns  call  this  ^w,  so  that 

rfw  =  ^.m^ndx-i-Ydy-^-zdz),  (91) 

the  summation  extending  to  all  the  forces  of  the  system,  and 
therefore  if  the  body  receives  a  finite  displacement,  we  have  by 
integration  ^^ 

Wj— w^j=2.«»l    (xdx  +  Ydy  +  zdz);  (92) 

the  limits  of  the  integral  being  given  by  the  positions  of  the 
system  at  the  beginning  and  the  end  of  the  motion ;  say  at  the 
times  t  and  t^. 

Also  from  (91)  we  have 

dw  /    dx        dy        dz\ 

which  is  equal  to  the  sum  of  the  components  of  all  the  forces 
along  the  line  9. 

103.]  The  amount  of  work  done  is  of  course  independent  of 
any  particular  system  of  coordinates.  The  following  are  values 
of  Jw  iif  various  systems. 

If  the  forces  act  in  one  plane  and  motion  takes  place  in  that 
plane  only,  and  position  is  expressed  in  terms  of  polar  coor- 
dinates, rfw  =  2.  OT  (prfr  +  Q  rde\ 

where  wp  and^q  are  the  radial  and  transversal  forces  respect- 
ively. 

If  the  forces  and  positions  are  referred  to  spherical  coordinates 
in  space,  then 

Jw  =  2.;/2(p//r  +  Qr<^^  +  iir  sin  ^rf</)). 

If  the  forces  act  in  one  plane,  say  that  of  (a?,  y\  and  the  small 
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displacement  is  due  to  a  rotation  of  the  system  through  an  angle 
d$  about  an  axis  perpendicular  to  the  plane,  then  dx=  ^ydO, 
dy  =  xdO^ 

.'.    rfw  =  %,m{:Ldx-\'^dy) 

=  2.m{  —  xyd0  +  YxdO), 

.-.  j^  =  :z.m{Yx-xy),  (98) 

=  the  moment  of  the  forces  about  the  axis. 
Hence  if  o  is  the  moment  of  the  couple  of  a  force,  the  work  of  o, 
which  moves  a  body  through  an  angle  dS,  is  odd;  that  is,  is  the 
product  of  the  moment  of  the  couple  into  the  angle  through 
which  the  system  is  turned. 

104.]  Thus  when  a  force  is  brought  into  action  and  does  work 
or  receives  work,  its  capacity  for  future  work  is  changed ;  it  may 
either  be  diminished  or  increased ;  if  a  central  attracting  forc^ 
draws  a  mass  towards  it,  its  power  of  work  on  the  mass  is  dimin- 
ished by  a  quantity  which  depends  on  the  distance  through  which 
the  force  has  acted ;  whereas  if  by  the  action  of  some  other  agent 
the  mass  is  removed  further  from  the  centre  of  force,  its  power  of 
work  is  increased  by  a  quantity  which  depends  on  the  distance 
through  which  the  external  agent  has  moved  the  mass.  Now  the 
capacity  for  work  in  a  force  is  called  its  Energy ;  and  if  there 
be  a  system  of  forces,  the  whole  capacity  for  work  is  called  the 
energy  of  the  system ;  thus  we  speak  of  the  energy  of  the  solar 
system.  Sir  W.  Thomson  has  calculated  this  amount.  So  we 
speak  of  the  energy  of  an  electrical  battery,  and  of  the  energy 
of  accumulators.  Similarly,  if  an  elastic  gas  is  compressed  in 
a  condenser,  it  is  a  store  of  energy.  If  the  system  receives 
work  from  an  external  agent  its  energy  is  increased ;  thus  the 
energy  of  a  clock  is  increased  when  it  is  wound  up,  and  by 
exactly  the  amount  of  work  which  is  spent  on  the  winding : 
similarly  when  a  watch  is  wound,  its  energy  is  increased  exactly 
by  the  amount  of  work  spent  on  the  coiling  of  the  spring,  this 
being  estimated  by  the  work  of  the  couple,  as  explained  in  the 
last  example  of  the  preceding  Article ;  so  the  energy  of  a  steam 
engine,  including  the  boiler,  is  increased  when  heat  is  communi- 
cated to  the  water  by  the  burning  coal,  heat  being  a  special  kind 
of  work.  If,  however  generally,  the  external  agent,  or  in  these 
particular  cases  the  agent,  is  considered  a  part  of  the  system,  and 
is  measured  by  the  work  which  he  does,  or  which  he  is  capable  of 

K  2 
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doing,  the  whole  energy  of  the  system  is  unaltered ;  there  has 
been  a  transference  of  energy  from  one  member  to  another,  bat 
the  sum  of  the  whole  remains  the  same.  Energy  is  measured  by 
work,  and  the  unit  of  energy  is  the  unit  of  work. 

This  principle  is  called  the  conservation  or  the  permanence  of 
energy  or  work  ;  and  states  that  energy  or  work  is  indestruct- 
ible ;  its  amount  is  permanent  and  can  be  neither  increased  nor 
diminished ;  what  is  taken  from  one  member  of  a  system  is 
equivalently  transferred  to  one  or  more  of  the  other  members ;  it 
may  however  be  transmuted  from  one  form  into  another.  For- 
merly it  was  supposed  that  ^  force "  could  be  lost,  as  by  means 
of  friction  or  the  resistance  of  the  air  in  a  moving  machine,  and 
sometimes  in  a  manner  inexplicable ;  but  in  all  these  cases  we 
now  know  that  the  "  force  *'  supposed  to  be  "  lost "  is  transmuted 
into  heat  or  into  electrical  action,  or  into  the  work  of  the  moving 
particles  of  air,  and  thence  into  heat,  and  the  equivalence  can  be 
exactly  determined ;  so  that  no  work  is  lost,  but  the  energy  of 
the  whole  system  remains  unaltered,  energy  being  the  capacity 
for  work  in  its  many  forms. 

105.]  When  action  takes  place  between  one  or  more  forces  and 
a  system  of  material  particles,  so  that  the  forces  either  do  work 
or  receive  work,  a  change  in  respect  of  velocity  necessarily  takes 
pkce  in  the  material  system  and  is  equivalent  to  the  change  of 
work  in  the  forces.  In  what  manner  however  is  this  change  of 
velocity  exhibited  ?  We  shall  shew  that  if  m  is  the  type  particle 
of  the  system,  and  v  and  Vq  are  the  velocities  of  m  respectively 
afber  and  before  the  action  of  the  force,  the  work  done  by  or  to 
the  forces  is  equal  to  i  {:z.mv^—:i.mvQ^},  that  to  one-half  of  the 
increase  of  the  vis  viva  of  the  system ;  this  one-half  of  the  vis  viva 
of  the  system,  viz.  :i,mt^jia  called  kinetic  energy,  and  we  shall  shew 
that  the  work  done  by  or  to  the  forces  is  equal  to  the  kinetic 
energy  into  which  it  is  transmuted  ;  and  if  the  points  of  applica- 
tion of  the  forces  are  moved  through  only  infinitesimal  distances 
so  that  the  increase  of  work,  say  dir,  is  infinitesimal,  then  we 
shall  have  dyr-  ±\d.^.mv\ 

the  ±  sign  being  introduced  to  shew  that  according  as  work  is 
done  by  or  to  the  forces,  so  will  there  be  an  increase  or  a  diminu- 
tion of  kinetic  energy. 

Let  us  first  take  the  case  of  a  single  force  f  acting  on  m,  and 
let  ds  be  the  infinitesimal  distance  in  its  line  of  action  through 


dw  =  id.:z.m-jj^  =  id.:z.fnf^ 
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which  its  point  of  application  is  moved ;  let  ^^  be  the  conse- 

d^s 
qnent  acceleration,  then  since  dw  =  Fds,  and  f  =  ^^^9 

dw^mj^d,=.\d.m-^', 

and  consequently  if  many  forces  act,  and  dw  is  the  increase  of 

work  due  to  the  action  of  all  the  forces,  we  may  introduce  the 

sig^  of  summation,  and 

d^ 

di 

=  the  differential  of  kinetic  energy.         (94) 
This  result  may  also  thus  be  shewn. 

106.]  Let  F  be  the  force  acting  on  the  particle  m^  and  let  the 
point  of  application  of  f  be  moved  over  the  distance  (straight  or 
curved)  ^»— ^q'  ^^^  ^^^^  distance  be  divided  into  infinitesimal 
elements  *i— *o>  *2"~*ij  •••  *»~*»-i»  ^'^^  being  such  that  the 
variations  of  the  force  in  it  may  be  omitted  ;  let  f^,  f^,  ...  f^  be 
the  values  of  f,  and  r^,  1*2) •-•^»  ^  ^^^  values  of  the  velocity  in 
each  one  of  these  respectively;  then,  taking  the  first  space- 
element  ^1—^0'  ^^^  assuming  t^  to  be  the  time  in  which  m  moves 
through  it,  Y^t^=z  m  (v^ - Vq)  ; 

and  as  the  variation  of  velocity  in  the  course  of  ^j  will  be  very 
small  we  may  take  the  arithmetic  mean  of  the  initial  and  ter- 
minal velocities  to  be  its  average  value,  so  that 

Hence,  eliminating  t^^  we  have 

Similarly  for  the  next  and  sacceeding  intervals  we  have 


F»  (*.-#.-])  =  ^(t'."— "«-!*); 


and  by  addition 


2 

And  as  a  similar  result  is  true  for  each  one  of  the  acting  forces, 
and  as  ^w  =  2.1'^*,  if  there  are  many  acting  forces,  and  w  is 
the  work  of  the  whole  system, 

dw  =  id.^.Mv^ ; 
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that  is,  the  work  done  in  the  system  by  the  forces  is  shewn  by 
and  is  equal  to  the  increase  in  the  kinetic  energy. 

This  investigation  gives  also  the  amount  of  work  done  by  an 
impulse  or  a  blow.  Let  Q  be  the  momentum  of  the  blow,  and  let 
m  be  the  mass  whose  momentum  is  changed  by  it  from  mv^  to 
mv^yeo  that  Q  =  ^(^i  — t?J ;  now  since  a  finite  force  (impressed 
momentum-increment)  consists  of  a  series  of  impulses  succeeding 
one  another  at  intervals  of  infinitesimal  duration,  we  may  take 
any  one,  say  the  first  of  the  preceding  equations,  and  apply  it  to 
the  case  of  a  finite  impulse,  that  is,  we  may  replace  Vi  by  Q,  and 

consequently  the  work  done  by  Q  =  ^-(V  — V) ; 

107.]  Let  us  now  apply  these  principles  to  the  general 
equation  of  motion  as  given  in  Art.  76.  Here  it  will  be  ob- 
served that  hXy  by,  bz  are  arbitrary  geometrical  variations,  parallel 
to  the  axes,  of  the  points  of  application  of  the  forces,  whereby  the 
system  assumes  a  position  arbitrarily  chosen,  though  infinitesi- 
mally  near  to  its  former  position.  Now  we  are  about  to  replace 
these  variations  by  those  which  actually  take  place,  and  for 
which  time  is  required ;  that  is,  the  system  is  in  its  dis- 
placed position  at  an  interval  of  dt  after  the  time  at  which  it 
was  in  its  original  position.  Consequently  bx,  by,  bz  cannot  be 
replaced  by  rfa?,  dy,  dz,  if  the  time  t  is  explicitly  contained  in 
any  term  of  the  equation ;  and  accordingly  this  process  is  inap- 
plicable when  the  forces  are  fiinctions  of  the  time  as  well  as  of 
the  positions. 

M.  Poisson  has  proved  this  restriction  in  the  following  way. 
Let  Fi  =  0,  P2  =  0,  ...  F^  =  0  be  the  equations  expressing  con- 
ditions to  which  the  system  is  subject ;  let  p  =  0  be  a  type  of 
these,  and  we  will  suppose  it  to  contain  all  the  variables,  and  also 
I ;  then  for  the  geometrical  displacement  the  variation  of  this  is 

there  being  no  variation  of  f  in  respect  of  f,  because  the  shifting 
is  a  virtual  geometrical  displacement,  for  which  no  change  of 
time  is  required.  But  if  the  changes  in  the  coordinates  are 
those  which  are  due  to  the  actual  motion  of  the  system,  so  that 


s.m 
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we  consider  the  system  in  two  successive  positions,  then  if  p  con- 
tains ty  the  total  change  in  f  is 

80  that  this  cannot  take  the  form  of  (95)  when  bx^y  hy^,  hz^y,..  are 

replaced  by  dx^y  dy^y  dr^, . . .  unless  (^)  =  0,  that  is  unless  f  does 

not  contain  t  explicitly;  that  is,  no  equation  of  condition  can  con- 
tain t  explicitly. 

108.]  Presuming,  then,  the  logical  legitimacy  of  substituting 
dx,  dy,  dz  for  hXy  by  and  bz  respectively,  and  substituting  accord- 
ingly in  (43),  Art.  76,  we  have 

id^x  d^v  d^z      ) 

idt^^^'^d^^'^di^^^)^  2.^xrf«?  +  Yrfy  +  zd4  (97) 

If  V  is  the  velocity  of  m  at  the  time  ty  this  may  be  expressed  in 

the  form         \d.^.mv^  =  %.m{yidx-\-xdy  +  zdzy  (98) 

Now  supposing  2 .  w  (x  r/  a?  +  Y  ^y  +  z  rf  -?)  to  be  an  exact  differen- 
tial, and  thus  to  admit  of  integration,  the  conditions  for  which  will 
be  considered  in  a  following  Article,  we  have  by  integration 

5_  =  5.„W    (xrfa?  +  Yr/y  +  zrfr);       (99) 

the  limits  of  integration  of  the  two  members  corresponding  to 
each  other  and  to  the  times  t  and  t^  respectively.  Hence,  denoting 
the  right-hand  member  by  rfw,  as  in  (89),  we  have 

^ =  ^-Wo,  (100) 

which  may  be  stated  as  the  following  theorem. 

In  the  motion  of  a  system  of  particles  under  the  action  of 
finite  forces,  the  change  of  kinetic  energy  in  passing  from  any  one 
position  to  another  is  equal  to  the  corresponding  work  done  by 
the  forces. 

Or  in  other  words, 

Work  done  in  a  system  is  shewn  by,  and  is  equal  to,  the 
change  of  kinetic  energy. 

This  theorem  is  called  the  principle  of  vis  viva,  or  the  prin- 
ciple of  kinetic  energy ;  and  is  one  of  the  most  important,  as  it 
is  one  of  the  most  fruitful,  in  the  whole  range  of  Physical 
Science. 
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Hence,  if  forces  act  and  impress  work  on  a  material  system, 
the  work  is  shewn  and  is  measured  by  the  increase  in  kinetic 
energy :  whereas  if  kinetic  energy  is  withdrawn  from  a  material 
system,  it  is  transferred  to  some  force  or  other  agent  in  the  form 
of  work.  Kinetic  energy  is,  it  will  be  observed,  a  quantity 
independent  of  direction ;  that  is,  in  the  language  of  Quaternions, 
it  is  a  scalar  quantity. 

109.]  Now  this  investigation  leads  to  very  important  results 
in  the  theory  of  energy  and  its  conservation.  Energy  may  exist 
in  two  forms :  either  energy  developed  into  motion,  and  called 
kinetic  energy;  or  energy  capable  of  producing  motion,  and  so 
called  potential  energy;  the  measure  of  potential  energy  being 
the  quantity  of  kinetic  energy  which  it  is  capable  of  producing. 
Thus,  when  force  has  acted  on  a  material  system,  and  work  is 
done,  it  will  generally  be  the  case  that  that  work  is  not  the 
whole  work  which  the  force  is  capable  of  producing,  and  that 
the  force  is  not  exhausted  in  the  kinetic  energy  which  has  been 
produced :  there  may  be  a  further  capacity  and  a  further  store 
for  the  production  of  which  a  further  motion  of  the  point  of 
application  is  required :  this  is  potential  energy :  and  the  whole 
energy  of  the  force  or  of  the  system  is  the  sum  of  the  kinetic 
and  the  potential  energies. 

This  theorem  also  follows  from  equation  (99)  of  the  preceding 
Article :  both  members  of  that  equation  are  definite  integrals 
having  corresponding  limits,  those  in  the  right-hand  member 
being  the  values  of  the  coordinates  of  the  particles  of  the  system 
in  its  initial  and  final  states,  say  at  the  times  t^  and  I ;  and  as 
these  are  the  only  values  of  the  coordinates  which  the  expression 
contains,  it  follows  that  the  increase  or  decrease  of  kinetic  energy 
is  due  to  the  change  of  configuration  or  of  position  of  the  system, 
and  not  to  the  path,  or  to  the  time,  which  it  has  taken  in  passing 
from  the  one  position  to  the  other.  Let  us  call  the  extreme  positions 
of  the  system  a  and  b,  and  let  p  be  any  intermediate  position : 
then  the  whole  kinetic  energy  is  that  which  is  developed  in  the 
motion  of  the  system  from  a  to  b,  and  this  is  evidently  made  up 
of  the  kinetic  energies  developed  in  the  motion  from  a  to  p,  and 
in  that  from  p  to  b.  Consequently,  if  we  consider  the  state  of 
the  system  at  P,  the  whole  energy  is  partly  developed  into  motion 
and  partly  is  undeveloped  ;  that  is,  is  partly  kinetic  and  partly 
potential :  but  the  sum  of  these  two  is  the  whole  energy ;  and 
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as  the  poeitions  a,  p  and  b  are  general,  and  subject  to  no  special 
restrictions,  we  have  the  following  general  theorem ; 

The  sum  of  the  kinetic  and  potential  energies  in  a  system  is 
constant. 

The  principle  contained  in  this  theorem  is  called  the  conserva- 
tion of  energy. 

110.]  The  following  is  a  simple  illustration  of  it. 

Let  a  weight  mg  be  placed  at  any  height,  say  A,  above  the 
sorfiEU^  of  the  earth,  h  being  such  that  g  \a  supposed  not  to  vary 
throughout  it ;  then  the  whole  kinetic  energy  which  it  would 
acquire  in  &lling  to  the  earth  is  mgh  :  but  suppose  it  to  fall 
through  a  vertical  distance  z^  which  is  less  than  ^,  then  the 
kinetic  energy  in  falling  through  z  is  mgz ;  and  the  energy  which 
would  be  kinetically  developed  in  falling  through  the  remaining 
distance  A-^zis  mg(A—z);  but  this  is  undeveloped,  and  is  con- 
sequently potential  energy:  so  that  the  kinetic  energy  +  the 
potential  energy  =f,i^z  +  mg (h-z) 

=  mghy 

which  is  the  whole  energy  due  to  h,  and  is  constant. 

As  the  potential  energy  evidently  depends  on  the  position  and 
configuration  of  a  system,  it  is  sometimes  called  the  energy  of 
position :  and  there  is  no  change  in  this  potential  energy  unless 
there  is  a  change  of  position  or  of  configuration.  If  a  system 
has  moved,  and  returned  to  its  former  position,  its  kinetic  energy 
is  the  same  as  before,  because  the  right-hand  member  of  (99) 
vanishes,  and  the  potential  energy  is  also  the  same  as  before : 
whatever  work  has  been  done  by  the  forces  in  the  motion  has 
also  been  recovered  to  the  same  amount.  Hence  if  a  system 
moves  cyclically,  the  potential  energy  returns  periodically  to  the 
same  amount. 

111.]  The  following  are  forms  of  vis  viva  and  of  kinetic  energy 
in  terms  of  various  systems  of  reference. 

For  convenience,  let  2t  be  the  symbol  for  vis  viva,  so  that  T 
represents  kinetic  energy :  then  in  all  cases 

Hence  if  all  particles  of  the  system  move  in  a  plane,  and  are 
refeiTed  to  rectangular  axes,  say  of  (a?,  y\ 


2t=  - 
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and  if  they  are  referred  to  polar  coordinates, 

2T  =  ,..|^Vr^^'|;  (102) 

and  these  expressions  are  also  true,  when  particles  not  in  the 
plane  of  («,y)  move  only  in  planes  parallel  to  that  of  (a?,y). 

If  the  particles  are  referred  to  trilinear  coordinates,  and  v  is 
the  area  of  the  triangle  of  reference, 

abc  (    dfidy        dyda        dadfi\ 

^^^'"^  r  dt  di  '^^ di di  '^'^ di dl) 

=  4^^-^*{«cosA^+5cosB^  +  ^cosc^J.     (103) 

If  the  motion  is  in  space,  we  have 
for  rectangular  coordinates,  2t  =  2 . «»  j  j^  +  ^  +  ^  C  >   (104) 

for  cylindrical  coordinates,  2i  ^I'Z.mX—^  +  f^  -jj^  +  ^  [  ;  (1^^) 
for  spherical  coordinates, 

If  a  rigid  body  moves  about  a  fixed  axis  with  an  angular 
velocity   tt,  ai^d  r  is  the  distance  of  the  particle  m  from  the  axis, 

2T  =  2.,«r''^'  =  ^s...rS  (107) 

do 
placing  ^77  outside  the  sign  of  summation,  since  it  is  the  same  for 

every  particle  of  the  system  ;  also  taking  the  general  values  of 

TT  >  IT  >  37  due  to  rotation,  which  are  given  in  Art.  53, 
at     at     at 

2t  =  2.wt  {(-?a)y-ya),)2  +  (a?a),  — -2'a)^)2  +  (ya)^-a?a)y)"-} 

— 2 0)^0)^2. ^>? J' -?  — 2 0)^0)^,2. wra?— 2(0, (Oj, 2. /^ary.    (108) 

112.]  If  the  places  of  the  particles  are  referred  to  a  moving 
origin,  the  kinetic  energy  of  the  system  at  the  time  t  may  be 
expressed  as  follows. 

Let  the  axes  of  the  moving  origin  be  parallel  to  the  axes  fixed 
in  space ;  let  [x^,  ^q,  z^  be  the  place  of  the  moving  origin,  and 
(jr,  y^  z)  the  place  of  m  in  reference  to  the  fixed  axes :  let  u,  v,  io 
bo  the  component  velocities  of  the  moving  origin,  and  (£,  rj,  ()  the 
place  of  m  in  reference  to  it :  so  that 
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dx  dP       dy  dr\        dz  dC 

—  =  «  +  — ^1     —  =  1;+— -J      —  =  «?-! — ^: 
dt         ^dt       dt         ^  dt       dt         ^dt' 

wliere  m  is  the  mass  of  the  whole  system,  v  is  the  velocity  of  the 
moving  origin,  and  2.;»v^  is  the  kinetic  energy  of  the  whole  mass 
collected  at  that  origin.  This  is  the  complete  value  of  the  kinetic 
energy. 

It  may  also  be  expressed  in  the  follow  form :  If  (i^,  y,  z)  is  the 
place  of  the  mass-centre  relative  to  the  fixed  axes,  and  (2^,^,  ^) 
is  the  place  of  m  relative  to  the  mass-centre, 

and  bearing  in  mind  that  2. /»«?'=  %.mt/ ^'Z.mz' ^  0,  the  pre- 
ceding valae  of  2t  becomes 

2T=:MV2  +  2Mf«^  +  V-^  +  «?-TT  — V^)  +  2.Wf2. 

^   dt        dt         dt        ^ 
118.]  These  are  the  general  values  for  kinetic  energy;   but 

take  more  simple  forms  under  particular  circumstances.     Let  us 

consider  them. 

When  the  mass-centre  is  the  moving  origin 

and  2t  =  m  v^  +  2.  wv"-^  : 

that  is,  the  kinetic  energy  of  the  whole  system  consists  of  that 
of  a  particle  placed  at  the  mass-centre  whose  mass  is  equal  to 
that  of  the  entire  system,  together  with  that  of  the  system  re- 
lative to  the  mass-centre. 

If  the  motion  relative  to  the  mass-centre  is  wholly  due  to 
rotation  about  an  axis  passing  through  it,  then  if  o)  is  the  an- 
gular velocity,  and  r  is  the  perpendicular  distance  from  m  on  the 
rotation  axis,  2t  =  m  v^  +  oiH.  mr^. 

Again,  if  the  new  origin  lies  on  the  instantaneous  axis  and  is 
at  rest,  we  have  the  simple  form 

2t  =  (a^2.mr^j 
where  co  is  the  angular  velocity  about  it.    This  axis  is  thus  found : 
^^  {^f  »?i  C)  he  a  point  in  it  in  reference  to  the  mass-centre,  and 
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let  u,  V,  to  be  the  component  velocities  of  the  mass-centre,  and 
0)^,  0)^,  o)^  the  axial  components  of  a>  which  is  the  angular  velocity 
about  the  axis  passing  through  the  mass-centre,  then  if  (^,  77,  ()  is 
a  point  at  rest 

?*  — Ca),  +  iya)^  =  0,      f?  — ^0)^+^0)^  =  0,     «?  — Tjcof +  ^0),  =  0: 

which  are  the  equations  to  the  instantaneous  axis.     This  axis  is 
evidently  at  the  instant  the  central  axis  of  the  system. 
Also  generally  the  intermediate  term  vanishes  when 

dx        dy        dz       ^      ^ 

As  v^  =  tt^  + 1;*  +  tt^,  this  may  be  put  into  the  form 

and  shews  that  the  lines  of  the  absolute  velocity  of  the  moving 
origin  is  at  right  angles  to  the  line  of  the  velocity  of  the  mass* 
centre  relative  to  the  moving  origin.  It  also  admits  of  the 
follow  interpretation. 

If  we  take  the  mass-centre  to  be  the  moving  origin,  o)  to  be 
the  angular  velocity  of  the  system  about  an  axis  through  it,  o)^, 
coy,  o).  to  be  the  components  of  o),  and  {x^y^z)  to  be  the  place  of 
the  point  for  which  the  intermediate  term  disappears,  then  in  this 
relation  «,  r,  w  are  to  be  replaced  by 

respectively,  and  ^ '  37  >  ;j7  ty  w,  i?,  «?,  and  then  the  preceding 
expression  becomes 

—  «(ra)y— yo),)  — t;(a?a),  — -2:0),)  — «?(ya)^— a?a)y)  =  0.  (HI) 
This  is  the  equation  to  a  circular  right  cylinder,  which  passes 
through  the  origin,  and  the  axis  of  which  is  parallel  to  the  rota- 
tion-axis through  that  point,  which  is  the  mass-centre  of  the 
system.  Hence  the  rotation-axis  is  a  generating  line  of  the 
cylinder.     Also  the  equation  shows  that  the  point  whose  coor- 

dmates  are  — pj— 5 — =  >  — tt-t, — ,  — Ir-r, —  >  is  the  centre  01 

2(t)^  2(0^  2a)^ 

the  circular  section  made  by  a  plane  passing  through  the  origin : 

and  consequently  that  the  instantaneous  axis  (110)  is  also  the 

generating  line  of  the  cylinder  which  is  opposite  to  the  rotation- 
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For  all  generators  of  this  circular  cylinder  the  intermediate 
term  of  (109)  vanishes,  and  the  kinetic  energy  consists  of  only 
the  first  and  last  terms  in  (109). 

114.]  If  the  motion  of  all  the  particles  takes  place  in  one  plane, 
say  in  that  of  (a?,y),  or  every  particle  moves  in  one  of  a  series  of 
parallel  planes,  to  which  the  plane  of  (x,  y)  is  parallel,  the  kinetic 
energy  will  be  dae  to  motion  of  translation  of  a  point  in.  the 
plane  and  of  motion  of  rotation  about  an  axis  perpendicular  to 
the  plane,  so  that  using  notation  similar  to  that  of  the  preceding 
-Articles  ^      ^   ,  «? 

dx  dy  . 

.•.    2t=  Mv2  +  2a)2.OT(i;f-ttT;)  +  a)22.««(f2  +  T;2), 

which  is  the  complete  value  of  the  kinetic  energy. 

This  expression  will  take  a  more  simple  form  in  the  following 
cases,  viz.  when 

(1)  The  moving  origin  is  the  instantaneous  centre ;  and  then 

(2)  The  moving  origin  is  the  mass-centre ;  and  then 

2t  =  MV^  +  0)22 .  mr^. 

(8)  The  moving  origin  is  on  the  circle  described  upon  the 
line  joining  the  mass-centre  and  the  instantaneous  centre  as  a 
diameter. 

The  last  condition  may  thus  be  shewn  shortly:  the  inter- 
mediate term  will  vanish  when 

vl—uri  =  0; 
but  if  {x^^  y^)  is  the  instantaneous  centre, 

t;  +  o)a?o  =  0,         w-.a)j^Q  =  0; 

•'•  ^ol+yo^  =  0; 
which  shews  that  the  straight  lines  drawn  from  the  moving 
origin  to  the  mass-centre  and  to  the  instantaneous  centre  re- 
spectively are  at  right  angles  to  each  other ;  and  consequently 
the  point  of  intersection  lies  on  a  circle,  at  the  extremities  of  a 
diameter  of  which  are  the  mass-centre,  and  the  instantaneous 
centre.  And  for  all  points  on  this  circle 

115.]  The  quantity  2.  w(xrf a? +  Yrfy  +  z rfi')  which  is  found  in 
the  right-hand  member  of  (99)  requires  further  consideration. 
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If  for  every  particle  of  the  system  x  =  y  =  z  =  0,  so  that  no 
force  acts  on  the  system  and  no  work  is  commanicated  to  it, 
then  2.mv^  =  'Z.mv^^  and  the  vis  viva  of  the  system  remains 
unaltered ;  the  vis  viva  of  particular  particles  may  vary,  but  the 
sum  of  all  remains  the  same :  this  theorem  is  called  the  principle 
of  conservation  of  vis  viva. 

If  one  point  of  a  system  is  fixed,  and  there  are  reactions  or 
pressures  at  that  point,  these  will  not  appear  in  the  equation  of 
vis  viva^  because  the  point  of  application  does  not  admit  of  dis- 
placement^ and  consequently  no  work  is  done  by  the  reaction. 

If  a  system  is  subject  to  internal  stresses,  such  as  those  which 
arise  from  the  difference  between  the  impressed  and  the  ex- 
pressed momentum-increments  on  any  particle  m,  these  will 
enter  into  the  expression  'Z*ni{yidx-\-^dy-\-zdz)  in  equal  and 
opposite  pairs,  and  as  each  pair  acts  at  the  same  point  and  along 
the  same  line,  the  displacement  of  the  point  of  application  is  the 
same  for  each,  and  consequently  the  work  due  to  them  will  dis- 
appear in  the  summation. 

There  may,  however,  be  pairs  of  equal  and  opposite  stresses, 
whether  tensions  or  pressures,  which  do  not  disappear  in  the 
quantity  under  consideration,  because  the  displacements  of  the 
points  of  action  of  these  stresses  may  not  be  equal.  Thus  in 
the  solar  system  the  vis  viva  is  not  always  the  same,  even  if  we 
omit  the  action  of  forces  external  to  the  system,  because  a  chang'e 
prises  from  the  internal  forces  producing  an  alteration  of  configura- 
tion, although  they  enter  in  equal  and  opposite  pairs.  If  the  con- 
figuration of  the  system  is  invariable,  the  internal  stresses  cancel 
each  other ;  but  if  there  are  elastic  connections  or  springy,  and 
if  Expansions  or  contractions  arise  from  such  stresses,  these 
will  not  disappear  in  the  expression  under  consideration,  and 
consequently  a  change  of  vis  viva  will  be  due  to  them.  This 
observation  will  receive  fuller  development  hereafter. 

If  the  system  or  a  particle  of  the  system  moves  on  a  fixed 
smooth  surface,  the  reaction  of  the  surface  does  not  appear  in  the 
expression  for  work,  because  the  displacement  is  perpendicular  to 
the  line  of  action  of  the  force,  and  consequently  no  work  is 
done^  and  no  change  of  vis  viva  is  caused  by  it. 

If,  however,  the  surface  is  rough,  and  sliding  takes  place,  then 
friction,  which  acts  in  the  tangent  plane  to  the  surface  at  the 
point  of  contact,  is  brought  into  action,  and  a  loss  of  work  takes 
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place,  and  consequently  a  loss  of  vis  viva.  If,  however,  only 
rolling  takes  place,  no  loss  of  vis  viva  ensues. 

116.]  Whenever  a  material  system  passes  through  a  position 
or  configuration  in  which  the  forces  would  be  in  equilibrium, 
then  at  that  instant,  by  the  principle  of  Virtual  Velocities, 

2.m  (xcIx-^-^dy  +  zdz)  =  0; 

and  therefore  from  (98),  d.^.mv^  ==  0;  so  that  there  is  no 
change  of  vis  viva,  and  the  vis  viva  consequently  is  either  a 
maximum  or  a  minimum,  or  is  constant ;  the  last  being  the  case 
when  no  forces  act,  and  no  work  is  done  on  the  system.  Hence 
the  vis  viva  of  the  system  is  a  maximum  or  a  minimum  when 
the  acting  forces  constitute  an  equilibrating  system,  and  accord- 
ing as  the  equilibrium  is  stable  or  unstable. 

Now  in  Articles  102,  103  and  107,  Vol.  Ill,  it  is  proved 
that  the  equilibrium  of  a  system  is  stable  or  unstable  according 
as  the  radial  moment,  which  is  denoted  by  h,  is  a  minimum  or  n 
maximum ;  but 

du  =  2.T(cosadx-\-cosfidy+cosyd2), 

=  2.m{7idx+Ydy-{-zdz) 

=  id.:i,mv^ ; 

so  that  the  radial  moment  becomes  in  this  notation  kinetic 
energy ;  and  consequently  the  vis  viva  of  the  system  is  a  maxi- 
mum or  a  minimum,  according  as  the  equilibrium  state  through 
which  the  system  of  forces  passes  is  a  state  of  stable  or  unstable 
equilibrium. 

Let  us  illustrate  this  theorem  by  a  system  subject  to  the  action 
of  gravity  only.  Taking  the  horizontal  plane  to  be  that  of  (a?,^), 
X  =  Y  =  0 ;  and  supposing  the  mass  to  descend,  z  =  ^  ;  therefore, 
if  M  is  the  mass  of  the  system, 

that  is,  the  increase  of  vis  viva  depends  only  on  the  vertical  dis- 
tance tlirough  which  the  centre  of  gravity  of  the  whole  mass  has 
descended ;  thus  the  vis  viva  is  a  minimum  when  the  centre 
of  gravity  is  in  its  highest  position ;  also  the  vis  viva  is  the 
same  whenever  the  centre  of  gravity  passes  through  a  given 
horizontal  plane. 

Hence  also  it  appears  that  in  a  system  of  heavy  particles,  such 
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as  are  many  macliines  wliich  are  subject  to  gravitation,  the  vis 
viva  of  the  system  is  the  greatest  when  the  centre  of  gravity  has 
its  lowest  position ;  and  the  vis  viva  is  the  least  when  the  centre 
of  gravity  has  the  highest  position  compatible  with  the  con- 
straints of  the  machine. 

117.]  Also  that  (99)  maybe  interpretable  and  intelligible  it  is 
necessary  that  ^.m(xdx  +  i[dy  +  zdz)  should  be  an  integrable 
expression ;  it  must  therefore  be  a  function  of  x,y,  z  only,  and 
must  not  explicitly  contain  any  other  variable.  Thus  the  forces 
cannot  be  fiinctions  of  t  or  of  the  velocity^  such  as  is  the  case 
with  friction  or  in  motion  through  a  resisting  medium.  More- 
over 'i.m(^dX'\'Xdy  '\'Zdz^  must  be  an  exact  differential.  As 
this  consists  of  a  series  of  terms,  each  of  which  corresponds  to  a 
particular  m^  the  term  which  belongs  to  each  one,  say 

m  (xdx  +  Ydy  +  zdz), 
must  be  an  exact  differential.     Let  us  suppose  this  to  be  du,  so 

**^**  DU  =  m{xdx  +  Ydy  +  zdz);  (112) 

and  consequently, 

hence  also 

d-i)=(S)-  (g)=(g)'  #=(£)•  ('") 

The  function  u  which  satisfies  the  conditions  (112)  and  (113) 
is  called  a  force-function  (Kraftefunction) ;  and  its  differential 
is  evidently  the  amount  of  work  given  to  or  received  from  the 
system  at  the  point  (x^y^z)  through  a  distance  ds,  whose  pro- 
jections on  the  coordinate  axes  are  dx,  dy,  dz.  Thus  the  relation 
of  u  to  w  is  as  follows ;  viz. 

DW  =  2.DU.  (115) 

The  name  of  force-function  was  given  to  u  by  Sir  W.  R.  Hamil- 
ton and  Jacobi  independently  of  each  other. 

—  w  has  been  called  by  Rankine  "  Potential  Energy,"  and  by 
Clausius  the  ''  Ergal."  The  work  done  by  a  force  has  sometimes 
been  called  "  the  labouring  force." 

118.]  In  the  special  case  of  a  particle  m  being  attracted  or 
repelled  by  other  particles  Wj,«»2»  •••>  when  the  force  varies  di- 
rectly as  the  masses  of  the  particle  and  inversely  as  the  square  of 
the  distance  between  them,  the  work  done  by  the  forces  on  m  in 
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^^  is  a  complete  differential,  and  the  force-function  is  in  this  case 
called  a  potential  or  potential-function,  the  name  being  generally 
applied  to  this  particular  law  and  to  none  other,  and  denoted 
by  V. 

Thus  if  m  the  attracted  particle  is  at  (^,  y,  z),  and  nty  the  at- 
tracting particle  is  at  {xi^yiy^i)j  and  r^  is  the  distance  between 

them,  then,  if  Pj  is  the  force  acting  on  m,  p^  =  — ^  • 


And  if  Xj,  Yj,  Zj  are  the  axial  components  of  p^, 

x,  = ^ ^  =  »»  3 i 

rj^  ax  Tj 


...  2 

^1 


^  Ti^  dy  Ti 

mnuU.—z)  d  m^ 

z,  =  — ^±^ i  ^ni—  -L 

r^  dz  r^ 

and  if  other  particles  fn^y  ^^3, . . .  act  on  m  and  give  rise  to  similar 

values,  then,  if  x,  y,  z  are  the  whole  axial  components, 

dm  dm  dm 

ax   r  dy  r  dz  r 

-r    .  m-i      Ma  m 

Let  -^  +  -?4....  =  2,—  =  v; 

then  ^  =  ^*(^)>       Y  =  ^(^)'     ^  =  «(£)' 

wid  xdx-i  Ydy  +  zdz  =  wDv, 

so  that  v  is  the  force-function,  and  is  called  the  potential  of  the 
system  of  particles  which  act  on  m. 

If  m^  is  the  particle  of  a  body  lying  outside  of  m,  so  that  at 
no  point  does  r  vanish,  and  if  p  is  the  density  of  the  attracting 
particle,  __  ppppdxdydz 


=/// 


r 

Several  properties  of  the  potential  have  already  been  demon- 
strated in  Vol.  Ill,  Chapter  VI,  Section  2. 

The  potential  is  evidently  the  work  done  on  an  unit  particle  by 
the  particles  W| ,  w^^ , . . . ,  moving  from  an  infinite  distance  to  the 
distances  ^1,  ^2»  ^3>  ••• »  respectively  from  the  unit  particle. 

119.]  Two  particular  cases  wherein  the  conditions  of  a  force- 
function  are  satisfied  deserve  special  attention,  (1)  where  the 
force  is  a  central  force  and  varies  as  some  function  of  the  distance 
of  the  pai-ticle  m  from  the  centre ;  (2)  when  two  particles  tn  and 

PRICE,  VOL.  IV.  L 
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m'  attract  or  repel  each  other  with  a  force  which  is  a  function  of 
the  distance  between  the  particles. 

(1)  In  the  former  case  let  (a^  by  c)  be  the  place  of  the  centre  of 
force ;  (a?,y,  z)  the  place  of  w,  r  the  distance  between  them,  and 

/'  (r)  the  force,  then 

.-.     m{xdx  +  Ydy  +  zdz)  =  mf'{r)dr',  (116) 

which  is  an  exact  differential ;  so  that  tnf{r)  is  the  force-fanction, 
and  the  change  of  vis  viva  due  to  it  is  2  nif{r)y  the  integrals 
being  taken  for  assigned  limits. 

If y  (r)  is  positive,  so  that  the  force  is  repulsive,  and  dr  is  also 
positive,  then  the  vis  viva  is  so  far  increased  ;  but  if  ^r  is  negative 
so  that  the  particle  approaches  the  centre  of  force,  the  vis  viva  is 
diminished.  Similarly  if  the  force  is  attractive  the  vis  viva  is 
increased  or  diminished  according  as  the  attracted  particle  ap- 
proaches to  or  recedes  from  the  centre  of  force. 

(2)  Let  {xyifyz)  and  (^',y,  2^)  be  the  places  of  7n  and  w'  re- 
spectively at  the  time  t\  let  r  be  the  distance  between  them,  and . 
let/'(r)  be  the  force  of  an  unit  particle  acting  upon  them  from 
one  to  the  other ;  then 


x'=-«,^y-(r),    Y'^^m^-l.f{r\   z'=-;;^^V'W•) 

Also  r2  =  (a?-a?')2  +  (j^-/)2  +  (^-./)2; 

.-.   rdr:=.{x—x){dx—dx')'\'{y-'}^){dt/—d]^)'\'{z—2f){dz—dz')\ 
therefore  thus  far 
w{Tidx-\-xdy-\-zdz)-\-m'{yLdaf'\'Yd^'\'Z'dsf) 

^'^[{x^x'){dx--d:xf)  +  {y^f/){dy--d2/)  +  {z-z'){dz^ 

=  mm'f(r)dr,  (117) 

which  is  an  exact  differential.     Consequently  the  corresponding 
force-function  is  mm'f{r). 

Here,  as  in  the  former  case,  if  the  force  is  repulsive,  the  vis 
viva  of  the  particles  is  increased  or  diminished  according  as  the 
distance  between  them  is  increased  or  diminished ;  and  if  the 
force  is  attractive,  the  vis  viva  is  increased  or  diminished  according 
as  the  distance  is  diminished  or  increased. 
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ThoB,  if  a  system  of  particles,  gaseous  or  solid,  receives  an  in- 
crease of  heat,  whereby  repulsive  forces  are  brought  into  action, 
the  particles  are  two  and  two  repelled  further  from  each  other, 
and  there  is  an  increase  of  vis  viva.  If,  on  the  other  hand,  heat 
is  withdrawn,  the  particles  are  drawn  nearer  together,  and  a 
diminution  takes  place.  Hence  also  if  in  a  system  of  moving 
particles  an  explosion  takes  place,  so  that  some  of  the  particles 
are  removed  farther  from  each  other,  an  increase  of  vis  viva  takes 
place. 

A  system  offerees  which  is  such  that  ^.m(xdx  +  Ydjf-{-zdz)  is 
an  exact  differential  and  equation  (99)  is  applicable,  has  been 
called  by  Sir  William  Thomson  a  conservative  system,  because  no 
vis  viva  is  lost  in  the  passage  of  the  system  from  any  position 
to  the  same  position  again ;  or,  in  other  words,  whatever  work  is 
converted  into  kinetic  energy  as  the  system  moves  from  the 
position  or  configuration  of  a  to  that  of  b,  the  kinetic  energy  may 
be  recovered  by  the  forces  in  the  form  of  work  as  the  system 
passes  in  the  reverse  direction  from  b  to  a. 

120.]  The  following  are  simple  illustrations  of  the  principle  of 
vis  viva  as  exhibited  in  equation  (100). 

Ex.  1.  A  mass  m  in  the  form  of  a  cylinder,  with  a  circular  base  of 
radius  b  and  of  altitude  2  a,  stands  on  a  rough  horizontal  plane 
which  moves  with  a  velocity  v ;  the  plane  is  suddenly  stopped  by  a 
fixed  obstacle,  and  the  cylinder  is  just  overturned :  the  velocity 
of  the  plane  may  thus  be  determined.  The  vis  viva  of  the 
cylinder,  which  is  7fiv^,  becomes  converted  into  work  developed 
in  the  ascent  of  the  centre  of  gravity  of  the  cylinder  through 

the  vertical  distance  (a^H- J-)^  — a  ;  consequently  we  have 


fflV 


=  /«(7{(a2  +  i2)i«a}; 


2 

A  seismometer  has  been  constructed  on  this  principle  by  Mr. 
Mallet.  Let  a  series  of  heavy  cylinders  be  made  of  a  given 
height,  but  with  bases  the  diameters  of  which  gradually  in- 
crease ;  let  these  be  placed  on  a  rough  horizontal  plane,  the 
distance  between  any  two  cylinders  being  not  less  than  the 
height  of  each.  Let  this  plane  be  attached  firmly  to  the  earth. 
Now  suppose  a  shock  of  earthquake  to  advance  in  a  certain  hori- 
zontal direction  with  a  velocity  v ;  it  gives  a  jerk  to  the  plane 
with  that  velocity,  and  all  the  cylinders  are  overturned  up  to 

L  z 
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those  in  which  2^  {(a*  +  i^)*— a}  is  just  equal  to  or  greater  than 
»* :  so  that  the  velocity  of  the  advancing  disturbance  is  deter- 
mined by  means  of  the  dimensions  of  the  smallest  cylinder  that 
is  not  overturned ;  and  the  line  in  which  the  fiiUen  cylinders  lie 
determines  the  line  of  direction  of  the  earthquake. 

Ex.  2.  If  a  heavy  bar  of  length  2a  revolves  in  a  vertical  plane 
about  one  end  which  is  fixed,  and  is  initially  inclined  at  an  angle 
a  to  the  vertical  through  the  fixed  end,  then  if  m  is  the  whole 

mass  ^.mr^  =  m  -5-  >  and  if  -77  is  the  angular  velocity  when  the 

bar  is  inclined  at  an  angle  0  to  the  same  vertical  line,  then 

M  -^  -TT^  =  2M^a  (cos  ^ — cos  o).    Consequently  if  the  bar  moves 

from  the  unstable  vertical  position  into  the  stable  position,  and  o) 

is  the  angular  velocity  in  the  last  position  o)*  =  —  • 

Ex.  3.  A  cylinder  of  altitude  a  and  radius  6  rotating  about  its 
axis  with  an  angular  velocity  a>,  has  enough  energy  to  raise  a 
weight  equal  to  its  own  weight  through  a  vertical   distance 

4^  • 

Ex.  4.  A  mass  m  of  fluid  describes  a  circular  course  of  radius  a 
with  velocity  u  :  another  equal  mass  describes  a  concentric  cir- 
cular course  of  radius  b  with  velocity  v :  the  radius  of  one  course 
increases  and  that  of  the  other  decreases,  until  each  occupies  the 
place  of  the  other.    Determine  the  work  required  for  the  change. 

Let  the  velocity  u  become  u\  and  v  become  v' ;  then  the  work 

required  =  ^  (u^  —  u^  +  v'^^v^):  but  by  the  principle  of  conser- 

vation  of  moments  of  momenta, 

au  =  bu\  bv  =  av' ; 

fit  /1j        til 

therefore  the  work  required  =  ^  (*^'~^^)("^ "~  72)  * 

121.]  The  question  however  may  arise,  what  takes  place  in 
respect  of  kinetic  energy  or  of  work,  if  the  acting  forces,  one  or 
more,  are  not  of  a  conservative  character  ?  Suppose,  for  instance, 
that  there  is  sliding  on  a  rough  surface,  or  that  one  or  more  of 
the  particles  are  rough  and  slide  on  each  other,  here  a  loss  of 
kinetic  energy  ensues.  What  becomes  of  it  ?  By  the  law  of 
inertia,  work  or  energy  is  indestructible ;  we  can  no  more  annihi- 
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late  it  than  we  can  create  it ;  and  as  it  has  not  shown  itself  in  the 
form  of  either  kinetic  energy  which  is  energy  of  motion,  or  of 
potential  energy  which  is  energy  of  position,  it  must  take 
another  form,  it  has  in  fact  become  heat,  which  is  another  form 
of  energy.  Similarly  mechanical  work  may  be  transmuted  into 
light  or  sound,  or  into  electrical  energy  as  by  a  dynamo-machine. 
But  in  all  these  cases  a  common  measure  of  work  is  required ;  and 
80  far  as  it  has  been  determined  we  have  the  means  of  comparing 
all  these  various  forms  of  energy  with  mechanical  work,  and  the 
principle  of  conservation  of  energy  holds  true.  To  carry  this  sub- 
ject further  leads  us  into  the  sciences  of  Thermodynamics,  Electri- 
city and  Magnetism,  and  consequently  beyond  the  range  of  our 
present  work. 

122.]  If  a  system  is  in  motion  under  the  action  of  conservative 
forces,  the  space-integral  of  the  whole  momentum  is  a  minimum 
as  the  system  passes  from  one  position  to  another.  This  space- 
integral  of  the  momentum  has  been  called  by  Lagrange  the 
action  of  the  system,  and  the  theorem  has  been  consequently 
called  the  principle  of  least  action. 

Let  A  be  the  action  of  the  system,  and  let  the  definite  integral 
be  expressed  as  in  the  Calculus  of  Variations  in  Vol.  TI,  so  that 

A  =  2.«ff/  vds,  (118) 

Then  taking  the  variation  of  this  quantity 

8a  =  'Z,7n\  {d8hv-\-vh.ds). 
Jo 

Now  as  the  system  of  forces  is  conservative,  by  (98),  Art.  108,  for 

every  particle  we  have, 

vhv  =  xhx-^Yby  +  zbZy 

and  also  dw  ^   ,         dy  ^    .        dz-      , 

hjh  =  -T-^MX  +  -j-h.dj  +  -T-  h.dz\ 

so  that  ^*  ^*  ^* 

bA  =  ^.m     ^—{xbx-{-Yby  +  zbz)-{--r-{dxd,bx-{-dyd.hy'\'dzd.bz)> 

since  the  limits  of  the  integral  are  given  and  are  fixed,  the  first 
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part  vanishee  of  itself.    And  the  second  also  vanishes  identically; 

because  .xrf«      .  vdx\  /    ,,      .  dx^ 

s.jwl d.—r-)  =  2.««(xrf^  — ^. -77) 

^  V  d%  ^  ^  dt^ 

=  2.»i(x—  j-^\dt=z  0. 

Similarly,  each  of  the  other  terms  vanishes ;  therefore  dA  =  0 ; 
and  the  action  is  either  a  minimum,  or  is  constant,  for  evidently  it 
cannot  be  a  maximum. 

Since  :i,ml  vds  zrz^.lm  v^ dt^  and  this  quantity  is  a  minimum, 

the  principle  may  be  called,  "  the  principle  of  least  vis  viva  " :  and 
we  may  then  say,  that  the  vis  viva  acquired  by  the  system  during 
the  time  of  its  passage  from  one  position  to  another  is  less  than 
it  would  be  under  any  other  law  of  connexion  between  momenta 
impressed  and  momenta  expressed.  It  is  necessary  that  the  first 
and  last  positions  of  the  system  should  be  given,  because  we  have 
assumed  the  variations  of  the  coordinates  which  correspond  to 
them  to  vanish. 

The  definition  of  action  leads  to  the  following  value  for  it 


r  //'»»         /7f/         //'^ 


This  principle  of  least  action  is  useless  as  a  method  of  so- 
lution of  dynamical  problems ;  because,  assuming  it  to  be  true 
from  a  priori  or  other  reasoning,  it  gives  only  the  equations  of 
motion  (37),  Art.  73,  which  are  derived  more  satisfactorily  from 
D'Alembert's  principle  ;  and  if  the  variations  of  x,  y,  and  r  had 
been  taken  in  the  most  general  forms,  which  are  given  in  Art.  76, 
being  due  to  not  only  a  motion  of  translation,  but  also  to  that  of 
rotation,  we  should  from  the  principle  infer  the  equations  (38) 
as  well  as  (37)  of  Art.  73.  It  is  merely  then  a  formula  which 
includes  them.  The  other  principles,  however,  which  we  have 
proved  in  the  preceding  Articles,  are  more  useful ;  under  certain 
circumstances,  they  give  us  actual  integrals  of  the  equations  of 
motion :  thus,  for  a  conservative  system  of  forces,  the  equation 
of  vis  viva  is  a  first  integral,  and  that  from  which  the  time  may 
be  found  by  a  single  integration.  So,  if  no  forces  act  on  the 
system,  or  only  internal  forces  which  have  equal  and  opposite 
ones,  the  principles  of  conservation  of  the  mass-centre  and  of  the 
conservation  of  moments  of  momenta  give  integrals  of  the  equa- 
tions of  motion. 
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123.]  Another  problem  in  connection  with  the  present  subject 
which  requires  consideration  is  that  of  the  change  in  the  vis 
viva  of  a  system  of  material  particles  which  is  caused  by  the 
action  of  internal  instantaneous  forces;  so  that  this  question 
includes  those  of  collisions  amongst  the  particles  of  a  mass  and 
of  explosions,  which  are  of  importance  in  the  kinetic  theory  of 
gases,  for  therein  the  particles  are  assumed  to  be  in  a  state  of 
continual  motion,  and  from  time  to  time  to  collide  with  each 
other. 

The  equation  of  motion  on  which  this  enquiry  is  founded  is 
(44),  Art.  76,  viz. 

^.m {{u  ^u)hx  +  (v' —v)hy  +  (w' —'u:)bz}  =2.(xda?  +  Y8y  +  z8i:),  (119) 
where  u,  v,  w  are  the  axial  components  of  the  velocity  of  m  before 
the  action  of  the  impulsive  forces,  and  u\  v\  tt^'are  the  like  quan- 
tities after  the  action,  so  that  m(i/—n)j  w(i?'— r),  m{v/  ^to)  are 
the  axial  components  of  the  increase  in  the  momentum  of  m  due 
to  the  forces. 

The  general  theorem  is  that  stated  by  M.  Sturm  to  the  French 
Academy  of  Sciences,  December  6,  1841,  and  printed  in  the 
Comptes  Rendus,  Tome  XIII,  p.  1046. 

If  a  system  of  material  particles  in  motion  is  subject  to  certain 
connexions  or  restraints  {liaisons)^  and  these  restraints  are  sud- 
denly and  abruptly  changed,  so  that  some  of  the  particles  are 
compelled  to  take  new  courses,  vis  viva  is  lost  by  the  system, 
and  the  loss  is  equal  to  that  due  to  the  velocities  of  the  particles 
lost  ill  the  passage  from  one  state  to  the  other.  That  is,  if 
2.wv2  and  i,.mV'^  are  respectively  the  vis  viva  of  the  system 
before  and  after  the  change  of  restraint, 

This  is  sometimes  expressed  in  the   form,  the  vis  viva  lost  is 
the  relative  vis  viva. 

The  restraints  are  supposed  to  depend  on  the  position  of  the 
particles,  and  to  be  independent  of  f  ;  and  the  changes  in  them 
are  supposed  to  constitute  a  system  of  forces  in  equilibrium,  so 
that  the  right-hand  member  of  (119)  is  equal  to  zero  ;  hence  the 
fundamental  equation  is 

2,m{(u—u)bx  +  (v'^v)by  +  {w^—w)bz}  =  0. 
Now  let  us  t4ike  for  the  virtual  displacements  the  actual  displace- 
ments in  the  time  r//,  which  follows  the  instant  at  which  the 
forces  act,  viz.  udf^,  v%Il,  vfdt ;  then 
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^.m{(u''-u)u'  +  {v'—v)v'  +  (w''-to)w'}  =  0; 

which  proves  the  proposition.  ^ 

As  the  right-hand  member  is  a  quantity  essentially  positive, 
a.wv^  is  greater  than  s.»iv'^,  and  consequently  vis  viva  is  lost 
by  the  change  in  the  system  of  restraints. 

Also  suppose  that  there  is  a  succession  of  similar  changes  in 
the  restraints,  as  shewn  in  the  following  series, 
S.fwv^  — 2.OTV1'  =  :i.m  {(w  — Wj)«  +  (r— t;,)2  +  (tt;— «?j)2j^ 

s.mVi*— s.wVg^  =  2.OT  {(«^i-«^2)^  +  (t?i-"f J^  +  Cw'i— ip^)*]* 

a.i«v,_i«-2.»iv,«  =  2.m  {K-i-».)*  +  (t',-i-r^)^  +  K_i-tt7^)2>; 

therefore,  by  addition, 

a.wiv*  — 2.WV,'  =  2.i»  {(«  — tti)'  +  (t?- fj)* +  («?  —  «?! )2}, 

+ 

SO  that  the  whole  lost  vis  viva  is  the  sum  of  those  which  are  lost 
at  each  successive  change  of  restraint. 

If  the  changes  in  the  restraints  are  due  to  the  collision  of  the 
particles  of  the  system  with  each  other,  and  the  particles  are 
perfectly  hard  and  inelastic,  so  that  no  compression  takes  place, 
then  the  conditions  are  satisfied  under  which  the  preceding 
theorems  are  found,  and  the  loss  of  vis  viva  is  that  which  is 
expressed  in  the  preceding  equations.  This  theorem  was  first 
stated  by  Camot,  in  his  "  Essai  sur  les  machines  en  g^n^ral," 
Basle,  1797. 

If  the  material  system  consists  of  particles  imi)erfectly  clastic, 
and  these  collide,  the  reactions  between  any  two  will  be  equal 
and  act  in  opposite  directions  at  the  instant  when  the  com- 
pression is  a  maximum ;  we  may  therefore  take  this  as  the  in- 
stant when  the  right-hand  member  of  (119)  vanishes,  and  replace 
bXj  by,  Sr  by  the  actual  displacements*  which  occur  in  dl  just 

after;  that  it  is  by  -^^ dL  -^ dt,   — r/^,  where  e  is 

the  constant  of  elasticity ;  whence  we  have 

Ji.m  {{7/^u){H+eu)-{-{v—v){v'  +  ev)  +  {to'^w)(w'  +  ew)}  =0; 

*  See  Art.  263,  Vol.  111. 
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which  expresBes  the  loss  of  vis  viva.  This  theorem  is  due  to 
Dohamel ;  see  Jonmal  de  I'ficole  Polytechnique,  Cahier  XXFS'. 
1836. 

If  ^  =  0,  this  equation  gives  the  theorem  of  Camot  established 
in  the  preceding  paragraph. 

If  tf  =  1,  the  right-hand  member  vanishes.  In  the  case,  then, 
of  the  collision  of  perfectly  elastic  particles,  there  is  no  loss  of 
wis  viva :  that  is,  whatever  loss  has  arisen  in  the  compression  an 
equal  amount  has  been  recovered  in  the  return  of  the  figure  of 
the  particles. 

The  right-hand  member  of  (119)  will  also  vanish  when  an 
explosion  takes  place  in  the  moving  system,  because  the  reactions 
due  to  the  explosion  are  equal  and  opposite :  hence,  taking  the 
time  ^^  just  before  the  explosion,  we  may  replace  hx,  hy  and  bz 
by  udt,  vdt  and  wdt^  whence  we  have 

2.»2  {(?/— tt)«r  +  (t;'  — r)t?H-(tt?'— tt^)tt?  }  =0, 
^.mV^-^.my^  z:^  ^,m  {{u  -  uf  +  {v' ^vf-^-  {w' -wf  } , 

and  consequently  vis  viva  is  al^vays  gained  by  the  explosion. 

In  all  these  cases  the  colliding  particles  or  bodies  have  been 
supposed  to  be  smooth,  so  that  there  is  no  loss  of  vis  viva  by 
friction;  if,  however,  they  are  rough,  and  the  impact  in  the 
case  of  collision  is  oblique,  terms  corresponding  to  friction  will 
enter  equation  (119),  and  the  results  will  require  modification 
accordingly. 

124.]  Under  what  circumstances  the  vis  viva  of  a  system  of 
particles  may  be  expressed  in  terms  of  the  impressed  momentum- 
increments,  is  a  question  of  great  importance  in  the  kinetic 
theory  of  gases,  and  generally  in  molecular  physics.  The  follow- 
ing problem  is  due  to  Clausius,  having  been  given  by  him  in  the 
Philosophical  Magazine,  August,  1870,  and  is  now  known  as 
Clausius'  Theorem. 

Let  there  be  a  system  of  particles  of  which  m  is  the  type ;  and 
let  (a?,  y,  z)  be  its  place  at  the  time  t ;  let  it  be  subject  to  a 
system  offerees.     Then 

^'2  0  ^^ 

at  at 

d^  „  d^x     rt         ds^ 

and  as  similar  results  are  true  for  -j-^t.my^  and^r^a.wr*, we 
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39-37043  inches,  that  is  3-280869  feet,  being  supposed  to  be  the 
ten  millionth  part  of  a  quadrant  of  the  earth's  meridian  according 
to  measurements  of  the  same  made  by  Delambre  and  M^chain  ; 
the  object  was  to  obtain  a  natural  standard  of  length,  in  contra- 
distinction to  an  artificial  one — one,  that  is,  which  would  be 
recognised  by  all  nations,  and  not  be  the  national  standard  of 
only  one  country.  Subsequent  surveys,  however,  have  shewn 
that  the  measurements  on  which  the  length  was  founded  are  not 
sufficiently  exact  for  the  purpose ;  and  the  m^tre  has  now  be- 
come an  artificial  length,  quite  as  much  so  as  the  English  foot, 
and  is  the  length  of  the  aforesaid  platinum  bar  at  4°  C.  The  bar 
is  kept  at  Paris.  It  was  established  as  the  standard  of  length 
by  a  law  of  the  French  Republic  in  the  year  1795.  Multiples  of 
metres  are  called  by  names  derived  from  the  Greek :  as,  e.  g., 
deca-m^tre,  hecto-m^tre,  kilo-m^tre ;  sub-multiples  by  names 
derived  from  the  Latin :  as  e.  g.,  decimetre,  centimetre,  milli- 
metre. The  relations  between  the  French  and  English  measures 
of  length  and  volume  are  as  follows  : 

1  cm.  =  03937043  inches, 
1  metre  =  39-37043  inches, 
1  kilo-mHre  =  1093-62311  yards; 
1  inch  =  2-53998  cm., 
1  foot  =  304797  cm., 
1  Utre  =  1-760725376  pints. 
The  French  unit  of  mass  is  a  gramme,  being  the  one-thousandth 
part  of  a  certain  mass  of  platinum,  in  the  form  of  a  cylinder,  whose 
height  is  equal  to  the  diameter  of  its  base,  made  by  Borda  and 
kept  at  Paris,  which  is  called  the  Kilogramme  des  Archives. 
It  was  originally  intended  that  this  mass  should  be  equal  to 
that  of  a  litre,  viz.  a  cubic  decimetre,  of  distilled  water  at  its 
greatest  density,  that  is,  at  4''C.,  and  thus  that  it  should  be 
a  natural  standard:  it  is  found,  however,  that  this  is  not  ex- 
actly the  case,  the  mass  of  the  cubic  centimetre  of  water  being 
1*000013  gm.,  and  not  1  gm.  exactly,  according  to  a  comparison 
of  standards  made  by  Professor  Kupffer.   Thus  this  standard  of 
mass  is  just  as  arbitrary  as  the  English  pound,  since  the  authority 
for  it  depends  on  a  law  of  the  French  State.     The  relation  be- 
tween the  English  and  French  units  of  mass  are  as  follows  : 
1  ounce  avoirdupois  =   28-8495  gm., 
1  pound        do.  =   453-5927  gm., 
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and  from  (72),  Art.  53,  we  have 

dx 

—  =  0)  (ir COB  j3—y  cosy),  ^ 


dt 

^  =  a)(d?C08y  — ;7C0Sa), 

—  ==  ©(ycosa— a?co8j3); 


(45) 


dt 
whence  we  have  also 

das  .  rfy  J;?      ^  , .--» 

(46)  shewing  that  m  at  (d?,  y,  z)  remains  at  the  same  distance 
from  the  origin  during  dt,  and  (47)  shewing  that  the  line  of 
motion  of  m  during  dt  is  perpendicular  to  the  instantaneous  axis. 
Now  introducing  these  substitutions  and  conditions^ 

d         f    dz        dy\       d  r/  o       o\  ^  ^ 

Tt^ ''"'*' \Jf  Tf  "^  ^  Tf)  ^Tf  ^'^^  {{y^  +  z^JcoBa—xycoQp—xzcosy}, 

d 
=  -z^  2,m<o  [{a^  +y^  +  z^)  cos  a— a?  (x  cos  a  +y  cos)3  +  5cosy)}, 

=  n.m  jj  {(a^ -^-y^ '\' z^) COB a—x {x cos a+ y  CO& p '\' z cosy)} 

— 2 .  wo)^  {(a? cos o  +y  coQ^-k-z cos y) (z cos )3  — y cos y)}. 

Therefore,  substituting  in  (44),  and  placing  o)  and  -jj  outside 

the  sign  of  summation,  as  they,  as  well  as  the  direction-cosines 
of  the  rotation-axis,  are  the  same  for  all  the  particles,  we  have 

-TT  cos  a^ ,m{ar  +  y^  -h  z^) ^  --rr^.ffix^xcoBa-^ycosfi  +  zcosy) 
at  (It 

—  a)22.w{(a?cosa+ycosi3  +  rcosy)(;?cosj3— ycosy)}  =L;  (48) 

don  /  o       o       o\      d (o  f  \ 

--J-  cos  IB  :i  .m  (ar  -{-  y^  +  z^)  —  -jj%.my\x  cosa+y  cos/3  +  -srcosy) 
dt  Uft 

-- (£?:i,m  {(x  cos  a '\'y  cos  ^ -\- z  cosy){x  cosy --Z  cos  cl)}  =m;  (49) 

d  (a  i  o        o       o\      d  (A  .  % 

-jicosy^.myar  +  y^  -\-  z^)  —  -r-2.»*2^(a?coso+ycosj3  +  ;?cosy) 
(It  dt 

—  a)-2.«»{(a?cosa+ycosj3  +  rco8y)(ycosa— a?cosj3)}  =N.  (50) 

The  complete  solution  of  the  problem  requires  that  o),  cos  a, 
cos  ji,  cos  y  should  be  expressed  in  terms  of  ^ ;  L,  M,  and  N  being 
functions  of  these  five  quantities :  now,  as  a  relation  exists  be- 
tween o,  ^,  y,  the  preceding  equations  contain  only  three  inde- 
PEiCE,  VOL.  rv.  o 


1 43-]  THE   UNIT  OF  MASS,  179 

A  foot-pound 
=  1  lb.  X  82-19  feet-per  aecond-per  second  x  1  foot, 
=  453-592gm.  x  82.19  x  80-4797cm.-persec.-persec  x  304r97cm., 
=  453.592  X  3219  x  (30.4797)2  ergs, 
=  13*565  megalergs. 

Another  unit  of  work  in  the  metrical  system  is  the  kilogramme- 
m^tre,  which  is  the  amount  of  work  done  in  lifting  a  kilogramme 
through  a  vertical  metre  near  to  the  earth's  sur&ce.  This  is 
also  a  gravitation  unit.     It  is  equal  to  7*233  foot-pounds. 

The  kilogramme-m^tre,  corresponding  to  a  given  value  of 
gravitation,  say  g  =  32*19  feet-per  second-per  second,  may  thus 
be  expressed  in  terms  of  ergs. 
The  kilogramme-m^tre 

=  1000  gm.  X  32.19  feet-per  second-per  second  x  100  cm., 
=  100000  X  32*19  X  304797 gm.  cm.-per  sec-per  sec. .  cm., 
=  98114000  ergs. 

Dr.  Joule  of  Manchester  found  by  a  series  of  very  exact  ex- 
periments, made  with  great  care,  that  the  heat  required  to  raise 
one  pound  of  water  from  58°  F.  to  59°  F.  is  equivalent  to  772 
foot-pounds  of  work  at  Manchester.  This  is  called  the  mechani- 
cal equivalent  of  heat  in  the  British  system.  Now  the  corre- 
sponding equivalent  in  the  metrical  system  is  the  quantity  of 
work  to  be  transmuted  into  heat  so  as  to  raise  the  tempei'ature 
of  one  kilogramme  of  water  by  1°  C.  This  can  be  deduced  from 
the  British  equivalent  by  the  .following  process : 

The  work  which  raises  1  lb.  of  water  by  V  P. 

=  772  foot-pounds, 
or,  expressing  these  quantities  in  the  metrical  system, 

go 

the  work  which  raises  453.5926  gm.  by  ^  C. 

=  772  X 304797 cm.  x 453*5927 gm.  weight. 

.•.     work  which  raises  1000  gm.  by  1°  C. 

=  423*545  kilogramme-metres. 

143.]  In  the  preceding  Articles  the  three  fundamental  units 
of  time,  space,  and  mass  have  been  assumed  to  be  entirely  inde- 
pendent of  each  other,  and  the  dimensions  of  the  several  terms 
of  the  equations  have  been  estimated  on  this  assumption.  As- 
suming however  matter  to  have  the  property  that  two  particles 
attract  each  other  directly  as  their  masses  and  inversely  as  the 

N  % 


m  =  — r' 
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M<juaro  of  the  distance  between  them,  the  following  relation 
<5xiHtH  l)etweon  mnsR,  space,  and  time.  Let  unit-mass  be  placed 
at  p,  and  a  particle  of  mass  m  at  Q,  and  let  the  distance  pq  =  r ; 
then  by  the  law  of  attraction, 

(l^r  m  ^ 

df*  "  ""^^ 
rf«r 

and  consequently  mass  is  of  (3)  dimensions  in  space,  and  of  (—2) 
dimensions  in  time ;  wherever  therefore  mass  occurs  in  the  pre- 
ceding determinations  of  the  dimensions  of  an  expression,  (1) 
dimension  in  mass  may  be  replaced  by  (8)  dimensions  in  space, 
and  (  —  2)  dimensions  in  time.  Hence  we  have  the  following 
dimensions : 

Density  is  of  (0)  dimensions  in  space  and  of  (  —  2)  dimensions 
in  time. 

Force  (impressed  momentum-increment)  is  of  (4)  dimensions 
in  space,  and  of  (—4)  dimensions  in  time.  These  are  also  the 
dimensions  of  weight. 

Work  is  of  (5)  dimensions  in  space  and  of  ( — 4)  dimensions  in 
time. 

Prom  the  preceding  value  of  mass  it  follows  that  an  unit  of 
mass  is  that  mass  which  by  its  attraction  on  an  unit  of  mass 
produces  an  unit  of  acceleration  at  an  unit  of  distance.  This  is 
an  absolute  unit. 
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CHAPTEB  IV. 

THE  EQUATIONS  OF  MOTION  OP  A  BIGID  BODY  BXPBESSED 
IN  TEBMS  OP  ANGULAB  VELOCITIES  AND  THEIB  INCBB- 
MENTS.     PBINCIPAL  AXES  AND  MOMENTS  OF  INEBTIA. 

Section  1. — The  tranrformation  of  the  equations  of  motion. 

144.]  The  most  general  motion  of  a  system  of  material  parti- 
cles of  invariable  form  may  be,  as  we  have  already  proved,  re- 
solved into  a  motion  of  translation  of  any  point,  and  a  motion 
of  rotation  about  an  axis  passing  through  that  point.  Generally 
the  position  and  direction  of  that  axis  undergoes  a  continual 
change,  and  the  axis  may  be  considered  to  be  constant  during 
only  an  infinitesimal  time-element  dt ;  for  it  is  only  in  a  few 
cases  that  the  axis  is  fixed  during  the  whole  motion. 

From  the  nature  of  angular  velocities,  which  have  been  ex- 
plained in  Chapter  II,  it  is  evident  that  they  admit  of  increase 
and  decrease,  either  continuously  or  discontinuously ;  and,  in 
the  general  motion  of  a  body,  there  will  generally  be  a  continu- 
ous variation  of  angular  velocity,  whether  the  rotation-axis  is 
permanently  fixed,  or  has  the  same  position  for  only  an  infini- 
tesimal time-element ;  and  the  angular  velocity  may  either 
increase  or  decrease.  In  motion  however  about  an  axis,  even 
though  no  momentum  is  impressed  by  any  external  force,  yet 
certain  centrifugal  forces  are  developed  which  may  produce  a 
couple,  and  thereby  cause  not  only  a  change  of  angular  velocity 
but  also  a  change  of  position  of  the  rotation-axis  both  in  the 
body  and  in  space  ;  but  these  changes  will  be  contained  within 
certain  limits  which  are  fixed  by  the  principles  of  conservation  of 
kinetic  energy  and  of  moments  of  momenta  ;  they  will  generally 
be  periodical ;  but  they  can  no  more  exceed  these  limits  than 
kinetic  energy  can  be  acquired  without  the  communication  of 
work.  If  ever  a  change  takes  place  outside  these  limits  some 
force  acts  to  produce  that  change  ;  and  the  relation  between  the 
change  of  angular  velocity  and  the  producing  forces  will  be  the 
subject  of  our  inquiry  in  the  present  Chapter.  We  shall  demon- 
sti-ate  the  relation  indirectly  at  first,  by  a  transformation  of  the 
preceding  equations  of  motion:    but  we  shall  introduce  direct 
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proofH  M  occasion  arises  in  the  course  of  our  inqniiy.  Thus, 
while  the  j)rocess  of  transformation  will  enable  ns  to  conduct  our 
treatine  in  a  systematic  form,  the  direct  proo&  will  remove  all 
intermediate  operations^  shew  the  close  dependence  of  our  results 
on  first  principles,  and  thus  enable  us  to  view  the  relations  as 
they  are  in  themselves.  Thus,  as  I  conceive,  we  have  the  ad- 
vanta^i^o  of  both  the  analytical  and  the  synthetical  processes,  of 
which  such  admirable  examples  are  given  respectively  in  the 
Md('anir|ue  Analytique  of  Lagrange,  and  the  Nouvelle  Th^rie 
dif  notation  of  Foinsot. 

145.]  Am  we  shall  have  for  the  most  part  to  consider  the 
chan^eM  of  an^ilar  velocity  which  take  place  in  an  infinitesimal 
time  dl,  the  ])Osition  of  the  rotation-axis  will  be  assumed  to  be 
unchanged  during  that  time,  because  any  change  which  it  un- 
dergoes will  be  infinitesimal,  and  will  be  expressed  in  infinitesi- 
mals of  a  higher  order  than  those  which  express  the  changes  in 
the  angular  velocities  and  are  contained  in  the  same  equations. 
Thus  if  0)  is  the  angular  velocity  at  the  time  t  about  an  axis 
whose  direction-angles  are  a,  )3,  y  in  reference  to  axes  fixed  in 
space,  and  a)«,  o),,  o).  are  the  axial  components  of  o),  then 

0)  =  0)^  cos  a  +  ^y  cos  )3  +  0),  cos  y ; 

d.cosa         d.coBfi         rf.cosy 

but  since  o)^,  Wy,  o),  are  proportional  to  cos  a,  cos  ^,  cos  y,  and 
(cos  o)^  +  (cos  j3)'  +  (cos  y)^=  1,  the  sum  of  the  last  three  terms  is 

equal  to  zero  ;  and  thus  -tt  does  not  involve  any  variation  of  the 

position  of  the  axis  of  co,  so  far  as  first  differentials  are  concerned- 
This  theorem  is  also  evident  from  the  following  considerations : 

d(o  doi^         dcD^         rfo), 

dt  '^  (o    dt       (a    dt       (o  dt 
which  is  the  same  result  as  above. 
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Hence  if  the  axis  of  w  becomes  coincident  with  one  of  the  coor- 

dinate  axes,  say,  the  axis  of  ^,  not  only  does  co  become  cd^,  but  -j- 

,  at 

is  also  equal  to  -j^  j  for  in  this  case  a  =  0,  ^  =  y  =  -,  and 

"  =  '""    dt^W' 

and  similar  results  are  true  for  the  other  axe& 

These  theorems  may  also  be  proved  from  general  kinematical 
principles. 

In  all  cases  therefore  of  an  infinitesimal  variation  of  an 
angular  velocity  about  a  given  axis,  the  position  of  the  axis  will 
be  taken  to  be  unchanged.  This  is  a  theorem  of  considerable 
importance  in  subsequent  parts  of  our  work. 

146.]  If,  by  the  action  of  an  impulsive  force,  the  angular  velo- 
city of  a  body  is  abruptly  changed,  or  if  a  body  at  rest  receives  a 
finite  angular  velocity,  we  consider  only  the  whole  velocity  which 
is  communicated  to  be  the  efiect  of  the  force  :  we  do  not  inquire 
into  the  law  of  communication,  which  would  assign  the  rate  at 
which,  in  successive  time-elements,  the  communication  took 
place,  but  as  the  whole  process  is  completed  in  an  infinitesimal 
time,  we  take  the  whole  at  once. 

If  however  a  finite  force  acts,  whereby  the  angular  velocity  of 
the  body  about  the  given  axis  continuously  varies,  then  there 
are  two  cases  to  be  considered,  according  as  equal  or  unequal 
angular  velocities  are  communicated  (or  abstracted)  in  equal 
time-elements ;  these  two  cases  corresponding  to  those  of  a  con- 
stant and  of  a  variable  force  in  the  linear  motion  of  material 
particles  respectively.  Let  us  first  take  the  case  in  which  equal 
angular  velocities  are  impressed  in  equal  times.  Let  «  be  the 
angular  velocity  impressed  in  an  unit  of  time ;  and  let  o)  be  the 
angular  velocity  impressed  and  also  expressed  in  t  units  of  time : 
then  0)  =  ♦^.  (1) 

As  equal  angular  velocities  are  impressed  in  equal  times,  the  force 
which  impresses  them  is  called  a  constant  angular  force. 

If  the  body  moves  with  an  angular  velocity  n,  before  the  force 
which  impresses  4>  acts,  and  if  o)  is  its  angular  velocity,  when  the 
force  has  acted  for  t  units  of  time, 

a)==ft+*^;  (2) 

and  if  4>  is  impressed  in  a  direction  contrary  to  that  of  a, 

0)  =  n— ♦^.  (8) 
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do 
Now  from  Art.  88,  equation  (4),  —  =  o) ;  so  that,  if  ^  is  the 

(it 

angle  through  which  the  body  rotates  in  the  time  ^,  and  if  0=0, 

when  ^  =  0,  then  generally  from  (2) 

de 

.-.     e  =  at  +  ^^t^;  (4) 

which  gives  the  angle  through  which  the  body  rotates  in  the 
time  I  under  the  action  of  a  constant  angular  force. 

Next  let  us  suppose  unequal  angular  velocities  to  be  impressed 
in  equal  time-elements ;  then  the  force  is  called  a  variable  an- 
gular force.  Let  us  however  suppose  it  to  be  such  at  the  time  t, 
that  an  angular  velocity  *  would  be  impressed  by  it  in  an  unit 
of  time,  if  the  force  were  constant  during  that  unit  of  time ; 
and  to  be  such  at  the  time  t  +  dt,  that  an  angular  velocity  ^  +  d* 
would  be  impressed  by  it  under  the  same  supposition  as  to  con- 
stancy ;  let  0)  be  the  angular  velocity  at  the  time  t,  and  co  +  ^<o 
at  the  time  t  +  di;  then,  if  ^  is  a  symbol  for  a  proper  fraction, 
♦  -f  ^rf*  will  express  the  f/iean  or  average  value  of  the  impressed 
angular  velocity  due  to  an  unit  of  time  during  di ;  and  as  d<a  is 
the  angular  velocity  expressed  in  di,  we  have  from  (1) 

d(a  =  (*  +  ^rf*)rf^; 
and  neglecting  d*  x  dl,  which  is  an  infinitesimal  of  the  second 

order, 

rfo)  =  *rf^;  (5) 

_  d(a  _  d  do  _  d^e  .^. 

if  t  is  equicrescent ;  and  this  supposition  we  shall  make  through- 
out the  treatise,  unless  it  is  expressly  stated  that  t  is  not  equi- 
crescent. 

What  we  have  called  an  angular  force,  is  a  force  which  pro- 
duces rotation,  and  is  consequently  a  couple,  of  which  the 
moment  is  given. 

Hence,  if  *  is  given  in  terms  of  either  0  or  t,  we  can  deduce 
from  (6)  by  means  of  two  integrations  the  relation  between  6 
and  ty  and  thus  determine  the  angle  through  which  the  body 
rotates  in  the  time  t. 

As  doa  is  an  angular  velocity,  although  it  is  infinitesimal,  it  is 
capable  of  resolution   and   composition  according  to   the  laws 
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which  have  been  investigated  in  Chapter  II.  This  observation 
is  important. 

Let  thus  much  suffice  for  angular  velocity-increments ;  we  re- 
turn to  the  equations  for  rotatory  motion  which  have  been  found 
in  Art.  73,  with  the  purpose  of  expressing  them  in  terms  of  an- 
gular velocities,  and  angular  velocity-increments. 

147.]  Let  us  first  take  equations  (35),  Art.  73  ;  and  replace  the 
linear  velocities  in  them  in  terms  of  the  angular  velocities  about 
the  three  coordinate  axes,  these  angular  velocities  being  due  to 
the  acting  forces. 

Let  us  take  any  point  of  the  body  for  the  origin ;  and  let  three 
rectangular  axes  fixed  in  space  originate  at  it :  the  origin  we 
may  consider  to  be  fixed,  while  we  calculate  the  rotation  about 
an  axis  through  it.  We  will  assume  the  body  to  be  initially  at 
rest.  Let  a,  /?,  y  be  the  direction-angles  of  the  rotation-axis  ; 
let  n  be  the  angular  velocity  due  to  the  acting  forces ;  let 
n^,  Hy,  a.  be  the  axial  components  of  a  ;  then 

Cig  =  n,  cos  o,       n^  =  n  cos  )3,       n,  =  n  cos  y  n  /y\ 

Let  L,  M,  N  be  the  moments  of  the  axial  components  of  the 
couple  of  the  impressed  momenta ;  so  that 

M  =  2.w(irx— a?z),    >  (8) 

N  =  2.«»(a?Y— yx);  ) 
then  from  (35),  Art.  73,  we  have 

2.»«(yv.-^Vy)  =  L,  \ 

2.m{zv^--wyJ)  =  M,  I  (9) 

Now,  by  (72),  Art.  53,  we  have  the  following  values  for  the  axial 
components  of  the  linear  velocity  of  niy  which  is  due  to  the 
angular  velocity  n, 

v^  =  rn^ -y n,  =  n (2: cos j3 -y cos y),  \ 

Vy  =  xci^—zcij^  =  n(a?cos  y—z  cos  o),  \  (10) 

v,  =z  ya^-^xciy  =  n(ycoso— a?cos)3);  ) 

then  substituting  in  (9),  we  have 

n{     cosa2.m(jf^'j-2^)^co8p2.mxy^coBy'X.mzx}  =:ia,  \ 
ci{^co3aJ^.?nxy-j-co3pJi.m(z^-\-x^)-'COQy^.myz}  =  M,  >       (11) 
n {  —cosa2.mzx^cospj^,myz  +  c03y:i,fn(x^+y^)}  =  N;  ) 

ciy  cos  a,  cos  /3,  cos  y  having  been  placed  outside  the  summatory 
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symbols,  because  they  are  the  same  for  all  particles  of  the  body. 
And  these  three  equations  are,  in  terms  of  the  resultant  angular 
velocity  and  the  direction-angles  of  the  rotation-axis,  the  equi- 
valents of  (35),  Art.  73 ;  and  by  these  the  angular  velocity  a 
and  the  position  of  the  instantaneous  rotation-axis  are  to  be 
determined. 

Let  us  multiply  them  severally  by  cos  a,  cos  j3,  cos  y,  and  add ; 
then 

n  a .  i»  { 0«  +  ^*)  (cos  o)«  +  (;8^  +  a?*)  (cos  i3)«  +  («« +^)  (cos  y)2 
—  2y;7cos/3cosy— 22'a?cosycosa— 2^ycosacos/3} 

=  L  cos  o  +  Mcos)3  +  Ncosy;    (12) 
which  may  be  expressed  as  follows ; 
ns.i»{(irco8j3— yco8y)^  +  (a?cosy— 2:coso)*  +  (yooso— «cos/3)*} 

=  Lco6a  +  Mcos)3  +  Nco8y;  (18) 
but  if  r  is  the  perpendicular  distance  from  (x,  jf,  z),  the  place  of 
m,  to  the  rotation-axis, 

r*=(^C083— ycosy)^  +  (a?cosy— rcosa)*  +  (ycosa— a?cos)3)^;  (14) 
so  that  (13)  becomes 

a.n.mt^  =  Lcosa4M  cos  j3  +  N  cosy;  (15) 

L  cos  a  +  M  cos  3  +  N  cos  y  „  ^v 

•■•  °  = Tun^ '         ^^®) 

which  gives  the  angular  velocity  about  the  instantaneous  axis. 

148.]  The  right-hand  member  of  this  equation  requires  ac- 
curate and  close  examination.  The  numerator  of  the  fraction 
is  the  moment  of  the  couple  of  the  impressed  momenta  of  all  the 
particles  about  the  rotation-axis ;  for  L,  m,  n  are  the  moments 
of  the  axial  components  of  the  couples  of  the  impressed  mo- 
menta, and  the  numerator  is  the  sum  of  the  parts  of  those  axial 
components  which  are  effective  about  the  rotation-axis.  The 
denominator  is  the  sum  of  the  products  of  every  moving  particle 
and  the  square  of  its  distance  from  the  rotation-axis :  and  in 
the  case  of  a  continuous  body  it  becomes  the  integral  of  t^dm, 
the  integration  extending  over  and  including  all  the  mass-ele- 
ments of  the  body.  This  quantity  is  called  the  moment  of  inertia 
of  the  body  or  of  the  moving  system,  relatively  to  the  particular 
rotation-axis,  and  the  geometrical  definition  of  it  is  that  just 
given.  It  appears  also  from  (15)  that  it  is  the  factor  by  which 
the  angular  velocity  n  is  multiplied,  and  thus  equated  to  the 
moment  of  the  couple  of  the  impressed  momenta  about  the 
rotation-axis.     This  last  is  the  dynamical  definition  of  it. 
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The  name  **  moment  of  inertia  "  has  been  given  for  the  follow- 
ing reason.  Let  as  compare  (15)  with  the  (bndamental  theory 
of  Art  257,  Vol.  Ill,  of  the  motion  of  translation  of  a  material 
particle  m,  which  is  acted  on  by  an  impnlsive  force.  It  appears 
that  if  y  is  the  expressed  velocity  of  m,  and  if  p  is  the  momentum 
impressed  by  the  instantaneous  force,  then 

«v=P;  (17) 

so  that  m,  which  symbolises  the  mass,  is  the  &ctor  by  which  v  is 
multiplied,  and  so  equated  to  the  impressed  momentum ;  and  as 
in  (15)  2.«»r^  is  the  factor  by  which  a  is  multiplied,  and  thus 
equated  to  the  moment  of  the  impressed  momentum,  so  the  old 
mechanicians  compared  the  m  in  (17)  with  the  s.mr^  in  (15) ;  and 
as  they  were  wont  to  say  that  a  body's  inertia  was  proportional 
to  or  identical  with  its  mass,  so,  by  an  analogy  somewhat  rough, 
they  called  t.mr^  the  moment  of  inertia.  It  seems  difficult  to 
demonstrate  the  correctness  of  the  term ;  but  as  it  is  undesirable 
to  introduce  a  new  name,  except  by  urgent  necessity,  I  shall 
retain  the  old  one,  and  call  2.x»r^  the  moment  of  inertia  of  the 
body  or  system  of  particles  relatively  to  the  rotation-axis.  It 
is  a  quantity  which  is  evidently  of  one  dimension  in  mass  and  of 
two  dimensions  in  space.  The  determination  of  it  is  the  first 
step  in  the  solution  of  a  problem  which  depends  on  the  equation 
(16) ;  and  it  is  otherwise  of  great  importance.  Hereafter  many 
properties  of  moments  of  inertia  will  be  investigated,  and  I  shall 
calculate  the  moments  of  inertia  of  bodies  and  moving  systems 
in  many  particular  cases. 

Sometimes  the  moment  of  inertia  is  expressed  in  the  following 
manner :  Let  m  be  the  mass  of  the  moving  system,  and  let  us 
suppose  the  whole  system  to  be  condensed  into  a  particle  of  mass 
M,  at  a  distance  i  from  the  rotation-axis,  so  that  the  moment  of 
inertia  of  the  system  thus  condensed  may  be  the  same  relatively 
to  the  axis  as  that  of  the  moving  system :  then,  as  the  moment 
of  inertia  of  m  in  this  imaginary  and  condensed  state  is  M  k^,  so 
by  our  assumption,  ^^^.2  ^  ^.r^rfwi ;  (18) 

i  is  called  the  radius  of  gyration  of  the  body  relatively  to  the 
particular  rotation-axis. 

Hence,  if  a  continuous  body  is  referred  to  three  rectangular 
axes  in  space,  and  if  p  is  the  density  of  the  particle  at  (jc^y,  z\ 

dm  =  pdxdydz,  (19) 
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and  the  moments  of  inertia  of  the  body  relatively  to  the  three 
coordinate  axes  of  ^,jr,and  z  are  severally 

the  integrals  being  definite,  and  including  all  the  elements  of  the 
body. 

149.]  As  (16)  is  the  fundamental  equation  of  rotation  of  a 
body  under  the  action  of  instantaneous  forces,  it  is  worth  while 
to  deduce  it  immediately  from  the  first  principles  of  motion. 

For  the  sake  of  simplicity,  let  us  take  the  rotation-axis  to  be 
the  coordinate  axis  of  x^,  and  suppose  the  line  of  action  of  the 
impressed  momentum  to  be  perpendicular  to  this  axis.  Let  n 
be  the  moment  of  the  couple  impressed  about  the  axis  of  r ;  let  r 
be  the  distance  of  m  from  the  axis  of  z ;  and  let  a  be  the  expressed 
angular  velocity,  and  v  the  expressed  velocity  due  to  the  in- 
stantaneous force ;  so  that 

Y  =  rcii  (20) 

hence  the  expressed  momentum  is  mv  =  mra,  of  which  the 
moment,  relatively  to  the  rotation-axis,  is  mr^n;  so  that  the 
excess  of  the  moment  of  the  couple  of  the  impressed  momentum 
over  that  of  the  expressed  momentum  in  the  case  of  the  particle 

and  as  by  D'Alembert's  principle  these  taken  throughout  the 
moving  mass  are  in  equilibrium,  we  have 

S.N  — s.wfr*n  =  0.  (21) 

As  A  is  the  same  for  all  mass-elements,  it  may  be  placed  outside 
the  sign  of  simimation ;  also  let  G  be  the  moment  of  the  couple 
of  the  impressed  momenta  of  all  the  particles,  then  we  have 

n.3.wr*  =  G;  (22) 

.-.    n  =  — ^,;  (23) 

which  is  the  same  equation  as  (16) ;  for  if  the  axis  of  z  is  the  ro- 
tation axis,  then  in  (16)  cos  o=co8  )3  =  0,  cos  y=l ;  and  we  have 

n=-^;  (24) 

where  n  is  the  moment  of  the  couple  of  the  impressed  momenta 
about  the  rotation-axis,  and  is  the  same  as  G  in  (23). 

Equations  (11)  arc  so  dose  on  the  first  principles  of  motion, 
as  oxplaininl  in  Art.  ♦^)3  and  of  the  measure  of  couples,  that  fur- 
ther explanation  is  unnocossary. 
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150.]  The  direction-cosines  of  the  instantaneoos-axis  are  pro- 
portional to  cig,  fiy»  n^ ;  and  these  latter  quantities  may  be  thus 
fonnd: 

Let  us  once  for  all  make  the  following  abbreviations ;  let 

2.«»(/  +  ^)  =  A,      :i.m{z^-hx^)  =  b,     :i.m(x^+f)  =  c;  (25) 
a .  mx^  =  a',  2 .  my^  =  b',  2 .  mz^  =  c';  (26) 

^.myz  =  i>,  :i,mzx  =:Ej  j^.mxy  =  t.   (27) 

These  nine  quantities  are  of  great  importance  in  the  following 
investigations,  and  the  substitutions  which  are  here  made  will 
be  continued  throughout  the  treatise. 

A,  B,  c  are  the  sums  of  the  products  of  each  particle  of  the 
moving  mass  and  the  square  of  its  distance  from  the  axes  of 
a?,  y,  z  respectively :  in  other  words,  a,  b,  c  are  the  moments  of 
inertia  of  the  moving  system  relatively  to  the  axes  of  x,  y,  z  re- 
spectively. 

a',  b',  c',  are  severally  the  sum  of  the  products  of  each  particle 
and  the  square  of  the  x-,  y-,  ^-coordinate  of  its  place. 

D,  E,  F  will  have  full  explanation  in  the  following  section^ 
although  (27)  evidently  exhibit  their  meaning. 

I  may  observe,  that 

a  =  b'  +  c',  b=c'  +  a',  c  =  a'  +  b';  (28) 

,_B  +  C-A  C  +  A~B  A-hB^C, 

A-— g— ,       B-— g— ,        C-— g— ,  (29) 

whereby  a,  b,  c  are  severally  determined  in  terms  of  a',  b',  & ; 
and  a',  b',  (/  in  terms  of  a,  b,  c.     Also 

a+a'=  b  +  b'=  c4-c'=  a'+  b'+  (/=  I  (say).  (80) 

Thus  B  +  c  — A,  c  +  A— B,  A  +  B  — c  are  all  positive  quantities; 
as  are  also  bc  — d^,  ca— e*,  ab  —  f^. 

151.]  Now,  using  in  (11)  these  abbreviating  symbols,  we  have, 
by  means  of  (7),      An,-Fn,~En.  =  l,   \ 

—  Fn^p  +  Briy  — Dn,  =  M,  v  (81) 

—  En,— nny  +  cn,  =  n;  ) 

whence 

_  l(bc— d2)  +  m(de4-cf)  +  n(df  +  be)    \ 


*  ~"  ABC  — AD^- BE^  — CF^  — 2dEF  ' 

__  L  (ed  +  cf)  4-  m  (ca  —  e^)  +  n  (ep  +  a  d) 

"  ABC  — AD^  — BE^  — CF^  — 2dEF  ' 

_  l(fd  +  be)  +  m(fe  +  ad)  +  n(ab— F*)^ 

'""  ABO  — AD*-*  — BE^  — CF^  — 2dEP         ' 


(82) 
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from  which,  and  from  (7),  o,  j3,  y  may  be  detennined.     The 
equations  to  the  instantaneous-axis  are 

-^  =  i^=^.  (88) 

a,       ^9      ^M 

152.]  The  form  of  the  preceding  expressions  at  once  suggests 
a  geometrical  interpretation,  and  it  is  desirable  to  work  it  out 
because  further  and  important  mechanical  conceptions  will  be 
thereby  exhibited  which  it  is  desirable  to  have  present  to  our 
minds. 

Let  us  take  equation  (12)  and  replace  the  coefficients  by  their 
equivalent  symbols  which  are  given  in  (25)  and  (27).  Let  k  be 
the  moment  of  the  impressed  couple  about  the  instantaneous 
rotation-axis,  so  that 

L  coso  +  M  cos)3  +  N  cosy  =  K  ;  (34) 

then  from  (12)  we  have 
A  (cosa)^  +  B  (cosPY  +  c  (cosy)^  — 2  D  cos)3  cosy — 2  £  cosy  cosa 

—  2  p  cosa  cos )3  =  - .  (35) 

Along  the  instantaneous-axis  from  the  origin  take  a  distance 
r,  such  that  ^       ^ 


—  > 


where  /x  is  an  undetermined  constant,  which  may  be  unity,  if 
such  a  value  is  convenient.     Let  (a?,  y,  z)  be  the  extremity  of  r, 

=  -^  =  =  r  =  (^^ J  i  (37) 

cosa       cos^       cosy  ^  Yi  ^  ^     ' 

and  from  (35), 

iLX^-\-'Rt/^-\-cz^'-2T>yZ'^2^zX''%^xy  =  /x.  (38) 

As  A,  B,  c  are  all  positive,  and  are  related  to  d,  e,  f  by  the  in- 
equalities given  in  Art.  150,  this  equation  represents  an  ellipsoid ; 
and  also  a  series  of  concentric  and  coaxial  ellipsoids,  since  /x  is 
undetermined. 

153.]  Since  n^,  n^,  n,  are  proportional  to  cosa,  cosjS,  cosy,  that 
is  to  iP,y,  r,  it  follows  from  (31)  that  L,  m,  n  are  proportional  to 
Aa?— Fy— E2r,  — Fa?  +  By— Dir,  — Ea?--Dy  +  C2r;  that  is,  to  the 
^->  y->  2^-partial  differential  coefficients  of  (38) ;  and  as  these  last 
are  proportional  to  the  direction-cosines  of  the  normal  to  the 
plane  which  touches  (38)  at  the  point  (^,y,  ^),  it  follows  that  the 
axis  of  the  impressed  couple  is  perpendicular  to  the  plane  which 
touches  the  ellipsoid  at  (a?,  y,  z) ;   in  other  words,  the  central 
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radius  vector  to  the  point  (x^y,  z)  is  conjugate  to  the  plane  of 
the  couple;  but  this  radius  vector  is  the  instantaneous-axis; 
hence  we  have  the  following  important  theorem :  If  an  impul- 
sive couple,  such  as  that  due  to  a  blow,  is  impressed  on  a  body 
or  a  system  of  material  particles  whereby  rotation  is  produced, 
the  instantaneous-axis  is  the  axis  conjugate  to  the  plane  of  the 
impressed  couple  with  respect  to  the  ellipsoid  (38). 

Also  since  k 

ci^-r\  (89) 

the  instantaneous  angular  velocity  is  proportional  to  the  square 
of  the  radius  vector  of  the  ellipsoid  which  coincides  with  the 
instantaneous-axis. 

Hence  also  inversely  if  a  body  or  a  system  of  particles  has 
rotation  about  an  axis  at  a  given  time,  the  system  may  be  brought 
to  rest  as  to  rotation  by  means  of  an  impulsive  couple  whose 
plane  is  conjugate  to  the  instantaneous  axis  with  respect  to  the 
ellipsoid  (88). 

As  /x  does  not  enter  into  the  equations  to  an  axis  which  is 
conjugate  to  a  given  jjlane,  or  into  the  equation  to  a  plane  which 
is  conjugate  to  a  given  axis,  any  value  that  is  convenient  may 
be  given  to  it  in  (38).  The  ellipsoid  is  evidently  of  great  im- 
portance in  these  enquiries ;  its  form  and  shape  depend  on  the 
coefficients,  and  these  are  again  dependent  on  the  configuration 
of  the  material  system. 

As  the  ellipsoid  has  three  principal  axes,  the  conjugate  planes 
to  which  are  perpendicular  to  them,  it  follows  that  there  are 
three  lines  at  every  point  mutually  perpendicular  to  each  other, 
which  being  axes  of  impulsive  couples  are  also  corresponding  in- 
stantaneous axes ;  and  no  other  axis  has  this  property  ;  hence,  if 
an  impulsive  couple  has  any  other  line  as  its  axis,  it  produces 
rotation  about  a  line  which  does  not  coincide  with  its  own  axis. 
If  the  axis  of  the  couple  is  a  principal  axis  of  the  ellipsoid,  and 
if  K  is  the  moment  of  the  couple,  then  from  (89) 

Ci^^r',  (40) 

where  r  is  the  length  of  the  coincident  principal  axis ;  so  that 
the  instantaneous  angular  velocity  is  a  maximum,  a  mean,  or  a 
minimum,  according  as  r  has  like  values.  In  all  these  respects 
the  principal  axes  form  an  unique  system. 
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If  the  equation  to  the  ellipsoid  given  in  (88)  is  transformed, 
Mcoonding  to  the  process  of  Art.  6,  to  principal  axes,  it  takes  the 

fi»™  A«*+b/  +  C;?*  =fi,  (41) 

irfaeie  a,  B,  c  are  not  the  same  as  in  (38),  hat  are  fhnctions  of 
tfaem  and  of  d,  e,  f,  as  determined  in  Art.  6.  They  are  also  the 
monneniB  of  inertia  of  the  system  ahont  the  three  new  axes  of 
jTyj^r;  and  if  the  moment  of  inertia  is  greatest  ahoat  the  j?-axis 
and  least  about  the  ir-axis,  so  that  c  >  b  >  a,  then  for  an  im- 
pnlsiTe  ooople  of  given  intensify  K,  which  is  coaxial  with  a  prin- 
dpal  axis  of  tiie  eUipeoid,  the  resulting  angular  velocity  a  is 

greatest  about  the  ^-axis,  and  least  about  the  r-axis;  being  - 

A 

about  the  fimner  and  -  about  the  latter ;  it  is  -  about  the  mean 

c  B 

axis  of  jr;  and  all  other  angular  velocities  are  contained  within 

these  limita. 

154u]  Next  let  us  consider  equations  (38),  Art.  73.  Let  any 
point  of  the  body  be  the  origin ;  and  at  it  let  three  rectangular 
coordinate  axes  fixed  in  space  originate ;  and  let  us  consider  the 
body  at  the  time  /,  and  during  df,  so  that  the  rotation-axis  may 
be  considered  fixed  during  that  time.  Let  cu  /),  y  be  the  direc- 
tUm-angles  of  the  rotation-axis,  and  let  a>  be  the  angular  velocity 
about  it  at  the  time  / ;  of  which  let  o),,  a>y,  a>,  be  the  axial-oom- 
ponenta ;  so  that         »  ^  .      2  i      « 

a»^=:a>cosa,  a>,  =  a)C0s;3,  a>,  =  «cosy.  (42) 

Let  the  moments  of  the  axial-components  of  the  couples  of  the 
impressed  momentum-increments  at  the  time  ^  be  l,  M,  x  ;  so 

*^^  2.«»(yz-rY)  =  L,  \ 

2.m{zx-xz)  =  M,  I  (48) 

2.«»(a?Y— ^x)  =  N.  ) 

Then,  taking  the  form  of  the  equations  as  given  in  (40), 

Art.  74,  we  have 

d  f   dz        dy>. 

dy        dxr 


a  f    ay        ax\ 
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and  from  (72),  Art.  68,  we  have 

^  =  0)  (;?cosj3— y  oofly), 

^  =  a)(a?cosy— izrcosa),    "  (46) 

—  =  a)(yeosa— a?co8)3);  - 

whence  we  have  also 

dx       dy        dz      ^  ,... 

dx  ^dy  dz      ^  ,.^. 

co8«^+cos/3^+co8y^  =  0;  (47) 

(46)  shewing  that  m  at  (a?,  y,  r)  remains  at  the  same  distance 
from  the  origin  during  dt^  and  (47)  shewing  that  the  line  of 
motion  of  m  daring  ^^  is  perpendicular  to  the  instantaneous  axis. 
Now  introducing  these  substitutions  and  conditions^ 

d  /   dz        dy\       d  ,,  o       o\ 

Jj^'^yyjj  ""^i/)  '^Tf  ^'^^  {(y*  +  -2r^)coso— fl?^C0Sj3  — aj-grcosy}, 

d 
=  J-  2,m(»)  {(it^  -Hy2  +  z^)  cos  a— a?  (x  cos  a  +y  cos)3  +  ^cosy)}, 

=  :i.m  -^  {(a?^+y^  +  j2^)coso--a?(a?cosa4-ycos)3  +  i?cosy)} 

— 2 .  w  0)^  {  (a?  cos  o  +  y  cos  j3  +  -?  cos  y)  (r  cos  j3  —y  cos  y) } . 

Therefore,  substituting  in  (44),  and  placing  o)  and  -jj  outside 

the  sign  of  summation,  as  they,  as  well  as  the  direction-cosines 
of  the  rotation-axis,  are  the  same  for  all  the  particles,  we  have 

-^cosa2.?«(ar  4-^-^  +  2:'^)—  -7r-2.i«a?(a?cosa+ycos)3  +  ^cosy) 

—  0)2  2 .  «2  { (a?  cos  a  +y  cos j3  -f  z  cosy)  (z  cos  )3  — y  cosy)  }  =  L ;  (48) 
■^  cos^  5 .  w  (ar^  +  jf^^  +  z^)  —  -zji,.my(x  cosa+^co6)3  +  i^coBy) 

—  (o^S.wz  {(iPCOsa+ycos)3  +  -?cosy)(a;cosy— ircoso)}  =M;  (49) 

d  (o  /  o        o       o\      d  on  f  » 

-jrQOsyx.ni{x^  ■\-  y^  -^  z^)'^-^'X,mz  (a?  cos  a  4- y  cos  )3  +  rcosy) 

—  0)2 5.;« {(arcosa  +y cos^  +  z cosy) (ycosa— a?cos)3)}  =  N.  (50) 

The  complete  solution  of  the  problem  requires  that  a>,  cos  a, 
cos  ji,  cos  y  should  be  expressed  in  teims  of  / ;  L,  m,  and  N  being 
functions  of  these  five  quantities :  now,  as  a  relation  exists  be- 
tween a,  j3,  y,  the  preceding  equations  contain  only  three  inde- 
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pendent  quantities  which  axe  to  be  expressed  in  terms  of  t ;  for 
this  purpose  the  number  of  the  equations  is  sufficient ;  but  as 
they  generally  do  not  admit  of  integration,  we  can  apply  them 
only  to  particular  cases,  and  have  recourse  to  such  artifices  as 
a  particular  problem  suggests. 

155.]  Let  us  multiply  (48),  (49),  and  (50),  severally,  by  cos  o, 
cos  )3,  cos  y,  and  let  us  add  them ;  then 

-jj-X.m  {«^+^  +  2:^  — (a?coso-H^cos)3  +  £rcosy)^} 

=  Lcosa  +  Mcos)3  +  Ncosy ;  (51) 
but  if  r  is  the  perpendicular  distance  from  (a?,  jf,  z\  the  place  of 
m  at  the  time  ^,  on  the  rotation-axis, 

f^  =  gfi^y^^s?^  (a?cosa+ycos)3  +  2:cosy)^; 
80  that  (51)  becomes 

-j^  2{.»ir*  =  Lcosa  +  Mcos)3-HNco8y  ;  (52) 

rfo)  __  LC08O  +  MC0s3  +  NC0Sy  ^  ,^jj. 


•  • 


which  gives  the  angular  velocity-increment  about  the  rotation- 
axis  which  is  due  to  the  impressed  momentum-increments. 

Now  this  equation,  like  (16),  requires  careful  attention  ;  it  is 
that  from  which,  by  integration,  the  increase  or  diminution  of 
the  angular  velocity  in  a  finite  time  is  to  be  found.  The  nu- 
merator of  the  right-hand  member  is  the  moment  of  the  couple 
of  the  impressed  momentum-increments  of  all  the  particles  re- 
latively to  the  rotation-axis ;  for  l,  m,  n  are  the  axial  components 
of  the  moments  of  these  couples ;  and  Lcos  a  +  m  cos  jS  +  N  cos  y 
is  the  sum  of  the  parts  of  these  axial  components  which  are 
efiective  about  the  rotation-axis  The  denominator  is  the  mo- 
ment of  inertia  of  the  body  or  moving  mass  relatively  to  the 
rotation-axis ;  and  the  remarks  made  in  Art.  148  are  applicable 
equally  to  that  and  this  case. 

156.]  If  the  rotation-axis  of  the  body  has  the  same  position 
during  the  whole  motion,  either  because  two  or  more  points  in 
it  are  fixed,  or  because  it  bears  a  certain  relation  to  the  particles 
of  the  moving  mass,  then  a,  j3,  y  are  constant,  and  are  known, 
and  the  numerator  of  (53)  is  given  at  the  time  t ;  and,  if  the 
integration  can  be  performed,  the  angular  velocity  will  be  de- 
termined. If,  however,  the  position  of  the  rotation-axis  changes 
continuously  from  time  to  time,  so  that  it  can  be  considered 


N 
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fixed  only  for  an  infinitesimal  time-element  dt,  then  a,  p,  y  are 
fdnctions  of  t,  and  equation  (53)  cannot  generally  be  integrated 
as  it  stands.  In  this  case  we  mast  return  to  equations  (48),  (49), 
(50) ;  in  them  let  us  replace  co  cos  a,  co  cos  )3,  o)  cos  y,  severally, 
by  0),,  a>y,  0).,  and  use  the  abbreviating  symbols  of  Art.  150; 
then  they  become 

i-^  +  (c-B)co,(o,-D(a)/-(o.2)_E(-^+(o.cOy)-F(-j^^^ 

doig      .         .  /    o         o\         /d  (M)m  \         /doi.  \ 

3-^  +(A-c)a),a),-E(a).2-.(o,2)-p(^+(Oy(o,j--D(-^-.a)ya).j==M; 

'  "^+(B-A)a),a)^— r((o,2«a)/)--D(-^+a),£o,j-E(-^-a).a)yj  = 

from  which  three  equations  co,,  coy,  o),  are  to  be  determined  in 
terms  of  t :  the  integration  however  is  beyond  our  power,  except 
in  a  very  few  special  cases,  which  we  shall  consider  hereafter. 

157.]  As  these  last  are  the  fundamental  equations  of  rotation 
of  a  solid  body,  or  of  a  material  system  of  invariable  form,  and 
wUl  be  employed  in  all  our  subsequent  investigations,  they  re- 
quire close  examination.  We  have  arrived  at  them  by  trans- 
formations from  expressions  involving  velocities  of  translation 
into  those  involving  angular  velocities.  I  will  now  shew  that 
they  may  be  found  more  directly  by  D'Alembert's  principle: 
and,  in  the  course  of  the  inquiry,  I  shall  dissect  the  equations, 
and  shew  the  independent  origin  of  their  several  terms ;  and  I 
shall  also  exhibit  other  properties  of  these  equations  of  rotating 
rigid  systems  besides  those  of  the  preceding  pages. 

As  the  particles  of  the  moving  system  are  in  a  state  of  rela- 
tive rest,  the  moments  of  the  forces  acting  on  them,  relatively  to 
every  and  any  axial  line,  satisfy  the  conditions  of  statical  equi- 
librium ;  and  thus,  by  D'Alembert's  principle,  the  moments  of 
the  stresses,  which  arise  from  the  excess  of  the  impressed  over 
the  expressed  momentum-increments,  must  satisfy  the  laws  of 
equilibrium  when  they  are  taken  throughout  the  whole  system. 
In  reference  to  any  axis  and  for  any  one  particle  w,  we  have  the 
following  moments :  (1)  the  moment  of  the  impressed  mo« 
mentum-increments ;  (2)  the  moment  of  the  expressed  angular 
momentum-increment ;  (3)  the  moment  of  the  centrifugal  force 
which  is  due  to  the  motion  of  the  body  about  the  instantaneous 
axis  at  the  time  t ;  and  the  moment  of  the  stress,  which  is 
efiective  at  m^  is  the  excess  of  the  moments  of  the  impressed 

o  % 
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momentam-inorement  and  of  the  oentrifbgal  foice  over  the 
moment  of  the  expressed  momentam-inorement ;  and  the  moment 
of  ail  these  stresses  vanishes  for  every  axis. 

Let  OS  employ  the  same  notation  as  heretofore;  m  is  the  type- 
particle  of  the  system ;  (x,  y,  z)  is  its  place  at  the  time  ^ ;  a>  is 
the  angular  velocity  at  the  time  t  about  the  instantaneous  axis, 
of  which  0).,  a)yy  o).  are  the  axial  components;  a, )3,  y  are  the 
direction-angles  of  the  instantaneous  axis ;  r  is  the  perpendicular 
distance  from  (^,  y,  z)  on  the  instantaneous  axis ;  l,  m,  n  are  the 
axial  components  of  the  moments  of  the  couples  of  the  impressed 
momentum-increments  on  all  the  particles  of  the  system. 

158.]  Let  x^,  Y^,  z'  be  the  axial  components  of  the  expressed 
momentum-increments  of  all  the  particles  of  the  system  due  to 
the  increments  of  the  angular  velocities  at  the  time  t ;  and  let  p' 
be  the  resultant  of  these ;  then,  from  Art.  58,  we  have 


(55) 


and  p'2=x'2  +  Y^  +  z'2.  (56) 

If  the  origin  moves,  p'  is  proportional  to  the  expressed  velocity- 
increment  of  it,  which  is  due  to  the  increments  of  the  angular 
velocities  at  the  time  t ;  and  if  the  origin  is  absolutely  fixed, 
p'  produces  a  pressure  on  it. 

Let  h\  m',  n'  be  the  axial  components  of  the  moments  of  the 
couples  which  arise  from  these  expressed  momentum-increments  ; 
and  let  g^  be  the  resultant  moment  of  these  ;  then,  as  the  axial 
components  of  the  expressed  momentum-increment  of  m  are 

"^y'lt^y-dty   '^y'lt^'iuy   '^'^^w^'^wr 

so  the  nxial  components  of  the  moment  of  the  couple  of  this 
expressed- momentum  of  m  are  respectively 
^^«     /  o       o\     dont,  dm. 


(57) 
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and  taking  the  aggregates  of  these  for  all  the  particles  of  the 
system,  and  using  the  abridging  symbols  of  Art.  150,  we  have 


d(ji}^  d(i}„  diOg  f 

ddHy  dm,  dcng  , 

di  di  dt 

don.  d(t)^  da),,  , 


(58) 


which  are  indeed  the  same  expressions  as  (31),  Art.  151,  and  give 
the  moment  of  the  couple  of  the  expressed  angolar  momentum- 
increments  of  the  system. 

159.]  Again,  let  x",  y'',  z"  be  the  axial  components  of  the 
momentum-increments  of  all  the  particles  which  arise  from  the 
centrifugal  forces;  and  let  F^^  be  their  resultant.  As  co  is  the 
angular  velocity  of  the  system  about  the  instantaneous  axis  at 
the  time  t,  and  as  r  is  the  perpendicular  distance  to  that  axis 
from  (a?,y,  z)  the  place  of  m,  mui^r  is  the  centrifugal  force  of  m, 
the  line  of  action  of  which  lies  along  r.  Now  as  r  is  drawn 
from  (Xf  y,  z)  at  right  angles  to  (a,  )3,  y)  which  passes  through 
the  origin,  the  direction-cosines  of  r  are 

a?— co8a(arcosa  -HycosjS  +  ;^cosy)  y — cos)3(a?coso  -hycosjS  +  2^cosy) 
, — —  , 

r  r 

x:— cosy(a?co8o+ycosj3  +  ^co8y)^ 
— _  —   -  ^ 

r 
and  therefore  the  axial  components  of  the  momentum-increment 
of  m,  due  to  the  centrifugal  force,  are  respectively 

wza)^{a?— cosa(a?cosa+ycosj3-h2^cosy)},  \ 

;«a)^{j^— co8/3(a?coso+ycos)3  +  rcosy)},  >  (59) 

wa)^{2;  — cosy(iPCOsa+j^cos/3  +  ^cosy)},  ) 

the  tendency  of  these  forces  being  to  increase  a?,  jf,  2:  as  ^  in- 
creases :  and,  taking  the  aggregate  of  these  for  all  the  particles 
of  the  system, 

2.m{<iy^x  —  (o^  (xuig+ycDy  +  zai,)}  =  x",    \ 
2./«{a)2y  — a)y  (a?a),+ya)y  +  ;?a),)}  =  y'',    >  (60) 

5.»*{a)2<2:— 0),  (x(t)g+y(D^  +  Z(ii>g)]  =  z";   ) 
and  p''2  —  x"^  ^  y'^2  ^  5^'2^ 

If  the  origin  moves,  p''  is  proportional  to  the  impressed  velocity- 
increment  of  it,  which  is  due  to  the  centrifugal  forces  of  all  the 
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particles ;   and  if  the  origin  is  absolutely  fixed,  V  piodaoes  a 
pressure  on  it. 

Let  \!\  M^^,  k'^  be  the  axial  components  of  the  moments  of  the 
couples  which  arise  from  these  centrifugal  forces ;  and  let  g'^  be 
the  resultant  moment  of  them ;  then  as  the  axial  components 
of  the  moment  of  the  couple  which  arises  from  the  centrifugal 
force  of  m  are,  by  reason  of  (59), 

«{(a?a).+ya)y+rft>,)(«a),-^ft>,)},    V  (61) 

«{(«a),+jra)^  +  ira),)(jra),-a?a),)}  ;  ) 

BO  taking  the  aggr^ates  of  these  for  all  the  particles  of  the 
system,  and  using  the  abridging  sjrmbols  of  Art.  150,  we  have 
D  (a)y*  —  «/)  +  Ea>ca>y  —  F  a),ft>,  +  (b  -- c)a>ya>4  =  \1\  \ 
E  («,*  —  o)/)  +  Fa)y  o),  —  D  0)^0),  +  (c — A)a>.a>«  =  m",  >        (62) 
F  («,*  — a)^*)  +  Da),a),--Ea),a)^  +  (A— B)a),a)y  =  n'';  ) 

and  o"«  =  l''2^m"^^n"^ 

The  couple,  of  which  q"  is  the  moment^  is  called  the  centrifugal 

couple. 

I  would  also  observe  that  (62)  may  be  expressed  symmetrically 
in  the  following  forms 


C — FcWjp  +  Bo)-  — Do),      —  Eft),— Dft)^  +  Ca),  )  „ 

0)0)^ '- ^ J=:  L  ,\ 

I  «,  o),  J 

(  — Eo)-— Da)-4-Ca),  Ao).  — Fo)^ — Ba>»)        m 

ft),  a>,< — t  =M  , 

(  ft>f  o),  3 

C      Aa)j---Fa)---Ea),      —Fco.  +  Bftj^  — Do), )         ,, 

a)^a)-< — f  =«  ; ) 

(  ft>,  ft>»  ) 


(63) 


and  introducing  the  notation  of  Art.  94,  we  have 

i^  a)y — ^2  ^x  =  n"; 
.-.     /Jil"  +  /J2m''  +  /J3n''=  0; 

that  is,  the  axis  of  the  centrifugal  couple  is  perpendicular  to  the 
axis  of  the  couples  of  the  momenta. 
From  (GO)  and  (63)  it  follows  that 

x"a),  +  Y^'o)^  +  z"a),  =  0,    ) 
l/'a>,  +  M"a»y  +  X"a),  =  0  ;  ) 

110  thai  tlie  instantoineous  axis  of  rotation  is  perpendicular  to 
both  the  lino  of  action  of  the  resultant  of  translation,  and  to  the 
axis  of  the  couple,  which  arise  from  the  centrifugal  forces  of  all 
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the  particles,  and  is  therefore  perpendicular  to  the  plane  which 
contains  the  two  lines. 

160.]  Now,  as  we  have  already  observed,  the  moment  of  the 
couple  of  the  expressed  momentum-increment  is  equal  to  the 
moment  of  the  couple  of  the  impressed  momentum-increment 
together  with  that  of  the  centrifugal  couple :  and  this  equality 
is  true  relatively  to  any  rotation-axis,  so  that  for  the  coordinate- 
axes  of  a?,y,  z  we  have  respectively 

l'=l  +  i/',     m'=m  +  m",    i/=n  +  n"';  (64) 

and  therefore  we  have 

which  are  the  equations  (54).  By  the  preceding  process  there- 
fore they  are,  as  it  were,  dissected,  and  the  meaning  and  origin 
of  the  several  terms  are  traced  out ;  and  those  which  arise  from 
the  expressed  momentum-increments  are  distinguished  from  those 
which  arise  from  the  centrifugal  forces. 

If  the  system  is  at  rest  when  the  forces  begin  to  act,  then 
at  that  instant  o)  =  0,  and  l"=  m"=  n''=  0 ;  and  the  equa- 
tions are  reduced  to  forms  identical  with  (81),  Art.  151,  where 

of  course  -rf  ?  -jf »  -jr  take  the  places  of  fl,,  n^,  n,. 

161.]  Before  we  leave  this  part  of  our  subject  it  is  fit  to  ex- 
plain the  form  which  the  expressions  for  the  axial  components  of 
the  acceleration  take  when  they  are  expressed  in  terms  of  angular 
velocity  and  angular  velocity-increments.  The  origin,  through 
which  the  rotation-axis  passes  and  relatively  to  which  the  ve- 
locity of  ;;t  as  expressed  in  the  equations  (45),  Art.  154,  is 
estimated,  is  considered  not  to  change  its  place  during  the  time 
dt^  so  that  the  velocity  and  velocity-increment  of  m  are  due  to 
the  rotation  only.     If  we  differentiate  (45),  Art.  154,  we  have 

^x  d(a^        dcDg      f    n  f         .  .         XI  taa\ 

—  =  r^^-5^-^-{a)2fl:-.a).(a?a).  4-^0)^  +  ^0).)},         (66) 

d^y         d^z 
and  similar  values  for  -j^  and  -775 ;  so  that  the  axial  components 


(65) 
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of  the  expressed  momentnm-incrementB  relatively  to  the  origin 
are 


(67) 


These  expressions  are  evidently  x'— x'^,  t'— y",  z'— z",  as  deter- 
mined in  Articles  158  and  159,  so  that  the  first  two  terms  in 
each  arise  from  the  expressed  ang^olar  velocity-increments,  and 
the  latter  terms  from  the  centriAigal  forces.  Now  the  excess  of 
the  corresponding  impressed  momentum-increments  over  these 
quantities  evidently  acts  at  the  origin,  and  produces  either  a 
motion  of  it,  if  it  is  capable  of  motion,  or  a  pressure  on  it  if  it  is 
fixed ;  and  the  circumstances  of  each  can  be  determined  from  the 
preceding  expressions. 

162.]  Thus  if  the  origin  is  fixed ;  if  p  is  the  pressure  at  it, 
and  A,  fi,  1;  are  the  direction-angles  of  its  line  of  action, 

PcosX=  s.iwx— x'  +  x",  \ 
TcoBfA  =  2./»T— t'+t",  >  (68) 

PCOSI^  =  s.inz  — z'  +z".  ) 

If  the  origin,  fixed  or  moveable,  is  the  mass-centre, 

and  x'=y'=z'=0,    x"=y''=  z"=  0, 

p  = = = =  {(s.i«x)«  +  (5.i«T)a  +  (s.«iz)2}*, 

COS  A       cosfi        cosi^        ^         '      ^         '      ^        ' 

80  that  the  pressure  at  the  origin  is,  as  to  intensity  and  line  of 
action,  the  same  as  the  resultant  of  the  impressed  momentum- 
increments. 

163.]  In  all  cases  the  equations  (31)  and  (54)  admit  of  great 
simplification.  It  will  have  been  observed  that  the  equations  of 
trauslation  of  a  system  of  material  particles,  viz.  (34)  and  (37), 
Art.  73,  are  much  simplified  if  the  mass-centre  is  taken  for 
the  origin,  as  we  have  shewn  in  section  2  of  the  preceding 
chapter ;  equations  (60)  and  (62)  in  Arts.  82  and  83  are  more 
simple  than  (34)  and  (37)  of  Art.  73.  It  does  not  however  ap- 
pear thus  far  that  any  simplification  is  hereby  introduced  into 
the  forms  of  the  equations  of  motion  of  rotation  ;  (61)  and  (63), 
in  Arts.  82  and  88,  are  exactly  the  same  in  form  as  (35)  and  (38) 
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of  Art.  73.  Neither  does  k  appear  that  any  change  of  axes  will 
generally  introdace  a  fiirther  simplification  into  the  equations  of 
motion  of  translation ;  it  may  do  so  in  a  particular  case,  because 
3.mx^  2.mT,  s.mz  may  then  take  simple  forms.  In  the  equa- 
tions of  rotation  however  it  is  otherwise.  Consider  the  equations 
(31),  which  are  equivalent  to  (35),  and  equations  (54),  which 
are  equivalent  to  (38),  of  Art.  73 ;  they  contain  the  quantities 
S.ffz^,  2.f»y^  3*^^)  "X.myZy  ^.mzx,  ^,mxy;  and  these  are 
dependent  on  the  position  of  the  coordinate  axes  relative  to 
and  in  the  body.  They  will  be  determined  by  the  ordinary 
processes  of  summation,  and  of  integration  if  the  moving  mass 
is  a  continuous  body.  Now  thus  far  the  position  of  the  coordinate 
axes,  to  which  the  moving  system  is  referred,  has  not  been 
determined ;  it  is  fixed  neither  in  the  body  nor  in  space.  Hence- 
forward we  shall  suppose  a  system  to  be  fixed  in  the  body  and  to 
move  with  it,  and  to  have  a  particular  position  relatively  to  the 
body,  which  we  shall  determine  with  the  view  of  simplifying 
the  preceding  equations  (31),  (32),  and  (54).  By  this  method  we 
shall  investigate  the  angular  velocities  of  the  body  about  three 
axes  fixed  in  the  moving  body ;  and  we  can  thence  determine 
the  angular  velocities  about  three  axes  fixed  in  space  by  means 

of  the  equations  (87),  Art.  57  ;  and  37 '  "jT  '  3^  ^^7  ^  deter- 
mined by  means  of  (123),  (124),  (125),  of  Art.  64.  By  either 
process  the  position  of  the  body  in  space  at  the  time  t  wiU  be 
determined. 

164.]  Let  us  examine  the  coefiScients  in  (31)  and  in  (54)  of 
the  angular  velocities  and  of  their  ^-differentials ;  and  let  us 
suppose  the  moving  mass  to  have  volume  of  three  dimensions. 
Whatever  is  the  system  of  coordinate  axes,  it  is  evident  that  it 
cannot  be  such  that  generally  either  a.wa?^  =  0,  or  S.Jwy*  =  0, 
or  2 .  m  r^  =  0 ;  because  each  of  these  expressions  is  the  sum  of 
the  products  of  the  mass-element  and  of  a  quantity  which  is 
necessarily  positive.  Thus,  a,  b,  c,  a',  b',  c/,  defined  as  they  are 
in  (25)  and  (26)  of  Art.  150,  are  always  positive  quantities  for 
masses  whose  volume  is  of  three  dimensions :  in  plates  of  infini- 
tesimal thickness,  if  the  surface  of  the  plate  is  taken  for  the  plane 
of  (a?,  y),  z  =  0  for  every  element ;  and  therefore  2,mz^  =  0 : 
and  in  straight  wires  or  rods,  of  which  the  transverse  section  is 
an  infinitesimal  area,  if  the  axis  of  x  lies  along  the  rod,  y  =  z=^0 
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the  mean,  and  the  ^^-axisis  the  least ;  and  it  consequently  accords 
better  with  the  material  ellipsoid  which  it  represents.  The  same 
result  is  true  whatever  is  the  distribution  of  the  matter  of  which 
the  moment  of  inertia  is  required. 

186.]  The  result  given  in  (123)  may  also  be  derived  directly 
from  (122). 

TSjp  is  the  perpendicular  from  the  origin  on  the  tangent  plane 
of  (122).  /,  m,  n  are  the  direction-cosines  of  /?,  and  h  is  the 
moment  of  inertia  about  J9  as  a  rotation-axis,  then 

p^  =  a^P  +  i%2  ^  ^^^2  .  (124) 

and  by  (109),  h  =  a/^  +  ^m^  +  cn^ 

=  M(a2/2  +  J2»ia  +  c««2) 

=  mjd2; 
which  is  the  same  result  as  (123),  and  expresses  the  same  theorem. 

187.]  Since  p  is  the  length  of  the  perpendicular  from  the 
origin  on  the  tangent  plane  of  the  ellipsoid  of  gyration,  the  locus 
of  its  extremity  is  the  central  pedal  of  (122) ;  and  the  equation 
to  this  surface  is,  as  shewn  in  Art.  20, 

so  that  the  surface  is  such  that  each  radius  vector  is  the  i*adius 

of  gyration  of  the  body  in  reference  to  it  as  the  rotation-axis. 

This  may  also  thus  be  shewn.     Along  the  rotation-axis  from 

the  origin  let  a  length  r  be  taken  equal  to  the  corresponding 

radius  of  gyration  :  so  that 

H  =  M/-2, 

then  if  a,  i,  c  are  the  principal  radii  of  gyration  at  the  pointy  and 

a,  /3,  y  are  the  direction-angles  of  r,  (109)  becomes, 

r^  =  a2  (cQg  ^Y  ^  ^2  (gQg  ^Y  ^  ^  (^Qg  yY. 

Let  (a?,  y,  z)  be  the  extremity  of  r ;  so  that 

X  y  z 

COS  a        C08/3       cosy 
.-.     r*  =  (a?2  +/  +  ^2)2  ^  ^2^  ^  j2y2  ^  ^^^  (125) 

which  is  the  central  pedal  of  the  ellipsoid  of  gyration. 

188.]  We  have  thus  obtained  several  geometrical  expressions  of 
the  law  of  variation  of  moments  of  inertia  about  axes  which  pass 
through  one  and  the  same  point :  and  all  of  course  indicate 
critical  values  of  the  geometrical  quantities  which  correspond  to 
the  critical  values  of  the  moments  :  and  every  one  shews  a  special 
system  of  rectangular  coordinate  axes  which  corresponds  to  these 
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critical  values  ;  and  from  anr  one  we  might  faa^e  taken  our  par- 
tieular  ooncejitioD  of  them ;  and  thus  whereae  we  have  dfffinrf 
pfineijial  axe^  as  thoae  in  lelCuenoe  to  whidi 

they  mi^ht  have  been  defined  as  those  axes  for  whidi  the  mo- 
ments of  inertia  have  critical  valaee.  The  former  coneeptian  of 
them  arose  fijvt.  in  the  aimplificstion  of  the  equations  of  the 
motion,  and  therefore  we  pomied  it.  It  is  however  to  he 
obsen-ed  that  whatever  is  tme  of  the  axes  of  principal  mo- 
ments of  inertia  is  also  true  of  the  principal  axes  and  of  tiie 
principal  planes ;  and  several  psx>peities  whieh  are  tme  of  poanoi- 
pal  planes,  as  defined  in  the  lart  eeetion  and  which  might  have 
been  there  demonstrated,  will  be  proved  in  the  eonrw  of  the  pre- 
sent section.  Henceforth  then  we  shall  treat  pxindpil  axes, 
and  the  ij^eometrical  principal  axes  of  the  momental  eDipeoid,  as 
identical  in  jx^sition. 

189.]  All  other  moments  of  inertia  relatively  to  the  given 
{K>int  are  evidently  intermediate  to  c  and  a  ;  that  is,  are  less  than 
c,  and  are  greater  than  a.     From  (109) 

II  =  A(co«a)*  +  B(coB)3)*  +  c(co3y)*; 
which  may  l>e  expressed  in  either  of  the  following  forms ; 

]f  =  A-f  (b  — a)(co8/3)*+(c— A)(cosy)*; 
H  =  c  — (c  — a)(cos  a)^  — (c  — b)(co3/3)^; 

and  as,  see  Art.  1G7,  B— a,  c  — a,  c  —  B,  are  positive  quantities,  c  is 
the  ^reatcut  and  a  is  the  least  of  all  moments  of  inertia. 

If  two  principal  moments  are  ef[ual,  the  momental  ellipsoid 
becomes  u  spheroid ;  if  B  =  c\  the  spheroid  is  prolate  and  the 
moments  for  all  axes  lying  in  the  plane  of  (y,  z)  are  equal  to  one 
another  and  to  o ;  and  other  moments  ore  less  than  c  :  if  a  =  B, 
the  momentiil  ellipsoid  becomes  an  oblate  spheroid,  and  the 
moments  for  all  axes  lying  in  the  plane  of  (x^  y)  are  equal  to 
one  another  and  to  a,  and  the  moments  for  all  other  axes  are 
greater  tlian  a.  In  the  former  ease  the  ellipsoid  of  principal 
axes  becomes  an  oblute  spheroid  ;  and  in  the  latter  case  a  prolate 
s])heroiil. 

If  the  three  principal  momenta  are  equal,  a  =  b  =  c,  and  the 
momental  ellipsoid  becomes  a  8i)here,  and  the  moments  of  inertia 
for  all  axes  are  eipml  to  one  another.  In  this  case  also  the 
elli|^ud  of  princijml  axes  becomes  a  sphere. 
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190.]  All  the  rotation-axes  passing  through  a  given  point,  for 
which  the  moments  of  inertia  are  equal  to  each  other^  lie  on  a 
cone  of  the  second  degree,  whose  vertex  is  the  origin. 

Let  H  be  the  moment  of  inertia  to  which  all  are  to  be  equal ; 
then,  since  p^  =  x^  +^^-f  -^^,  from  (112)  we  have 

Aa^  +  By^  +  cr^— 2d5^^— 2B<2'a?— 2Fir^  =  H(a?*+^2  +  r^)  ; 

(H-A)a?2  +  (H— B)^2^(H_c)r2  +  2Dj^r  +  2Bra?  +  2Fa?y  =  0;  (126) 

which  is  the  equation  to  a  cone  of  the  second  degree  whose 
vertex  is  at  the  origin  ;  and  the  principal  axes  are  evidently  co- 
incident with  those  of  the  momental  ellipsoid.  All  rotation-axes 
therefore  lying  on  the  surface  of  this  cone  are  axes  of  equal  mo- 
ment, and  the  cone  is  consequently  called  equimomental. 
If  the  coordinate  axes  are  principal  axes  at  the  origin, 

D  =  B  =  F  =  0, 

and  the  equation  to  the  equimomental  cone  is 

(H-A)a?2  +  (H-B)/  +  (H-c)r2  =  0,  (127) 

where  a,  b,  c  are  the  principal  moments  of  inertia.  As  we  have 
proved  that  c  is  the  greatest  and  a  is  the  least  of  the  moments 
of  inertia  for  axes  passing  through  the  origin,  H  must  be  in- 
termediate to  c  and  a  ;  so  that  necessarily  one  of  the  coeffi- 
cients in  (127)  is  negative;  and  not  more  than  two  can  be 
negative. 

Let  H  be  greater  than  b  ;  then  h  —  a  and  h  —  b  are  positive, 
and  H— c  is  negative  ;  in  which  case  the  axis  ^iz  is  the  internal 
principal  axis,  and  the  axes  of  x  and  y  are  the  external  principal 
axes.  See  Art.  14.  And  all  plane  sections  parallel  to  the  plane 
of  (xy  y)  are  ellipses. 

Let  H  =  B  ;  then 

(B-.A)ia?=  +(c-b)*;?;  (128) 

which  are  the  equations  to  two  planes ;  these  are  indeed  the 
cyclic  planes  of  the  momental  ellipsoid.  Thus  all  the  rotation- 
axes  at  any  point  for  which  the  moments  of  inertia  are  equal  to 
the  mean  moment  of  inertia  lie  in  two  planes  intersecting  along 
the  axis  of  mean  moment,  and  equally  inclined  to  the  plane  of 
mean  and  least  moments. 

Let  H  ])e  less  than  B  ;  then  H  — B  and  H— c  are  negative,  and 
H  — a  is  positive,  so  that  the  axis  of  x  is  the  internal  principal 
axis  of  the  cone,  and  the  axes  of  y  and  z  are  the  external  prin- 
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cipal  axes ;  and  all  plane  sections  of  the  cone  perpendicnlmr  to 
the  axis  of  x  are  ellipses. 

Thus,  according  to  the  configuration  which  we  have  ehosen, 
all  axes  lying  within  the  planes  (128)  towards  the  axis  of  r  are 
rotation-axes  of  greater  moment  than  the  mean ;  all  those  lying 
in  the  planes  (128)  are  rotation-axes  of  moment  equal  to  ihe 
mean ;  and  all  those  lying  without  the  planes  towards  tiie  axis 
of  X  are  rotation-axes  of  moment  less  than  the  mean.  See  Fig.  2, 
in  which  the  cyclic  planes  are  delineated ;  all  axes  within  the 
angles  uou'  and  vov^  are  of  the  first  kind,  and  all  those  within 
the  angles  uov  and  u'ov'  are  of  the  last  kind. 

Also  the  cyclic  planes  of  the  equimomental  cone  (127)  are  tiie 
cyclic  planes  of  the  momental  ellipsoid ;  for,  by  reiason  of  (98), 
Art.  16,  the  equations  to  the  cyclic  planes  of  (127)  are 

{h  — B  — (a  — A)}*a?  =  ±  {h— c— (h— b)}*;^; 
(b— A)*a?  =  +  (c— b)*2:; 

which  are  the  same  equations  as  (128). 

If  two  principal  moments  are  equal,  so  that  the  momental 
ellipsoid  becomes  a  spheroid,  the  equimomental  cones  become 
cones  of  revolution. 

If  the  three  principal  moments  are  equal,  the  equimomental 
cono  degenerates  into  a  rotation-axis,  the  position  of  which  is 
indeterminate,  and  consequently  all  axes  are  principal. 

191.]  I  propose  now  to  express  the  moments  of  inertia  and 
the  momental  ellipsoid  relatively  to  any  point  of  a  body,  in  terms 
of  the  moments  of  inertia  and  the  momental  ellipsoid  relatively 
to  the  mass-centre.  We  shall  hereby  be  led  to  general  theorems 
which  will  clear  up  many  obscurities  as  to  the  distribution  of 
principal  axes  in  space,  and  will  indicate  remarkable  symmetry 
as  to  their  arrangement. 

The  following  theorem  must  be  demonstrated  in  the  first  place. 

The  moment  of  inertia  of  a  body,  or  of  a  system  of  particles, 
al)Out  any  axis  is  equal  to  the  sum  of  the  moment  of  inertia 
about  a  parallel  axis  passing  through  the  mass-centre,  and  of  the 
product  of  the  mass  and  the  square  of  the  distance  between  the 
axes. 

Let  H  be  the  moment  of  inertia  about  the  given  rotation-axis, 
and  b'  the  moment  of  inertia  about  a  parallel  axis  passing 
through  the  mass-centre;  let  A  be  the  perpendicular  distance 
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between  these  two  axes.  Let  r  and  /  be  the  distances  of  m 
from  the  axes  of  h  and  h'  respectively,  and  let  </>  be  the  angle  at 
which  /  is  inclined  to  ^  ;  so  that 

r^  =  /2-2/^co8</)  +  A2; 
•  •.     s.jwr^  =  2.w/2— 2A2.»i/cos</)  +  A^a.«t; 

but  /cos</>  is  the  perpendicular  distance  from  m  on  the  plane 
which  passes  through  the  mass-centre  and  is  perpendicular  to  h  ; 
so  that  2.  »*/cos  </)  =  0.  Let  the  mass  of  the  body  or  system  of 
particles  =  m  ;  then,  since  'Z.mr^  =  h,  s .  wi/^  =  h',  this  becomes 

H=H'  +  M>i2;  (129) 

which  is  the  mathematical  expression  of  the  theorem. 

Hence,  if  the  moment  of  inertia  about  an  axis  at  a  given  dis- 
tance from  the  mass-centre  is  known,  that  about  a  parallel  axis 
through  the  mass-centre  is  also  known ;  and  also  the  moments 
of  inertia  about  all  parallel  axes  are  known. 

Hence,  if  k  is  the  radius  of  gyration  relatively  to  the  rotation- 
axis,  and  k'  is  the  radius  of  gyration  relatively  to  the  parallel  axis 
through  the  mass-centre, 

>P  =  /6'2  +  ^2.  (130) 

Hence  also  it  follows,  that  if  a  line  is  drawn  through  the  mass- 
centre  of  a  body  or  system,  the  moments  of  inertia  are  equal  for 
all  parallel  rotation-axes  at  equal  distances  from  this  line  ;  or,  in 
other  words,  all  axes  lying  on  the  surface  of  a  right  circular 
cylinder  whose  axis  passes  through  the  mass-centre  of  a  body  or 
system  are  rotation-axes  of  equal  moment. 

Hence  too  of  all  parallel  rotation-axes,  that  for  which  the  mo- 
ment of  inertia  is  the  least  passes  through  the  mass-centre  of 
the  body. 

And  of  all  rotation-axes,  that  for  which  the  moment  of  inertia 
is  absolutely  the  least  is  the  axis  passing  through  the  mass- 
centre  for  which  the  moment  of  inertia  is  the  least.  This  is  the 
minimum  minimorum  axis. 

192.]  As  we  shall  often  have  occasion  to  refer  to  the  momental 
ellipsoid  at  the  mass-centre,  it  is  convenient  to  give  it  a  dis- 
tinctive name ;  I  shall  call  it  the  Central  Ellipsoid ;  and  the 
principal  axes  and  the  principal  planes  which  refer  to  the  mass- 
centre  will  be  called  the  central  principal  axes  and  the  central 
principal  planes :  and  the  principal  moments  of  inertia  at  the 
mass-centre  will  be  called  the  principal  central  moments. 


i$r^  THE   CENTBAL  ELLIPSOID.  [192. 

Lec  the  maa?-centre  be  the  origin ;  and  let  the  equation  to 
::*rf  vvatnJ  ollijieoiil  be 

A  ^:r^  «n  arbitrary  constant  which  we  may  hereafter  determine ; 
dfc:^i  A.  K  c  Iving:  the  principal  central  moments  of  inertia,  ar- 
7»r,iv\l  in  oixlor  of  magnitude  as  heretofore ;  viz.  a  <  b  <  c.  Let 
aI^*  \\  »\ i*  ivft^r  to  the  central  ellipsoid  and  have  the  same  signi- 
•V*:k^n  «#  hon»tofore  ;  viz. 

a!^^  M  u  U*  tbo  mass  of  the  body  or  system  of  particles. 

l^;  Vv*  '^  0  ^^  *'^^  i>oint  at  which  the  principal  moments  and 

tSo  |Hv-itio«  of  the  princijial  axes  are  to  be  determined ;  and  let 

r  ,  f  \  .' ^  '*<*  the  i»hu*o  of  m  relatively  to  it  as  an  origin,  the  coor- 

^(uv)ito  HVtn*  ori^rinating  at  it  being  parallel  to  the  central  prin- 

y    .r- t^       M'=y-i.       y=c^C  (131) 

\o\\  <ho  iHHiJition  to  the  niomental  ellipsoid  whose  centre  is  at 
vC»  "f*  0  '»*  ''"*^  given  in  (114\  Art.  181,  and  in  this  case  is 

tf  % .  Mjv\\^  :  -  X» 2. «  :V.'x~2:i.Mxyx^^iA  =  0.  (132) 
I  of  u«  r\|»ii'"M  tlio  <'oollii»iout^  of  this  equation  in  terms  of  ^,  ry,  f 
4U«I  tJ»«'  I'onlnil  priiu'lpal  moments:.     Then,  by  (131), 

^  »  ^H'r  +  C*)- 

I'liw  {»»  nl"t»  o\i»lt'nt  l»y  roasou  of  (129),  in  the  last  Article. 

IH  f:'-\-r'^C'  =  P';  (133) 

\\\\\\  i. ///(//'  ♦  y-)  =  A  +  M^r  — M^-:  I 

.u»»ili»»^  *  "'l''  ♦  •'**'^  =  «  +  M/>--Mir,   ^  (134) 

s .  fi.'V :     »;  2 .  /..'  :  —  C^ .  fffj/  + »?  C2 .  w ; 
.'.      5./.;//'/  =  M»;^':  \ 

^^mOtiii^  «,/',>'  =  ^^C^    -  (135) 

^^UH  Hm'  i'i)Mii(lnii  lo  (lio  nioinontal  ollip^nd,  whose  centre  is  nt 


U,  M-  I  ^  ttliit'li  i*<  Ht«'  origin  of^r,  «", ."  in  this  equation,  is 

Vmi/O^     2MCi^.^~2M^^^ry-fx  =  0. 


(136) 
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The  equations  for  determining  the  position  of  the  principal 
axes  of  this  ellipsoid  are  given  in  Art.  6 ;  and  for  that  principal 
axis  which  corresponds  to  a^,  a^,  ^3  we  have 

^3 
=  (A  +  Mp2-MP)dfl2  +  (B  +  Mp2-Mry2)a22  +  (c  +  Mp2-Mf2)a32 

-2  m?;  Cfl2«3  -  2  M  C^flrg^i  -  Zu^fja^a^ 
=  H„,  (188) 

by  reason  of  (108),  if  h^  is  the  moment  of  inertia  of  the  body 
about  the  axis  (aj,  flg*  ^3)  *^  ^^^  given  point.  We  have  also 
analogous  equations  in  terms  of  b^,  b^,  ^3,  H5,  and  c^y  c.^,  c^,  H^; 
and  from  these  equations  the  direction-cosines  of  the  principal 
axes  may  be  determined  as  in  Arts.  6-9.  Let  ^j,  ^2>  ^3  ^ 
the  direction-cosines  of  a  principal  axis,  and  let  H  be  the  type  of 
Ha,  H5,  H^;  so  that  from  (137)  we  have 


=  c  +  mp^-?L£M+^2:L±M)  =  h;(189) 


fz 


M(<^x^+^.»,+^3C)=^^'-"^^'"°^''=^°-'";'~"^'-=^'-'"^^~"^'^(i40) 


h^+hv+ftiC 


e         .         V 


2 


(141) 


A  +  Mp^  — H       B  +  Mp2  — H       C  +  Mp'^  — H 

whence  we  have 


P  n^  C^  1 


A  +  Mp-*  — H       B  +  Mp-"  — H       C  +  Mp-^  — H         M 

and  ^ = i^2 = ^ (143) 


A  +  Mp^— H        B  +  Mp2  — H  C  +  Mp^  — H 

Now  (142)  is  a  cubic  equation  in  h,  of  which  the  three  roots  are 
real,  as  has  been  demonstrated  in  Art.  8.  These  are  the  three 
principal  moments  at  the  point  (^,  ry,  C) ;  and  are  respectively  less 
than  A  +  Mp2,  greater  than  a  +  Mp^  and  less  than  B  +  Mp^,  greater 
than  B  +  Mp-  and  less  than  c  +  Mp^. 

And  (14-3)  determine  the  positions  of  the  principal  axes  which 
correspond  to  the  several  values  of  H. 
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Ah  all  the  quantities  are  given  in  these  equations  in  terms  of 
the  principal  central  moments,  the  mass  of  the  material  system, 
and  the  coordinates  of  the  given  point,  we  shall  hencefortii  con- 
nider  the  principal  moments  at  any  point  to  be  known  quantities. 

Similaily  we  shall  consider  the  position  of  the  principal  axes 
at  any  point  to  be  known. 

If  H«,  H5,  He  are  the  three  roots  of  (142), 

We  might  also  demonstrate,  as  in  Art.  10,  that  the  qrstem  of 
principal  axes  is  a  rectangular  system. 

108.]  These  equations  (142)  and  (143)  admit  of  the  following 
interpretation.     The  equation 

*"         .         ^  .         ^  =1         (144) 


A  +  Mp^  — H      B  +  M/>^  — H       C  +  Mfi*— H  M 

represents  three  quadric  surfaces ;  which  are  an  ellipsoid,  an 
hyi)erboloid  of  one  sheet,  and  an  hyperboloid  of  two  sheets ;  be- 
<!ttUM%  according  to  the  several  values  of  H,  the  coefficients  of 
^»  y^%  ^^  (1)  or©  all  positive  ;  (2)  that  of  v?'  is  negative  and  the 
oih<ir  two  are  positive  ;  (8)  those  of  x^  and  y^  are  negative,  and 
that  of  z*^  is  positive ;  and  according  to  our  assumption  of  the 
onl(«r  of  magnitude  of  a,  b,  c,  in  the  ellipsoid  the  a?-,  y-,  and 
g'Wxm  are  rcHpcctively  the  least,  the  mean,  and  the  greatest. 

And  ninco,  as  we  pass  from  one  point  of  a  body  or  system  of 
|ifirii(!lcH  io  another,  ^^  and  11  var}%  so  in  the  denominators  of  the 
li'fl/ -hand  member  M/j^  — 11  varies  according  as  the  point  changes 
ai  whi(;h  the  j)rincipal  moments  are  to  be  determined ;  and  thus 
f  lui  qu«dri<j  surfaces  represented  by  (144)  are  confocal  with  the 
dllipHoid  whose  equation  is 

--  +  -+—  =  —•  (145) 

A  B  C  M  ^         ' 

AIko  (142)  shewH  that  the  point  (f,  »?,  C)  is  at  the  point  of  in- 
i<Tw<<ftion  of  those  three  confocal  surfaces.  And  since  the  direc- 
iion-eoHiiu*ri  of  the  normal  of  either  of  these  surfaces  at  the 
oonunon  i)oint  are  proportional  to 

—     _._ ,        , ,         (146) 

(148)  nhew  that  the  i)rinciiml  axes  of  the  body  at  the  point 
(f»  •?»  0  15^  along  the  nornials  to  the  three  confocal  surfaces  which 
intersect  orthogonally  at  it.     Or  if  we  take  one  surface  only,  the 
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three  principal  axes  are  respectively  normal  to  it,  and  touch  the 
lines  of  curvature  of  the  sur&ce  at  the  point. 

Let  a^  b,  che  the  principal  central  radii  of  gyration,  so  that 

A  =  Mfl*,  B  =  m4^  C  =  M<?2  ;  (147) 

then  (145)  becomes     ^22 

which  ellipsoid  is  called  the  central  ellipsoid  of  gyration,  as  its 
principal  axes  are  the  radii  of  gyration  of  the  body  relative 
severally  to  them. 

Hence  we  have  the  following  construction  for  the  position  of 
the  principal  axes  at  any  point  in  space.  Through  the  given 
point  let  three  quadric  surfaces  be  drawn  which  are  confocal  with 
the  central  ellipsoid  of  gyration,  then  the  normals  to  these  sur- 
&ces  at  their  common  point  are  the  principal  axes  at  the  point ; 
.  and  the  principal  moments  at  the  point  are  the  three  roots  of  the 
cubic  equation  (142). 

194.]  Again,  let  us  multiply  the  numerators  and  denominators 
of  the  three  last  terms  of  (140)  severally  by 

(b-c)^2^3,  {o-^)¥iy  (A-B)^if{2; 

and  let  us  add  the  numerators  and  the  denominators  respectively ; 
as  the  sum  of  the  numerators  vanishes,  so  must  also  the  sum  of 
the  denominators ;  and  therefore 

(B-C)^^2^3  +  (C-A)r?/3ifl  +  (A-B)Cj5l^2  =  0.  (149) 

Now  as  ^1,  ^2>  ^3  are  the  direction-cosines  of  one  of  the  principal 
axes  at  the  point  (^,  rj,  f )  referred  to  centi-al  principal  axes,  we 
may  replace  them  by  a?,  5^,  z;  whence  we  have 

{B-c)iyz  +  {C'-A)rizx-h{A--B)Cxy  =  0;  (150) 

which  is  the  equation  to  a  cone  of  the  second  degree ;  on  the 
surface  of  which  therefore  lie  the  three  principal  axes  at  the 
point  (^,  ry,  f ),  this  being  the  vertex  of  the  cone.  Since  (150)  is 
satisfied  when  x,^,  z  are  proportional  to  ^,  t?,  fit  follows  that  the 
line  drawn  from  (^,  ry,  f)  to  the  mass-centre  lies  on  the  cone.  It 
is  evident  also  that  the  three  axes  of  ^,  y,  z  lie  in  the  surface  of 
the  cone.     Hence  we  have  the  following  geometrical  theorem : 

The  three  principal  axes  at  any  point  of  a  body,  the  three 
lines  drawn  through  that  point  parallel  to  the  central  principal 
axes,  and  the  line  drawn  from  the  point  to  the  mass-centre  all  lie 
in  the  surface  of  a  cone  of  the  second  degree. 
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195.]  Now  the  three  surfaces  of  the  second  degree,  which 
equation  (144)  represents,  and  which  are  confocal  with  the  cen- 
tral ellipsoid  of  gyration,  intersect  orthogonally  at  not  only 
(f>  Vi  C)>  '^^t  at  seven  other  points  which  are  situated  symmetri- 
cally in  the  other  octants,  and  which  correspond  to  the  several 
combinations  of  the  double  signs  of  ^,  rj,  and  (,  The  equation 
(142)  is  the  same  whatever  are  the  signs  of  f,  ?;,  and  f ;  so  that 
the  ])rincipal  moments  are  the  same  at  each  of  the  eight  points, 
which  are  the  angles  of  a  rectangular  parallelepipedon  whose 
centre  is  at  the  mass-centre,  and  whose  sides  are  parallel  to 
the  central  principal  axes :  and  as  the  equations  for  determining 
the  position  of  the  principal  axes  (143)  are  the  same  when  the 
nignn  of  ^,  rj,  C  are  all  changed,  so  the  principal  axes  at  (f,  rj,  f) 
•iM^  parallel  to  those  at  (  — f,  —  ly,  —  f) ;  and  similarly  the  prin- 
cil>al  axes  at  the  other  six  points  of  symmetry  are  arranged  in 
pairs  corresponding  to  the  ends  of  a  diameter. 

Thus  the  body  or  system  of  particles  is  symmetrically  arranged 
MM  io  principal  axes,  principal  moments,  and  all  moments  of  in- 
t^rtia,  relative  to  the  mass-centre,  the  central  axes,  and  the  cen- 
tral i)rincipal  planes.  And  as  space  is  divided  by  the  principal 
<u^ntral  planes  into  eight  portions,  so  to  a  point  in  any  octant  a 
point  of  symmetry  corresponds  in  each  of  the  other  seven  octants, 
lit  which  the  principal  moments  are  equal,  and  the  momental 
ollipsoid  is  similarly  situated  with  respect  to  the  centre  and  the 
|»rin(apnl  central  axes.  Therefore  whatever  is  the  form  of  the 
moving  system,  be  it  a  continuous  body  or  a  system  of  discon- 
iioct(!(l  jjarticles,  however  various  the  distribution  of  its  parts, 
however  unsymmetrical  its  bounding  surface,  yet  it  has  a  mass- 
(•(»iiirc,  central  axes,  and  a  central  momental  ellipsoid;  and  the 
iirrangoment  of  all  other  moments  and  axes  is  symmetrical  rela- 
tivoly  io  that  point.  In  discussing  therefore  the  rotation  of  an 
irn»gular  mass  about  an  axis  passing  through  a  fixed  point,  we 
may  clismiss  from  our  minds  all  the  irregularities  of  the  mass, 
and  consider  in  its  stead  either  the  regular  and  symmetrical 
rcmtral  ellipoid,  or,  the  central  ellipsoid  of  gyration ;  for  the 
properties  of  cither  of  these  surfaces  will  express  all  the  possible 
circumstances  of  motion  of  the  system. 

Hence  if  two  material  systems  have  the  same  mass,  the  same 
mass-centre,  the  same  principal  axes,  and  the  same  principal 
moments  of  inertia,  moments  of  inertia  of  the  two  systems  are 
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equal  about  all  axes  and  the  systems  are  dynamically  equivalent, 
for  these  are  the  only  quantities  connected  with  the  moving 
matter  which  enter  into  the  equations  of  motion  so  far  as  ex- 
pressed momenta  are  concerned.  Two  such  material  systems  are 
sometimes  said  to  be  equimomental. 

196.]  The  theorem  proved  in  Art.  29  also  suggests  another 
construction  whereby  the  position  of  the  principal  axes  at  a  given 
point  may  be  determined. 

From  the  point  as  a  vertex  let  a  cone  be  described  enveloping 
the  central  ellipsoid  of  gyration  (148)  ;  then,  as  we  have  shewn 
in  Art.  29,  the  principal  axes  of  the  cone  at  its  vertex  are  the 
normals  to  the  three  surfaces  of  the  second  degree  which  inter- 
sect at  it  and  are  confocal  with  the  enveloped  ellipsoid ;  and  as 
the  principal  axes  lie  along  these  three  normals,  so  they  also 
coincide  with  the  principal  axes  of  the  cone  at  the  point. 

This  construction  of  the  principal  axes  at  a  given  point  is  quite 
as  expressive  and  as  fertile  in  results  as  that  explained  in 
Art.  192.  It  also  exhibits  equally  well  the  symmetry  ^f  every 
material  system  with  reference  to  its  mass-centre  and  the  eight 
octants  which  meet  thereat,  which  has  been  pointed  out  in  the 
preceding  Article.  We  shall  hereafter  employ  one  or  the  other 
construction  as  best  suits  the  occasion. 

197.]  The  cone  which  is  reciprocal  to  this  enveloping  cone  is 
an  equimomental  cone  :  this  might  be  demonstrated  directly  from 
the  equation  to  the  enveloping  cone  which  is  given  in  (169), 
Art.  29 ;  for  if  we  determined  the  equation  to  its  reciprocal  cone, 
it  would  be  identical  with  (126),  Art.  190.  The  following  proof 
however  is  more  concise.  Through  the  given  point  let  a  tangent 
plane  be  drawn  to  the  ellipsoid  of  gyration ;  this  plane  being 
evidently  a  tangent  plane  to  the  enveloping  cone.  To  it  let  per- 
pendiculars be  drawn  from  the  centre  of  the  ellipsoid  and  from 
the  given  point:  let  the  distance  between  these  perpendiculars 
be  qy  say ;  then,  since  by  Art.  185  the  moment  of  inertia  of  the 
body  about  the  former  line  =  m^?^,  therefore  the  moment  of 
inertia  about  the  latter  line,  by  reason  of  Art.  191,  is 

M7?2  +  My2  =  Mp^  (151) 

if  p  is  the  distance  of  the  given  point  from  the  mass-centre : 
but  this  latter  line  is  a  generating  line  of  the  reciprocal  cone, 
and  p!^  is  the  same  for  all  generating  lines  of  the  cone ;    and 
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therefore  the  moment  of  inertia  is  the  same  for  all  generating 
lines  of  the  reciprocal  cone;  and  consequently  the  reciprocal 
cone  is  equimomental. 

198.]  This  is  a  particular  case  of  a  general  process  by  which  a 
series  of  equimomental  cones  may  be  described.     Let 

""'     •     ^'     •     ^'     =1  (152) 


be  the  equation  to  a  quadric  surface  confocal  with  the  central 
ellipsoid  of  gyration.  Let  a  tangent  plane  be  drawn  to  it  from 
the  given  point,  and  let  the  perpendicular  to  the  tangent  plane 
make  angles  a,  /3,  y  with  the  central  principal  axes.  Now  if 
H  is  the  moment  of  inertia  about  a  perpendicular  to  the  tangent 
plane  at  the  given  pointy  if  j»  =  the  length  of  the  perpendicular 
from  the  centre,  and  q  is  the  length  of  the  perpendicular  distance 
from  the  given  point  on  /?,  then  by  (129), 

H  =  A  (cos  a)2  +  B  (cos  ^)2  +  c  (cos  y)*  +  M  j2, 

=  M { ^2 (cos a)2  +  i2 (cos )3)2  +  c2 (cos y)2}  +Mj«  ; 

bnt         p^=z{a^  +  e)  (cos  af  +  (*'  +  0)  (cos  ^f  +  (c^  +  $){  cos  y)\ 

=  a2(cosa)2  +  J2(cos^)2  +  c2(cosy)2  +  ^: 

=  Mp2-M^,  (153) 

if  p  is  the  distance  of  the  given  point  from  the  mass-centre :  and 
as  this  quantity  is  independent  of  the  position  of  the  tangent 
plane,  and  depends  only  on  the  position  of  the  given  point,  it  is 
the  same  for  all  generating  lines  of  the  reciprocal  cone,  and  the 
reciprocal  cone  is  consequently  an  equimomental  cone. 

And  as  the  number  of  quadric  surfaces  confocal  with  the  ellip- 
soid of  gyration  is  unlimited,  and  as  from  a  given  point  an  enve- 
loping cone  may  be  drawn  to  each,  so  may  reciprocal  cones  be 
drawn  which  will  be  equimomental  cones.  All  the  cones  of  this 
system  will  be  coaxial,  confocal,  and  concyclic. 

If  the  three  confocal  quadrics  pass  through  the  given  point, 
the  enveloping  cones  becomes  planes,  which  are  the  tangent 
planes  to  the  quadrics  ;  and  the  three  principal  axes  become  the 
normals  to  the  surfaces ;  the  same  result  as  we  have  before 
arrived  at.  Thus  the  two  constructions,  (1)  by  the  normals  of  the 
three  confocal  conies  and  (2)  by  the  axes  of  enveloping  cones, 
become  identical.     This  result  also  follows  from  Art.  27. 

As  the  focal  conies,  see  Art.  26,  are  particular  and  degenerate 
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fonns  of  quadrics  which  are  confocal  with  the  central  ellipsoid  of 
gyration,  they  may  be  taken  as  directors  of  the  cones  whose 
geometrical  axes  are  the  piincipal  axes  of  the  system  at  the  vertex 
of  the  cone.     Their  equations  are 

ip— 0         ^        I  —  1  • 

as  found  by  replacing  $  in  (152)  successively  by  — a^,  —  5^  —  c* : 
these  express  an  ellipse  in  the  plane  of  (y,  z),  a  hyperbola  in  the 
plane  of  (z,  x\  and  an  impossible  curve  in  the  plane  of  (x,  y), 

199.]  The  three  quadrics,  confocal  with  the  central  ellipsoid  of 
gyration,  which  pass  through  a  given  point  not  only  by  their 
normals  determine  the  position  of  the  three  principal  axes  at  the 
point,  but  also  by  their  parameters  give  the  values  of  the  principal 
moments  and  the  principal  radii  of  gyration. 

Let  (152)  be  the  equation  to  the  confocal  quadric  passing 
through  (^,  r;,  f ),  so  that  we  have 

P  1,2  f  2 

and  let  (^i,  (?2>  ^3  ^  ^^®  three  values  of  d,  which  are  the  roots  of 
this  equation ;  of  which  let  6^  be  the  greatest,  0^  the  mean, 
and  do  the  least;  so  that  0^^  6^^  0^  are  respectively  the  para- 
meters of  the  ellipsoid,  of  the  hyperboloid  of  one  sheet,  and  of  the 
hyperboloid  of  two  sheets ;  then  we  have  the  following  arrange- 
ment of  quantities  in  ascending  order  of  magnitude, 

being  the  same  order  as  that  shewn  in  Art.  27. 

Now  on  comparing  the  above  equation  with  (142),  Art.  192, 
since  they  are  identical,  we  have 

M 

.-.    H  =  M(p2  — d); 

and  since  there  are  three  values  of  d,  viz.  dj,  0^^  dg,  there  are 
three  corresponding  values  of  h,  viz.  h^,  h^,  Hc  ;  which  lie  along 
the  normals  to  the  ellipsoid,  the  hyperboloid  of  one  sheet,  and  the 
hyperboloid  of  two  sheets  respectively ;  so  that 
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The  moment  of  inertia  is  therefore  the  least  for  the  normal  to 
the  ellipsoid,  mean  for  the  normal  to  the  hjperboloid  of  one  sheet, 
and  the  greatest  for  the  normal  to  the  hyperboloid  of  two  sheets. 

This  result  is  the  same  as  that  expressed  in  (153)^  and  found  hj 
a  different  process. 

200.]  Let  us  now  consider  the  forms  which  these  constructions 
and  expressions  take  in  certain  special  circumstances;  and  we 
will  first  take  the  case  where  the  point  at  which  the  position  of 
the  central  principal  axes  is  to  be  determined  is  in  one  of  the 
central  principal  planes,  say  in  that  of  (a?iy):  then  f  =  0.  Now 
the  section  of  the  central  ellipsoid  of  gyration  by  the  plane  of 
(Xj  y)  is  the  ellipse  whose  equation  is 

^+$  =  1;  (155) 

and  we  have  hereby  the  following  construction  of  the  principal 
axes.  Through  the  point  (^,  r\)  describe  the  two  conies,  viz.  the 
ellipse  and  the  hyperbola,  which  are  confocal  with  (155) :  draw 
the  tangents  to  the  two  conies  at  their  point  of  intersection ; 
these  are  two  of  the  principal  axes  at  the  point,  and  the  other 
is  of  course  perpendicular  to  them,  and  normal  to  the  plane  of 
(a?,  y)  which  contains  them.  Hence  if  o  is  the  origin,  which  is 
the  mass-centre  of  the  system,  and  p  is  the  point  in  the  plane 
of  (a?,  y)  at  which  the  principal  axes  are  to  be  determined,  and  s 
and  H  are  the  foci  of  the  ellipse  (155)  which  are  on  the  ^-axis, 
since  h  is  greater  than  a,  and  distances  +  (^^— a*)*  from  o ;  then 
if  sp  and  hp  be  drawn,  and  pt  and  pg  are  the  external  and  in- 
ternal bisectors  of  the  angle  sph,  these  lines  are  respectively  the 
tangents  to  the  two  confocal  conies  which  intersect  at  p,  and  are 
the  principal  axes  at  p  which  lie  in  the  plane  of  the  conies. 

If  Ha,  Hfc,  H^  are  the  three  principal  moments  at  p,  of  which  H^. 
is  parallel  to  the  :?-axis,  H^  =  c  +  m/s^,  and  h^,  h^  are  the  roots  of 
the  quadratic  equation 

H«-MH(a2  +  i2^p2)^M2(a2i2  +  a2p  +  i%2)^0,  (156) 

which  is  the  value  of  (142)  when  C=  0. 

These  however  may  thus  be  found. 

Let  the  equation  to  the  conies  passing  through  (f,  t;)  and 
confocal  with  (155)  be 

^^  +  i^=l=  (157) 

and  let  h^  and  H{,  be  the  moments  about  the  tangents  to  these 
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conies  at  the  point  (f  ,  rj) ;  then  by  a  proeess  exaetly  similar  to 

that  of  Art.  198,  for  the  ellipse  we  have 

H«  =  B(sina)«  +  A(eo8a)2  +  M{(62  +  ^)(cosa)2-f  (a2  +  ^)(8ina)2} 

=  A+  J(8P  +  PH)2;  (158) 

since  sp  +  ph  =  2(42  +  ^)K 

Similarly  for  the  hyperbola, 

=  A  +  |(sp-PH)a.  (159) 

Which  values  satisfy  the  equation  (156). 

Equation  (158)  shews  that  the  moments  of  inertia  are  the 
same  for  all  tangents  to  the  ellipse  (157)  and  are  also  the  same 
for  all  tangents  to  the  hyperbola,  as  shewn  by  (159).  Similar 
results  are  of  course  true  for  points  in  each  of  the  other  central 
principal  planes. 

If  the  point  is  in  a  central  principal  axis,  say  that  of  ^,  at  a 
distance  f  from  the  centre  ;  then  r;  =  f  =  0,  and  from  (142)  we 

H5  =  B  +  M^,     (  (160) 

He  =  C  +  M^;    ) 

and  similar  results  are  true  for  points  on  the  other  axes. 

At  the  points  s  and  h  on  the  axis  of  rj  at  distances  ±(4^  — a^)* 
from  the  mass-centre 

Ha  =  A  +  M(i2— a^) 

=  B, 
H,  =  B,  \  (161) 

=  c  +  B— a; 

so  that  H^  =  H{,,  and  the  moments  of  inertia  about  all  axes  in  the 
plane  of  {x,  y)  are  equal  and  the  momental  ellipsoids  at  these  two 
points  become  spheroids. 

Similar  results  occur  at  two  points  on  the  ^r-axis  at  distances 

±  (c^  —  rt^)^  from  the  centre  of  gravity. 

Ha  =  c,    H^  =  B  +  c- A,    He  =  c,  (162) 

and  the  momental  ellipsoids  again  become  spheroids. 
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This  sabject  will  rec^ve  considerable  illustration  from  our 
subsequent  enqniiy  into  the  character  of  principal  axes. 

201.]  Let  UB  in  the  next  place  investigate  the  positions  of 
those  points  at  which  (1)  two  of  the  three  principal  moments, 
(2)  all  three  principal  moments,  are  equaL 

If  (^,  17,  (^)  is  a  point  at  which  two  principal  moments  of  inertia 
are  equal,  two  of  the  three  values  of  h  in  (142)  are  equal  to  one 
another  ;  and  consequently  (142)  and  its  H-differential  are  simal- 
taneously  true.  Now  the  H-ditferential  may  be  put  into  the 
form 

(a  +  M^2_„)2  +  (B  +  Mp2-H)2  "*"  (c  +  Mp^-H)*  =  ^^      ^^^^ 
Or^2^B^Mp2-H)2(c  +  Mp2-H)2  +  t;2(c  +  Mp«-H^(A  +  Mp*-H)« 

+  C^(A  +  Mp2-H)2(B  +  Mp2-H)2  =  0.   (164) 

All  the  roots  of  this  equation  as  it  stands  are  imaginary ;  and 
as  the  reality  of  the  roots  of  (142)  has  been  demonstrated,  (164) 
must  be  satisfied  identically :  this  may  be  done  as  follows : 
(1)  Let  f  =  0,  and  h  =  A  +  Mp^;  in  which  case  (142)  becomes 


B— A        C— A  M 

and  since  a  =  Ma^,  b  =  Mi^,  c  =  mc^,  this  becomes 


4^  +  ;:i^  =  i;  (166) 


and,  according  to  our  assumption,  c  >  b  >  a  \  thus  (166)  repre- 
sents an  ellipse  in  the  plane  of  (?;,  C),  and  is  in  that  plane  the 
focal  conic  of  the  ellipsoid  of  gyration.  Each  of  two  of  the  prin- 
cipal moments  of  inertia  =  a  +  m^-^  ;  and  the  third  =  b  +  c  — a, 
by  reason  of  equation  (142). 

(2)  Let  ^  =  0,  and  h  =  b  +  Mp^  ;  in  which  case  (142)  becomes 

which  represents  an  hyperbola  in  the  plane  of  (C  f ),  whose  real 
and  imaginary  axes  lie  respectively  along  the  axes  of  (  and  f, 
and  is  another  focal  conic  of  the  ellipsoid  of  gyration.  Two  of 
the  principal  moments  of  inertia  =  b  +  Mp^  ;  and  the  third  prin- 
cipal moment  =  c  +  a  — b. 

(3)  Let  C=  0 ;  and  h  =  c  +  Mp^  ;  then  (142)  becomes 

^  +  3^  =  1:  (168) 
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which  is  the  other  focal  conic  of  the  ellipsoid  of  gyration,  and  is 
imaginary. 

At  all  points  therefore  of  the  real  focal  conies  of  the  ellipsoid 
of  gyration,  two  roots  of  (142)  are  equal ;  and  two  principal 
moments  are  equal :  the  tangent  line  to  the  focal  conic  is  the 
axis  of  the  unequal  principal  moment,  and  the  normal  plane  to 
the  focal  conic  is  the  plane  which  contains  the  axes  of  equal 
moments.  All  axes  therefore  in  this  plane  which  pass  through 
the  point  of  contact  are  axes  of  equal  moment :  so  that  the  num- 
ber of  axes  of  equal  moment  is  infinite.  Indeed  the  other  two 
quadric  surfaces,  which  with  the  focal  conic  are  confocal  with 
the  ellipsoid  of  gyration,  become  flat,  and  infinitesimally  thin ; 
so  that  any  plane  which  passes  through  the  tangent  of  the 
focal  conic  is  a  tangent  plane  to  one  of  these  surfaces,  and 
the  perpendiculars  to  these  planes  at  the  point  of  contact  are 
principal  axes. 

This  result  is  also  evident  from  the  construction  of  principal 
axes  which  is  given  by  the  enveloping  cone  of  the  ellipsoid  of 
gyration :  the  enveloping  quadric  is  a  cone  of  revolution  if  its 
vertex  is  on  a  focal  conic ;  the  tangent  of  the  conic  is  the  internal 
axis  of  the  cone ;  and  any  two  lines  in  the  plane  through  the 
vertex  of  the  cone,  which  is  perpendicular  to  the  internal  axis, 
are  external  axes.  In  this  construction  however  it  is  to  be  ob- 
served that  the  enveloping  cones  may  be  imaginary. 

Hence  we  have  two  distinct  conies,  one  in  the  plane  of  (t;,  Q 
and  the  other  in  the  plane  of  (f,  f ),  which  are  respectively  an 
ellipse  and  hyperbola,  at  every  point  of  which  the  position  of  only 
one  principal  axis  of  the  body  is  determinate ;  but  as  the  mo- 
ments corresponding  to  the  other  two  principal  axes  are  equal, 
the  position  of  these  axes  is  indeterminate. 

At  every  point  on  a  focal  conic,  the  momental  ellipsoid  be- 
comes a  spheroid,  whose  axis  of  revolution  is  the  tangent  to  the 
focal  conic. 

202.]  If  (f,  r]y  C)  is  a  point  at  which  all  the  principal  moments 
are  equal,  the  three  roots  of  (142)  are  equal ;  and  (136)  repre- 
sents a  sphere  ;  so  that 

vC=Ci=(v  =  0;  (169) 

A  +  lf(,,«  +  n  =  B  +  M(<:*  +  ^)  =  C  +  M(^  +  ,,»).  (170) 

From  (169)  it  follows  that  of  the  thiee  qnantities  ^,  ri,  ( two 
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195.]  Now  the  three  surfaces  of  the  second  degree,  which 
equation  (144)  represents,  and  which  are  confocal  with  the  cen- 
tral ellipsoid  of  gyration,  intersect  orthogonally  at  not  only 
(f>  Vi  C)i  hut  at  seven  other  points  which  are  situated  symmetri- 
cally in  the  other  octants,  and  which  correspond  to  the  several 
combinations  of  the  double  signs  of  ^,  t;,  and  C  The  equation 
(142)  is  the  same  whatever  are  the  signs  of  f,  rj,  and  f ;  so  that 
the  principal  moments  are  the  same  at  each  of  the  eight  points, 
which  are  the  angles  of  a  rectangular  parallelepipedon  whose 
centre  is  at  the  mass-centre,  and  whose  sides  are  parallel  to 
the  central  principal  axes :  and  as  the  equations  for  determining 
the  position  of  the  principal  axes  (143)  are  the  same  when  the 
signs  of  f,  7],  (  are  all  changed,  so  the  principal  axes  at  (^,  rj,  C) 
are  parallel  to  those  at  (  — f,  —  r;,  —  f) ;  and  similarly  the  prin- 
cipal axes  at  the  other  six  points  of  symmetry  are  arranged  in 
pairs  corresponding  to  the  ends  of  a  diameter. 

Thus  the  body  or  system  of  particles  is  symmetrically  arranged 
as  to  principal  axes,  principal  moments,  and  all  moments  of  in- 
ertia, relative  to  the  mass-centre,  the  central  axes,  and  the  cen- 
tral principal  planes.  And  as  space  is  divided  by  the  principal 
central  planes  into  eight  portions,  so  to  a  point  in  any  octant  a 
point  of  symmetry  corresponds  in  each  of  the  other  seven  octants, 
at  which  the  principal  moments  are  equal,  and  the  momental 
ellipsoid  is  similarly  situated  with  respect  to  the  centre  and  the 
principal  central  axes.  Therefore  whatever  is  the  form  of  the 
moving  system,  be  it  a  continuous  body  or  a  system  of  discon- 
nected particles,  however  various  the  distribution  of  its  parts, 
however  unsymmetrical  its  bounding  surface,  yet  it  has  a  mass- 
centre,  central  axes,  and  a  central  momental  ellipsoid;  and  the 
arrangement  of  all  other  moments  and  axes  is  symmetrical  rela- 
tively to  that  point.  In  discussing  therefore  the  rotation  of  an 
irregular  mass  about  an  axis  passing  through  a  fixed  point,  we 
may  dismiss  from  our  minds  all  the  irregularities  of  the  mass, 
and  consider  in  its  stead  either  the  regular  and  symmetrical 
central  ellipsoid,  or,  the  central  ellipsoid  of  gyration ;  for  the 
properties  of  either  of  these  surfaces  will  express  all  the  possible 
circumstances  of  motion  of  the  system. 

Hence  if  two  material  systems  have  the  same  mass,  the  same 
mass-centre,  the  same  principal  axes,  and  the  same  principal 
moments  of  inertia,  moments  of  inertia  of  the  two  systems  are 
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by  Sir  William  Thomson  Equimomental  Surfaces.  As  generally 
at  every  point  k  has  three  different  values,  so  will  three  equimo- 
mental surfaces  pass  through  every  point. 

By  giving  different  values  to  ^  we  have  different  equimomental 
sur&ces.  According  to  our  hypothesis  a  is  the  least  radius  of 
gyration  for  all  axes  passing  through  the  mass-centre;  it  is 
therefore  absolutely  the  least  of  all  radii  of  gjrration,  but  they 
have  no  superior  limit ;  so  that  k  may  have  all  values  &om  a  to 
+  00.  Now  (176)  will  express  surfaces  different  in  form  ac- 
cording as  ^  is  greater  than  c ;  lies  between  c  and  b ;  is  equal  to 
b ;  and  lies  between  b  and  a.  If  k  is  greater  than  c^  the  equi- 
momental surface  is  the  same  as  the  wave  surface  in  biaxial 
crystals  *. 

The  equation  to  the  equimomental  surfiuse  given  in  (175)  is,  as 
it  will  be  observed,  the  same  as  that  of  an  apsidal  of  a  quadric 
which  has  been  found  in  Art.  19,  a^,  J^,  c^  in  (124)  of  that 
Article,  having  been  replaced  by  A^— a*,  i*— J^,  ^  — A 

204.]  The  principal  axis  at  a  given  point  (a?,  y,  z)  of  the  equi- 
momental surface  lies  in  the  tangent  plane  at  that  point ;  and 
passes  through  the  point  where  a  perpendicular  from  the  origin 
on  the  tangent  plane  meets  it. 

Let  us  replace  a,  b,  c,  h  in  (143),  severally  by  iia^,  mJ*,  mc^, 
vF ;  then  the  direction-cosines  of  a  principal  axis  at  the  point 
(a?,  y,  z)  are  respectively  proportional  to 

Now  let  /,  »2,  n  be  the  direction-cosines  of  the  line  drawn  through 
(a?,  y^  z)  to  the  point  of  intersection  of  the  tangent  plane  of 
(175)  with  the  perpendicular  on  it  from  the  centre.  Then,  if 
y(x^  y^z)  =  0  is  the  equation  to  the  surface,  the  direction-cosines 
of  this  line  are  easily  shewn  to  be  proportional  to 

(,</fx2      .Jf.2     ^d¥J)     r^^\{   r^^\  ,    /^F\  .    r^^\l 

''iU  +(.7^)  +(^)  l-im^U^'^d^^-^'^w' 

•  A  full  discussion  of  this    surface  will  be  found  in   a  Thfese  de 
M^canique,  by  M.  Peslin.    Mallet-Bachelier,  Paris,  1858. 


244  PRINCIPAL  AXES.  [205. 

then  from  (175), 


— 2r8;. 


(179) 


f2  +  (j«-ifc« 
no  that  If  ffif  n  are  proportional  to 

which  uro  the  same  as  (177):  and  thus  the  theorem  as  enunciated 
in  jiroviKl. 

Si()5.]  The  investigations  of  the  preceding  Articles,  and  the 
ninUMMlfi  ^ivon  for  the  construction  of  principal  axes,  shew  that 
Hit  lixin  taken  arbitrarily  in  a  body  may  not  be  a  principal  axis 
Ht  Hfiy  ]H)int  on  it ;  because  those  axes  alone  are  principal  which 
ai'M  lioi'tnul  to  a  quadric  which  is  confocal  with  the  central  ellip- 
Mtlil  of^ymtion. 

ir  nil  iixin  of  a  body  is  a  principal  axis,  the  point  at  which  it 
|m  |irliM'i))Hl  in  mllcd  its  principal  point;  let  us  call  the  plane 
^lilitli  Im  )HiriMinrli(;tilnr  to  it  at  its  principal  point,  and  which 
iMiiihiiiiM  Mm  otiinr  two  principal  axes,  its  principal  plane  ;  so  that 
II  |irliM*ipfil  pliiiK^  of  an  axis  is  a  plane  tangent  to  a  quadric,  con- 
liHMtl  ysUh  (lut  (M*ntral  ellipsoid  of  g}Tation,  at  the  point  where 
I  lull  iMi^  <MitH  that  Hurfaco. 

In  iMiii^idoi'in^'  therefore  the  axes  of  a  body,  we  may  dis- 
t  IiiIIhIhIi  ( I )  iJioNn  whit^h  are  principal  at  every  point  along  them ; 
(U)  |,liii0(«  whidh  uro  principal  at  one  point;  (3)  those  which  are 
IMili  |MiiM<i|iHl  nl  all.     Lot  UB  consider  them  in  order. 

Tlio  (liimi  jirinripiil  rontral  axes  cut  at  right  angles  all  the 
hmikIi  loA  whinh  aro  oonfmMil  with  the  central  ellipsoid  of  gjration  ; 
HImI  mm  (lin  MMinb(«r  (if  Huch  surfaces  is  infinite,  so  every  point  on 
H  |iiMilMil  |Hlhoi|iitl  iixIh  is  ])rinoi])al ;  and  as  the  other  two  con- 
ftiiiiil  MiMl'hiioM  lit.  thoHo  points  degenerate  into  the  coordinate 
IiIhiiiiMi  (bi*  ntJior  two  principal  axes  are  always  parallel  to  the 
m^Hlhil  |tilMi<lpal  axoH. 

'IliM  (hinK  (UMitriil  prineipal  axes  are  the  only  lines  which  have 
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the  property  of  being  principal  at  every  point  on  them :  in  this 
respect  then,  as  in  others,  they  form  an  unique  system. 

Some  special  cases  of  axes  which  are  principal  at  a  partdcular 
point  deserve  consideration. 

The  sphere  whose  centre  is  at  the  mass-centre,  and  whose 
radins  is  infinitely  great,  is  a  surface  confocal  with  the  central 
ellipsoid  of  gyration ;  and  as  all  lines  drawn  through  the  mass- 
centre  are  normal  to  this  sphere  at  the  infinity  point,  so  every 
line  drawn  through  the  mass-centre  is  a  principal  axis  at  a  point 
which  is  at  an  infinite  distance  along  it. 

If  three  confocal  quadric  surfaces  pass  through  a  point  in 
one  of  the  central  principal  planes,  one  of  the  confocal  sur- 
taceB  becomes  flat,  and  the  normal  to  this  surface  is  a  per- 
pendicular to  the  central  plane ;  so  that  one  of  the  principal 
axes  at  that  point  is  always  normal  to  the  principal  central 
plane ;  and  thus  all  axes  parallel  to  a  central  principal  axis  are 
principal  at  the  points  where  they  intersect  a  central  principal 
plane:  the  other  two  principal  axes  are  the  tangent  and  the 
normal  respectively  to  a  conic  passing  through  the  point  which 
is  confocal  with  the  trace  of  the  central  ellipsoid  of  gjrration  in 
that  plane. 

206.]  What  however  are  the  analytical  conditions  which  are 
to  be  satisfied  when  a  line  is  a  principal  axis  at  one  of  its 
points  ?  also  let  us  find  its  principal  point,  and  the  equation  to 
its  principal  plane. 

Let  the  mass-centre  be  the  origin,  and  let  the  central  principal 

axes  be  the  coordinate  axes ;  let  the  equations  to  a  certain  line 

be 

=  *,  (say) ;  (181) 


/  ffl  It 


and  let  the  equation  to  a  plane  perpendicular  to  it  be 

Ix  +  m^-h  nz—j)  =  0.  (182) 

Now  if  (181)  is  a  principal  axis,  and  (182)  is  its  principal  plane^ 
(181)  is  the  normal  to,  and  (182)  is  the  tangent  plane  at  the 
same  point  to,  a  quadric  which  is  confocal  with  the  central 
ellipsoid  of  gyration. 

Let  the  equation  to  this  confocal  surface  be 

""  +1^  +  3^  =  1;  (188) 


a^^O  ^  i'^^o  ^  c^j^Q 


iirf  ju::?ii  iXt.^.  '206- 


S4 


^.+         jf  :--J         ,  .-1.4  ■ 

•  •        •  i      - 1 


^-*a   -sac?  z^m    -*-  - 


/  =  /.  —  Tf-f.         r  =  r,  —  1*. 
«        -  '  1 


n     ---.-.-*      --r-  /.-   a  Z-  — :-  r,  =0:       •  l>i  » 

^^.^^    ^>1    >  A  7r:3«.*L::ttl  irrir  i'    ce  cc'  it?  r«:i:itff. 

3^«,  ^  l'^  T  -f*^  --^  '^'i  ^ipkTyz.  :•:■  :he  plane  whioh  (v«n- 
^a^-,,,  42  -  ^/lar  jx  T^t*  :!l:t6*'o£  l'  ,r=^Ta*i-:c  An-i  the  p*rr*n«i:cT2lar 
•^,-.  -:2^  *.ar:7t  jc  'J*^  ■riiLZ.-i  ^ijjc.  :.:coce?  the  ellirtsoid  at  that 
^py,-  ^2c  "Utf  ^5i3:«f  lif  e:  iLj  Tr;»*.  i:  t^  r«»i  for  the  ellipsoid 
^  --a:ii.a  ia '  :"3«iirti*  t^izi^iais'-rSc.  tiiit  eilijtsci-i :  hence  the 
--*c  ^.."suidva  5s  :-iii3  'Z'i  z,'^  Tif.^i  fi  :c  ce  a  priiici|«]  axis 
^,,^  ^  :•  --;;>>  rrjiZti.  H:  =■-'•:  sr-z  'zj.--z  :he  fo^cwia^  o^nstnic- 
:-.c         »  — ^   ^  :r:»v-i  :::r:.:^ri  :lf  =JL5s-.-^-:r€  parallel  to  the 

.    -■•^    »-».  -..laTS  i--":  i-i-*^  '^z^^zllizljii  to  this  line  and 

.  ^-   -  :2»j.:-*»  •*  .'*'r:.'"  ci*  v::i  :i--  jllir-sc:!  o:' ^rvrat ion.  then 

.    -,.^:  ...    -.•   :>■:  ^".--f-  '.1-f   izi  ra5*:r.r  throoirh  the 

_     .  ..  ^    I    •c  jcT  i"^   '.rl-.i-.al  ixr< :  ar.i  all  these  lines 

•     -,   <»  •  V.'     tii.Tv*.  ■'.;.    '->v    .  >■:  tu:  ■::'a  sv^tem  of  parallel 

^.     .  ,^^    H      :>.x  :*,iz.  -t  •.::-. ira*.  axcs  which  are  in  this 


.  w«>.:-.v  ■••'?  -^J^"  ■■••^  '■**>  -■"-■"■  — "■  i-ve^tirJkti.-nof  Art.  28: 
*    ■  v"     *i  •*"*-i"'>.  :>  :'I^-:::;caI  w::b    ISoorjlSG):  so 

,.    » .,  -*•   -.*  ->-.•  c'!*:vsH;"i.  ini  :x  v '.     .  h\  is  the  per- 
.j^^  ^    ■»*   .-■■■•■■  .  * 

...     »^'  -.Li-.'  -.v '*:.;>.  :.;::.:  r.c<  the  cH:t6i?id  at  p,  okp  is 
t  **  »  v*  4"    "*-'0*  -siruilel  to  .;s  arv  rrir.cij^al  axes. 

..    ■*-    •.-•••«:-  i"'  i«^<'r:'.>:xi  aK^at  ok  as  its  axis 
X   >.•••.  "^ Tors  Jirv  c'v-i:i:''-'-*.t'r.:ai  axes,  nut  only 

*    .•    "v     t     'sT  •■':i*-»:'  .' vr  Arv  vrir.ciial  axes.     And  hence 

4^  *^  ■    ■    ■ 

^  ,    .V  f ^  ::vvrv-: 

^  .,;»-  jN'v.l.T   \\■^>v  axis  of  revolution   passes 

.»    !>      r.*o>'.v»'.:\'  of  .i  s.-stcr.:.  ther\*  are  two,  and  only 


2O70  PBINOIPAL  AXES.  247 

two  generators  which  are  principal  as  well  as  eqnimomentali  and 
these  are  diametrically  opposite  and  lie  in  the  plane  okp» 

207.]  Now  when  the  line  (181)  fdlfils  the  condition  of  being 
in  the  plane  okp,  the  point  at  which  it  is  normal  to  a  confocal 
qnadric  is  its  principal  point,  and  its  coordinates  may  thus  be 
fonnd. 

Let  {Xyfy  z)  be  the  principal  point ;  and  let  ok,  =  il,  be  snch  that 

iP  =  a«/«  +  J««i«  +  c8«a  5  (188) 

then  as  j0  Ib  the  perpendicular  on  the  parallel  plane  which  tonchee 
the  confocal  qnadric  (188), 

y  =  (a2  +  d)/2  +  (j«+^)m«  +  (c«  +  ^)««, 

=  A2  +  ^.  (189) 

Then,  as  (^,  y,  z)  is  the  point  where  (181)  intersects  (188)  at 
right  angles, 

X  y        _        ^        «.  ^ 

/(a*+^)  ^  m{V^Te)  ""  «((?^  +  ^)  '^p 

_        Ix-^my+nz        _     p 

and  substituting  the  values  otx^y,  z  given  in  (181),  and  elimin- 
ating i  and  0,  we  have 

mn(b^^(^)      nlli^^a^)      Imia^^h')       ,,^,, 

p  =  — ^^ =  -j^ ^  =  — ^^ — J— ^ »     (191) 

ny^^mz^        Iz^-nx^        mx^^ly^        ^       ' 

whereby  p  is  given ;  and  thus  6  and  the  particular  confocal 
quadric  become  determined.     Also  from  (190), 

x^  -V_J  =  -(a>+^«-i»),   r 

which  are  the  coordinates  to  the  principal  point  of  the  line  (181) 
when  it  is  a  principal  axis. 

It  is  also  evident  from  Art.  28,  that  the  principal  points 
corresponding  to  a  series  of  parallel  principal  axes  lie  in  a  rect- 
angular hyperbola,  one  of  whose  asymptotes  is  the  line  ox. 

From  (192)  we  have 

{h^-c^)xmn'\-{(^-a^)ynl'^{a^^V)zlm  =  0: 

now  if  we  take  the  point  {x^y^  z),  being  the  principal  point  of 
the  line  (/,  m^  9t),  to  be  an  origin,  and  on  the  line  (^  m,  n)  take 
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This  sabject  will  receive  considerable  illastration  from  oar 
subsequent  enquiry  into  the  character  of  principal  axes. 

201.]  Let  U8  in  the  next  place  investigate  the  positions  of 
those  points  at  which  (1)  two  of  the  three  principal  moments, 
(2)  all  three  principal  moments,  are  equal. 

If  (^,  rjy  C)  is  &  point  at  which  two  principal  moments  of  inertia 
are  equal,  two  of  the  three  values  of  h  in  (142)  are  equal  to  one 
another  ;  and  consequently  (142)  and  its  H-differential  are  simul- 
taneously true.  Now  the  H-ditferential  may  be  put  into  the 
form 

(A  +  M^2_„ja  +  (B  +  Mp2-H)^  ■*■  (C  +  Mp2-H)2  =  ^^      ^^^^^ 
Or^2^B4.Mp2_H)2(c  +  Mp2-H)2  +  t;2(c  +  Mp«-H)2(A  +  Mp«-H)« 

+  C^  (a  +  Mp2  -  h)2  (b  +  Mp2  -  h)«  =  0.    (164) 

All  the  roots  of  this  equation  as  it  stands  are  imaginary ;  and 
as  the  reality  of  the  roots  of  (142)  has  been  demonstrated,  (164) 
must  be  satisfied  identically :  this  may  be  done  as  follows : 

(1)  Let  f  =  0,  and  h  =  a  +  M/i2;  in  which  case  (142)  becomes 

—^  +  -^—  =  — ;  (165) 

B— A        C~A  M  ^         ^ 

and  since  a  =  Ma^,  b  =  Mi-,  c  =  Mcr^,  this  becomes 

ra^  +  A  =  i;  (166) 

and,  according  to  our  assumption,  c  >  b  >  a  ;  thus  (166)  repre- 
sents an  ellipse  in  the  plane  of  (77,  (^),  and  is  in  that  plane  the 
focal  conic  of  the  ellipsoid  of  gyration.  Each  of  two  of  the  prin- 
cipal moments  of  inertia  =  A  +  Mp^ ;  and  the  third  =  b  +  c  — a, 
by  reason  of  equation  (142). 

(2)  Let  ?;  =  0,  and  n  =  b  +  Mp^  ;  in  which  case  (142)  becomes 

A  +  A  =  '^'  (167) 

which  represents  an  hyperbola  in  the  plane  of  (f,  f ),  whose  real 
and  imaginary  axes  lie  respectively  along  the  axes  of  C  and  f, 
and  is  another  focal  conic  of  the  ellipsoid  of  gyration.  Two  of 
the  principal  moments  of  inertia  =  b  +  Mp^  ;  and  the  third  prin- 
cipal moment  =  c  +  a  —  b. 

(3)  Let  C  =  0 ;  and  11  =  c  +  Mp^  ;  then  (142)  becomes 

^  +  ^  =  1'  (168) 
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point  on  it,  the  principal  point  being  the  inteniection  of  the  line 
with  the  perpendicular  on  it  from  the  mass-centre. 

209.]  That  every  line  in  a  central  principal  plane  is  a  principal 
axis  at  some  point  may  be  proved  by  the  following  process. 
Whatever  is  the  position  of  the  line  in  the  plane  (say)  of  («>  J^)»  b 
conic,  confocal  with  the  conic 

a^  +  J2  -  1> 

can  always  be  drawn  to  which  this  line  shall  be  a  normal. 
Thns,  let  the  equation  to  the  line  be 

Iw+my^p,  (194) 

where  /^  +  ««^  =  1.  And  let  the  equation  to  the  conic,  confocal 
with  the  conic  of  gyration,  be 

Q  2 

-r-s  +  J-i  =  1 ;  (195) 

a*+e      1^  +  0         '  ^       ' 

where  0  is  to  be  detennined  so  that  (194)  may  be  a  nonnal  to 
(195) ;  whence  we  have 

"     -     y      _        p        _i.       /iQfix 

/(««  +  <?)-  «(*»  +  «)-  a«^  +  i»«i»+fl~i>'  "^^^f 

therefore  Q  =  j^—a'P-^ »« ;  (197) 

and  therefore  from  (196) 

x  =  -{a'+p*-(^P-li^m*]}  (198). 

y  =  -  {i»  +jB«-a«/«- J««»«}  ;  (199) 

which  determine  the  principal  point  in  the  line  (194) ;  and  shew 
that  whatever  that  line  is,  it  is  always  a  principal  axis,  and  has 
consequently  a  principal  point. 

Ifj9=  OfX  =  y=:oo;  that  is,  if  a  line  in  a  principal  central' 
plane  passes  through  the  mass-centre,  the  principal  point  of 
that  line  is  at  an  infinite  distance ;  a  theorem  which  has  been 

stated  before.     If  ^  =  0,  and  l=zO,  w  =  ^>  y  ssO;  thus  on  the 

central  axis  of  x  every  point  is  a  principal  point.  A  similar 
theorem  is  true  of  the  axis  of  y. 

210.]  It  is  unnecessary  to  say  more  as  to  lines  in  space  which 
may  not  be  principal  axes  at  all ;  the  criterion  of  such  lines  is, 
that  their  equations  do  not  satisfy  the  condition  (187).  I  will 
however  again  observe  that  the  fSact  is  evident  from  tins  con- 
sideration.    Let  the  given  straight  line  be  produced  to  meet  one 
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of  the  principal  central  planes,  and  let  the  polar  of  that  point  be 
drawn  relatively  to  the  focal  conic  in  that  plane ;  it  is  evident 
that  the  trace  of  a  plane  perpendicular  to  the  given  line  need 
not  be  parallel  with  that  line.  If  it  is  parallel,  the  original  line 
has  a  principal  point,  and  is  a  principal  axis.  The  condition  of 
parallelism  is  expressed  by  (187). 

211.]  Although  a  line  in  space  may  not  be  a  principal  axis  at 
all,  yet  every  plane  is  a  principal  plane  for  some  point  in  it,  be- 
cause, whatever  is  the  position  of  the  plane,  it  is  a  tangent  plane 
to  some  quadric  which  is  confocal  with  the  central  ellipsoid  of 
gyration.  And  the  principal  axis  may  be  found  in  the  following 
way.  Let  us  consider  the  trace  of  the  plane  on  one  of  those  cen- 
tral-principal planes  in  which  the  focal  conic  is  real ;  and  let  this 
trace  be  considered  a  polar  relatively  to  that  conic  ;  let  the  cor- 
responding pole  be  then  determined,  and  from  it  let  a  perpen- 
dicular be  drawn  to  the  given  plane  ;  that  perpendicular  is  the 
principal  axis  of  the  plane,  and  the  point  of  intersection  of  it  with 
the  plane  is  the  principal  point  of  the  plane.  We  may  investigate 
these  results  by  the  process  similar  to  that  of  Art.  207. 

Let  the  equation  to  the  plane  be 

lx-\-my-\-  nz  =  jo,  (200) 

where  ?  +  ^«^  +  »^  =  1 ;  and  let  (^,  r;,  f )  be  the  point  where  this 
plane  touches  the  surface 

P"  Tl2  (*2 


of  which  the  tangent  plane  at  (^,  »y,  f )  is 

^+_2JL+_^  =  l;  (202) 

a^-\-e      b^-^Q      c^-^Q  ^       ' 

and  as  (200)  and  (202)  are  identical,  we  have 

^  {/'(a^  +  g)  +  m^(&^  +  g)  +  n^(.^  +  g)}.  ^^^ 
.:     e=p^-{a^P  +  l^m^  +  <^n^) ;  (205) 


C=-{p^  + 1» - (a«^  +  iht,^  +  chi^) }  ; 


I  (206) 
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80  that  (205)  gives  the  particular  ellipsoid  which  is  confocal  with 
the  ellipsoid  of  gyration  ;  and  (206)  assign  the  principal  point 
in  the  plane,  and  is  that  point  at  which  the  plane  touches  the 
surface  (201). 

Hence  it  appears  that  if  a  plane  is  given,  a  confocal  sxn&ce 
can  be  assigned  which  shall  be  touched  by  that  plane ;  and  also 
the  point  of  contact  can  be  determined,  and  this  is  the  principal 
point  of  the  plane. 

212.]  The  equations  to  the  principal  axis  whose  principal  plane 
is  (200)  may  thus  be  found. 

Let  the  trace  of  (200)  be  taken  on  the  plane  of  (x,y) ;  then,  if 
it  is  considered  a  polar  relatively  to  the  focal  conic  in  that 

plane,  the  pole  is  ( /, mj ;  and  therefore  the  equa- 

tions  to  the  axis,  which  is  principal  to  the  plane  (200),  are 

f I      rj m       J, 

P         _  P  _  C. 

I  m  n' 

or,  as  they  may  be  expressed, 

Y  J^''~p'  _        P  (207) 

I  m  n 

Hence  every  plane  is  a  principal  plane  at  some  one  point 
of  it.  A  central  principal  plane  is  a  principal  plane  for  every 
point  of  it,  because  every  axis  which  is  perpendicular  to  a  central 
principal  plane  is  a  principal  axis  with  its  principal  point  in  the 
central  principal  plane. 

Also  the  plane  at  an  infinite  distance  is  a  principal  plane  at 
every  point  of  it ;  and  all  the  corresponding  principal  axes  pass 
through  the  mass-centre.  The  three  central  principal  planes 
and  the  plane  at  infinity  alone  have  this  property,  that  every 
point  in  them  is  a  principal  point.  In  this  respect  the  system  is 
unique. 

213.]  It  will  have  been  observed  that  the  theory  of  principal 
axes  and  of  principal  moments  of  inertia  might  be  investigated 
on  either  one  or  the  other  of  two  principles  ;  either  as  a  part  of 
the  geometry  of  masses,  or  on  a  purely  dynamical  principle  in 
respect  of  centrifugal  forces.  We  have  chosen  the  former,  as  it 
is  the  main  line  along  which  our  enquiry  has  proceeded,  and  we 
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have  shewn  that  in  reference  to  a  given  point  the  principal  axes, 
as  defined  in  Article  179,  are  also  those  about  which  as  rotation- 
axes  the  moments  of  inertia  have  critical  values,  being  severally 
a  maximum,  a  mean,  and  a  minimum,  with  their  special  forms. 
If  we  had  taken  a  dynamical  standpoint,  principal  axes  would 
have  been  defined  as  those  axes  about  which  the  moment  of  the 
centrifugal  couple  vanishes,  or  about  which  the  centrifugal  forces 
equilibrate,  or  compound  into  a  single  resultant  of  translation 
passing  through  the  origin,  and  thus  produce  a  motion  of  transla- 
tion of  the  origin  or  a  pressure  at  it ;  in  other  words,  the  principal 
axes  would  have  been  the  axes  relative  to  which,  see  Art.  159» 

l''=m''=n"'=0;  (208) 

and  <!onsequently,  see  (63)  of  that  Article, 

ft),  ~  ft)y  ""  ft). 

Now  as  (0^,(0^,  ft),  are  proportional  to  the  direction-cosines  of 
the  rotation-axis  fulfilling  that  condition,  on  comparing  these 
equations  with  those  given  in  (115),  Art.  182,  it  will  be  seen 
that  they  are  identical ;  and  that  consequently  the  lines  coincide. 
Hence  it  follows  that  the  principal  axes,  as  already  defined,  are 
those  about  which  the  centrifugal  forces  either  equilibrate  or 
compound  into  a  single  resultant ;  for  in  both  cases  we  have  the 
condition  l"  x''  +  m"  y"  +  n"  z"  =  0 ; 

and  consequently  principal  axes  might  have   been  defined  on 
either  of  these  principles. 

214.]  If  the  centrifugal  forces  compound  into  a  single  result- 
ant, the  components  of  that  resultant  are  x",  y^',  z",  as  given  in 
(60),  Art.  159,  and  if  (J^,  ^,  z)  is  the  mass-centre  of  the  system,  we 
have,  if  m  is  the  mass  of  the  moving  particles, 

x"  =  M{a)^J^  — ft),(J^a)jj+ya),,  +  ^ft),)},    \ 
y"  =  M{a)23r  —  a)^(Ja), 4-^0)^  +  ^0),)},    (  (210) 

z"  =  M(ft)2i  — a),(J=a),+j?a)y  +  ^ft),)}  ;  ) 
each  of  these  vanishes,  if  the  mass-centre  is  the  origin.     Conse- 
quently in  reference  to  central  principal  axes   the  centrifugal 
forces  are  in  equilil)rium.    If  these  do  not  vanish,  they  compound 
into  a  single  resultant. 

If  A  =  B  =  c,  that  is,  if  the  three  principal  moments  at  any 
point  are  equal,  then  l"=  m"=  n"=  0,  and  the  moment  of  the 
centrifugal  couple  vanishes 


2 1 6.]  PRINCIPAL   AXES.  253 

215.]  The  axis,  the  moment,  and  the  direction  of  the  centri- 
fugal couple  may  be  aptly  represented  by  means  of  the  momental 
ellipsoid  and  also  of  the  ellipsoid  of  gyration  in  the  following 
manner. 

Prom  (97),  Art.  174,  we  have 

L%+  M"a>2  +  N'X  =0,  ) 

whence  it  appears  that  the  axis  of  the  centrifugal  couple  is  per- 
pendicular to  the  rotation-axis,  and  also  to  the  line  whose  direc- 
tion-cosines are  proportional  to  Aa)i,Ba)2,  C(»^,  and  consequently 
to  the  plane  which  contains  these  two  lines.  Now  if  the  rotation- 
axis  coincides  with  a  radius  vector  of  the  momental  ellipsoid 
whose  equation  is  (117),  Art.  182,  the  line  whose  direction- 
cosines  are  proportional  to  aco^,  Ba)2>  €0)3  is  the  perpendicular  to 
the  plane  which  touches  the  ellipsoid  at  the  point  where  the 
rotation-axis  cuts  it ;  hence  the  axis  of  the  centrifugal  couple  is 
at  right  angles  to  the  plane  which  contains  the  rotation-axis 
and  the  perpendicular  to  the  corresponding  tangent  plane,  and, 
as  by  Article  174,  this  perpendicular  is  the  axis  of  the  effective 
couple,  that  is  of  a  couple  by  the  action  of  which  the  body  would 
be  brought  to  rest,  it  follows  that  the  resultant  of  the  centrifugal 
forces  acts  in  the  plane  which  contains  the  axis  of  the  resultant 
angular  velocity  and  the  axis  of  the  resultant  effective  couple. 

216.]  Also  in  reference  to  the  ellipsoid  of  gyration  whose 
equation  is  (148),  Art.  193,  if  m  denotes  the  mass  of  the  moving 
system  cf  particles 

l"=  M(o^(b^  —  c^)  cos  /3  cos  y,  \ 

m"  =  m  0)2 (c^  - a2)cos  y  cos  a,    (  (212) 

N''=McD2(a2-^2Jgosacos)3;  ) 

l"cos  a  +  m"cos ^  +  n"cos y  =  0,  )  /oiq>i 

L''a2cosa  +  M"i2co8^  +  N'Vcosy  =  0.   )  ^     ^ 

Let  o  be  the  centre  of  the  ellipsoid^  ok  the  rotation-axis  whose 
direction-angles  are  a,  ^,  y,  and  let  p  be  the  point  (x,  y,  z)  on  the 
ellipsoid  where  the  plane  perpendicular  to  OK  touches  it;  let 
OK,  =  it,  be  the  perpendicular  on  this  plane,  k  being  the  radius  of 
gyration  of  the  system  about  ok.     Hence  we  have 

cos  a  =  ^  ,      cos/3  =  -^ ,      cosy  =  -^;  (214) 

and  therefore  the  axis  of  the  centrifugal  couple  is  perpendicular 
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to  OK  and  to  op,  and  consequently  to  the  plane  okp;  this  plane 
therefore  is  the  plane  of  the  centrifugal  couple. 

217.]  Also  the  moment  of  the  couple  is  proportional  to  the 
area  of  the  triangle  okp.  Let  the  area  of  the  triangle  be  de- 
noted bj  V,  and  let  v^,  v^,  v«  denote  the  projections  of  this 
triangle  on  the  planes  o{(y,  z),  {z,x),  (af,y)  respectivelj ;  then  as 
the  three  angular  points  of  the  triangle  are  the  origin,  the  point 
(^9  y^  ^)i  Ai^d  the  point  (^  cos  a,  it  cos  j3,  it  cos  y)  respectively, 

2vj5  =  i(ycosy— j?cos/3) 

=  {b^^<^)coB^coByi  (215) 

with  similar  values  for  v^  and  v, :  hence  we  have 

L"=2Ma)2v.,     M''=2Ma)2v^,     N^'s  2Ma>2v.;         (216) 

and  consequently  the  moment  of  the  centrifugal  couple  varies  as 
the  triangle  okp. 

Hence  the  moment  of  the  centrifugal  couple  vanishes,  when- 
ever the  area  of  the  triangle  okp  vanishes ;  that  is  when  the 
radius  vector  and  the  corresponding  perpendicular  coincide ;  or,  in 
other  words,  when  the  rotation-axis  is  a  principal  axis. 

The  effect  of  the  centrifugal  couple  is  to  change  the  position 
of  the  rotation-axis,  the  new  rotation-axis  being  in  the  plane 
which  contains  ok  and  the  axis  of  the  centrifugal  couple,  so  far 
as  the  centrifugal  couple  affects  its  position. 

218.]  One  net  result  of  the  preceding  investigation  is  to 
shew  that  in  discussing  the  most  general  motion  of  a  body  or  of 
a  system  of  material  particles  we  may  omit  all  consideration  of 
the  individual  constituent  particles  as  to  their  motions,  and 
attend  only  to  the  motion  of  one  point,  to  the  mass,  to  the  prin- 
cipal axes  and  the  principal  moments  referred  thereto,  for  these 
are  the  only  quantities  which  are  involved  in  the  equations  of 
motion ;  and  it  is  convenient  to  take  the  mass-centre  as  the 
point  whose  motion  of  translation  we  consider,  because  the  equa- 
tions of  motion  of  translation  become  thereby  much  simplified. 
We  are  hereby  authorised  to  omit  all  consideration  of  irregulari- 
ties of  form  and  of  want  of  uniformity  and  symmetry  in  the 
distribution  of  particles;  we  have  to  consider  only  the  mass, 
the  mass-centre,  the  principal  central  axes  and  the  principal 
central  moments.  This  method  of  enquiry  introduces  great 
sunplification,  and  brings  within  our  grasp  many  problems 
^hich  would  otiierwise  be  beyond  it.     It  gives  a   simplifica- 
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idon,  an  order,  and  an  elegance  of  form  to  many  problems  and 
expressions  which  in  their  original  structure  are  too  complicated 
and  too  confused  to  admit  of  treatment.  In  illustration  of 
this  remark  may  be  cited  the  theory  of  the  central  ellipsoid  of 
gyration  and  its  allied  system  of  confocal  quadrics.  How  mar- 
velously  does  it  bring  into  order  lines  which  otherwise  seem 
scatteied  promiscuously  in  space,  and  shew  the  character  which 
they  must  exhibit  if  they  are  principal  axes  at  any  point  on 
them ! 

219.]  In  connection  with  these  observations  we  may  remark  on 
the  simplification  in  the  expressions  for  the  kinetic  energy  and 
for  the  moment  of  momentum  of  a  system  in  reference  to  a  given 
point  and  to  axes  passing  through  that  point,  when  the  coor- 
dinate axes  at  the  point  are  principal  axes.  Taking  the  value  of 
the  kinetic  energy  which  is  given  in  (108),  Art.  Ill,  we  have 

2t  =  AWaj-^  +  BWy^  +  Co)/  — 2Da)ya),  — 2Ba),a)jB— 2Pft),a)^, 

so  that  if  the  axes  are  principal, 

2t  =  Acoi^  +  Bwg^  +  cwa^. 

Also  taking  the  values  of  iij,  ^jj,  ^3  which  are  given  in  (85),  Art. 
94,  we  have 

n.y  =  — Fa)-  +  Bft)«— Do),  =  I  3 —  )  > 

these  become,  if  the  axes  are  principal, 

and  if  a,  ^,  y  are  the  direction-angles  of  the  axis  of  ^,  in  reference 
to  the  principal  axes, 

cosa  =-7^  = -V^>      C08)3  =  7^  =-7-^1  .    cosy=-^  =  -^* 

Hence,  if  <f>  is  the  angle  between  the  instantaneous  and  the  in- 
variable axes, 

^,0), +^oa)2  +  ^Qa)o       2t 

cos<f)  =  -^— ' \-^ — 2-3=-:.^. 

fKja  -  hria 

2t 

CD  cos  <^  =  -7-* 
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which  expresses  the  component  of  the  instantaneous  angular 
velocity  about  the  axis  of  h. 


Section  4. — Examples  of  moments  of  inertia. 

220.]  In  this  section  I  propose  to  apply  the  general  formula 
of  the  preceding  section  to  the  calculation  of  moments  of  inertia 
and  radii  of  gyration,  relatively  to  certain  given  axes,  of  material 
lines  or  wires,  of  thin  plates  and  curved  shells,  and  of  solid 
bodies.  It  will  be  found  most  convenient  to  make  the  calcula- 
tions with  reference  to  certain  axes  to  which  the  bodies  are 
geometrically  related,  and  which  yield  the  most  simple  forms 
of  integration.  And  by  means  of  them,  and  the  theorems  of 
the  preceding  section,  to  investigate  the  moments  of  inertia 
about  other  axe&  The  following  theorems  are  most  useful  for 
the  purpose. 

(1)  If  at  any  point  of  a  body,  a,  b,  c  are  the  principal  moments 
of  inertia,  and  h  is  the  moment  of  inertia  about  the  axis  (a,  )3,  y) 
passing  through  that  point,  then 

H  =  A  (cos  a)2  +  B  (cos  /3)2  +  c  (cos  yf ;  (217) 

and  if  a'=  ^s.wa^,     b'=:5.w^^,    o'^i,.mz^^ 

H  =  a'  (sin  af  +  b'  (sin  ^)2  +  c'  (sin  yf.  (218) 

(2)  If  H  and  h'  are  the  moments  of  inertia  of  the  mass  m  about 
two  parallel  axes,  one  of  which  passes  through  a  given  point,  and 
the  other  passes  through  the  mass-centre  ;  and  if  ^  is  the  distance 
between  these  axes,  then 

and  therefore  if  k  and  h'  are  the  radii  of  gyration  about  the 
axis  through  the  given  point,  and  the  parallel  axis  through  the 
mass-centre  respectively,  then  h  =  M/fc^,  h'=  mA'^; 

/.     P=>fc'2^>i2.  (220) 

221.]  The  moments  of  inertia  of  material  lines  or  wires. 

Ex.  1.  The  moment  of  inertia  of  a  straight  wire  of  uniform 
thickness  and  density. 

Let  the  length  of  the  wire  be  2  a,  p  =  its  density,  o)  =  the 
area  of  a  transverse  section ;  and  let  it  lie  along  the  axis  of  a?. 

(1)  Let  the  rotation-axis  be  perpendicular  to  its  length,  and 
pass  through  its  middle  point ;  then 

the  moment  of  inertia  =  /    poiX^dx^^poaa^. 
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(2)  Lei  tHe  rotation-axis  be  perpendicular  to  the  wire,  and  at 
a  distance  c  from  the  middle  point  which  is  its  mass-centre ; 
then,  by  (210),  since  the  mass  of  the  wire  =  2pa)a, 

the  moment  of  inertia  =HP<«>^^  +  2pa)ac^. 

Hence,  if  an  equilateral  triangle  is  formed  of  a  wire  whose 
length  is  6  a,  the  moment  of  inertia  relatively  to  an  axis  passing 
through  the  mass-centre  of  the  triangle  and  perpendicular  to  its 
plane  is  4pa>a^ 

(3)  Let  the  rotation-axis  be  perpendicular  to  the  wire  and  pass 
through  one  of  its  ends ;  then 

the  moment  of  inertia  =  /     poax^dx  =  -^^ — 

(4)  Let  the  rotation-axis  intersect  the  wire  in  its  middle  point 
at  an  angle  a ;  then 

the  moment  of  inertia  =  ^  p  o)  a*  (sin  a)*. 

Ex.  2.  The  moment  of  inertia  of  a  wire  of  uniform  thickness 
and  density  whose  form  is  a  circular  arc 

Let  p  =  the  density,  o)  =  the  area  of  a  transverse  section, 
a  =  the  radius  of  the  circle,  2  a  =  the  angle  subtended  by  the 
arc  at  the  centre  of  the  circle. 

(1)  Let  the  rotation-axis  pass  through  the  centre  and  be  per- 
pendicular to  the  plane  of  the  arc ;  then 

poia^dB^2p<aa^a\ 

and  therefore  the  moment  of  inertia  of  a  complete  circular  wire 
about  an  axis  which  passes  through  its  centre  and  is  perpen- 
dicular to  its  plane  is  2irpcDa^ 

(2)  Let  the  rotation-axis  be  perpendicular  to  the  plane  of  the 
wire  and  pass  through  its  middle  point ;  then 

dy    ^dx  ^  ds 
a—x  '^  y  '^  d  * 

.  .     the  moment  of  inertia  =  /  p  co  (a?^  +y*)  d% 

=  4pa)a^  (a— sina} ; 

and  the  moment  of  inertia  of  a  complete  circle  =  4irpa)a'. 

(3)  Let  the  rotation-axis  be  in  the  plane  of  the  wire  and  pass 
through  the  centre  and  its  middle  point ;  then 
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the  moment  of  inertia  =  /   poaa^  (sin  S^d  0 

=  pa)^^  {a— sin  a  cos  a}; 
and  therefore  the  moment  of  inertia  of  a  complete  circalar  wire 
aboat  its  diameter  is  Trpoaa^ 

(4)  Let  the  rotation-axis  pass  through  the  centre  of  a  com- 
plete circular  ring,  and  be  inclined  at  an  angle  y  to  the  plane  of 
the  circle ;  then,  by  (217), 

the  moment  of  inertia  =  irpa)a^(cosy)^  +  2irpa)a®(siny)* 

=  irpoaa^  {l  +  (anyf}. 
Ex.  3.  A  wire  of  uniform  thickness  and  density,  whose  length 
is  a,  is  bent  into  the  form  of  a  complete  cycloidal  arc :  the  mo- 
ment of  inertia  of  it  about  a  rotation-axis  which  joins  its  two 


3 
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Ex.  4.  To  find  the  plane  curve  of  given  length  of  which  the 
moment  of  inertia  about  an  axis  perpendicular  to  the  plane  is  a 
minimum.  If  p  is  the  radius  of  curvature,  jd  is  the  perpendicular 
on  the  tangent,  and  r  is  the  radius  vector,  2pjo  =  r*+^. 

In  each  of  the  preceding  examples  the  mass  of  the  wire  can 
be  easily  found :  and  as  the  square  of  the  radius  of  gyration  is 
the  moment  of  inertia  divided  by  the  mass,  so  the  radius  of 
gyration  can  be  found  without  difficulty. 

If  the  wire  lies  wholly  in  one  plane,  say  in  the  plane  of  (a?,  y), 
that  plane  is  a  principal  plane  of  it ;  because  in  this  case  ^  =  0 
for  all  elements  of  it ;  and  therefore  i,.mzx  =.  ^,myz  =  0,  and 
the  axis  of ;?  is  a  principal  axis.  The  other  two  principal  axes 
must  be  found  by  the  process  of  Art.  171. 

222.]  The  moment  of  inertia  of  thin  plates  and  of  curved 
shells. 

In  all  cases  we  shall  assume  the  thickness  of  the  plates  and 
shells  to  be  infinitesimal,  and  to  be  represented  by  the  symbol  t  ; 
and  thus,  if  it  is  convenient,  we  shall  take  the  plate-plane  to  be 
the  plane  of  (a?,  y) ;  in  this  case,  as  -2?  =  0  for  all  elements  of  the 
plate,  i„mzx-=.  i,,myz  =  0,  and  the  plane  of  (a;,y)  is  a  principal 
plane  and  the  axis  of  ^  is  a  principal  axis.  The  other  principal 
axes  will  be  found  by  the  method  of  Art.  171 ;  and  the  principal 
moments  of  inertia  having  been  determined,  the  moment  of 
inertia  about  any  other  axis  may  be  determined  by  means  of  the 
theorems  given  in  (217)  and  (219). 
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Also,  since  z  =  0,  the  moments  of  inertia  about  the  axes  of  x 
and y  are  respectively  %,my^  and  i,,moi^\  and  as  t.m (a?^  +y^)  is 
the  moment  of  inertia  about  the  axis  of  z^  it  follows  that  the 
moment  of  inertia  about  an  axis  perpendicular  to  the  plate  is 
equal  to  the  sum  of  the  moments  of  inertia  about  any  two  axes 
at  right  angles  to  each  other  in  the  plate. 

Also,  since  ^,m{x^-\-y^^  is  the  same  for  any  two  rectangular 
axes  in  the  plane  of  the  plate,  if  2.^^^  =  a  is  a  maximum, 
:5.f«a?2  --  3  jg  ^  minimum,  and  vice  versft. 

If  the  axes  of  coordinates  are  principal  axes,  from  (217)  we 
have  H  =  A  (cos  a)^  +  b  (cos  ^f  4  (a  +  b)  (cos  yf 

=  A  {(cos  of  +  (cos  y)^}  +  b  {(cos)3)2  +  (cosy)^} 
=  A  (sin  0)2  +  B  (sin  of ;  (221 ) 

and  if  the  rotation-axis  is  in  the  plane  of  (a7,y),sin)3  =  cos  a ;  and 

H  =  A  (cos  a)2  +  B  (sin  a)^.  (222) 

Ex.  1.  The  moment  of  inertia  of  a  square  plate. 
Let  a  =  the  side  of  the  plate,  p  =  the  density  at  the  point 

(a?,5<). 

(1)  Let  the  rotation-axis  pass  through  the  centre  t)f  the  plate 
and  be  perpendicular  to  its  plane ;  then 

the  moment  of  inertia  =  /      /    pT{a^+y^)dyda  =  ^-^  • 

(2)  Let  the  rotation-axis  be  the  line  joining  the  middle  points 
of  two  opposite  sides ;  then 

the  moment  of  inertia  =   /       j     prj^dydx^^-^  • 

(3)  Let  the  rotation-axis  pass  through  an  angular  point  of  the 
plate,  and  be  perpendicular  to  its  plane  ;  then 

the  moment  of  inertia  =  — ^ —  • 

(4)  Let  the  rotation-axis  pass  through  the  centre  of  the  plate ; 
and  let  its  direction-angles,  with  reference  to  two  lines  bisecting 
the  opposite  sides  of  the  plate  and  the  perpendicular  through  its 
centre,  be  a,  0,  y ;  then,  as  these  lines  are  the  principal  axes  of 
the  plate, 

the  mom.  of  in.  =  ^  {(cosa)2+  (cos0)«}  +  ^*(co8y)^ 

=  -^{^yf-^  -^  (coBy)2 . 
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•Mill  li.(  I)),.  \\\\yx^  h\\\)X  "^Miv;-  ihi»  sides  ii  nml  i  respectively  be 
III!'  iMiM  nl.i  iiihl  #  .  HO  that  tho  isiualiou  to  tho  side  c  is 

.Kill  liil.  Y  '\.i      ,i); 


nrah    ,    . 
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(4)  Let  the  triangular  plate  be  that  of  the  preceding  case ;  and 

let  the  rotation-axis  pass  through  the  mass-centre  of  the  plate 

and  be  perpendicular  to  its  plane ;  then,  if  G  is  the  mass-centre, 

2       2a2  4.2i2_e?2  prflisinc 

c  G-'  =  Q ;   and  the  mass  of  the  plate  =  - — ^ — ^ — ; 

therefore,  by  reason  of  (219), 

mom.ofin.  =  ^^(3a2  +  3i2^c2)sinc^^(2a2  +  2i2«(?2)8inc 

and  therefore,  if  ^  is  the  radius  of  gyration  relative  to  a  rota- 
tion-axis passing  through  the  mass-centre  of  a  triangular  plate 
and  perpendicular  to  its  plane, 

36 

(5)  Hence  if  m  is  the  mass  of  the  triangular  plate,  the  mo- 
ments of  inertia  relative  to  three  axes  perpendicular  to  the  plate 
and  passing  through  the  three  angles  a,  b,  c  are  respectively 

4(^+^-3)'      ^i'+^-s)'      4(''+^-8)- 

(6)  If  a,  /3,  y  are  the  perpendiculars  from  the  angles  a,  b,  c  on 
the  opposite  sides,  the  moments  of  inertia  of  the  plate  about  the 
three  sides  are  respectively 

Ma2  M^2  ^ 

~6"'  6   '  "6"' 

(7)  Also,  if  /li  i,  I  are  the  lengths  of  the  lines  drawn  from  the 
angles  to  the  middle  points  of  the  opposite  sides,  the  moments 
of  inertia  about  these  lines  vary  inversely  as  the  squares  of  the 
lines. 

(8)  Also  if  M  is  the  mass  of  a  triangular  plate,  three  par- 

M 

tides,  of  each  of  which  the  mass  is  — ,  placed  at  the  angular 

3m 

points  of  the  triangle,  together  with  a  particle  of  mass  -^  placed 

at  the  mass-centre  of  the  triangle,  form  a  system  equimomental 
with  the  triangular  plate. 

Ex.  3.  The  moment  of  inertia  of  a  circular  plate,  and  of  a  cir- 
cular annulus. 

Let  the  radius  of  the  plate  =  a ;  and  let  p  and  r  express  the 
same  quantities  as  heretofore. 
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(1)  Let  the  rotation-axis  pass  thioagh  the  centre  and  be  per- 
pendicular to  the  plane  of  the  plate ;  then 

the  moment  of  inertia  =  /       /     prr^drdO  =  — - —  • 

(2)  Let  the  rotation-axis  pass  through  the  circnmference  and 
be  perpendicolar  to  the  plate ;  then,  by  (219), 

.                  ,     ^.      ,.         irprfl*  .       Sirpra* 

the  moment  of  inertia  =  —^ h  vpra*  =  — ^ —  • 

(3)  Let  the  rotation-axis  be  the  diameter  of  the  plate ;  then 
the  moment  of  inertia  =  /        /    prr'(8in  fffdrdO  =  — -^  • 

(4)  Let  the  rotation-axis  be  a  tangent  to  the  plate;  then, 

by  (219).  ,,  .    i.-    ^        S^P'-^* 

the  moment  ot  inertia  =  — ^ —  • 

(5)  Let  the  interior  of  the  circular  plat«  be  removed,  so  that 
the  remainder  is  a  circular  annulus,  the  radii  of  the  exterior  and 
interior  bounding  circles  of  which  are  a  and  b :  then  the  moment 
of  inertia  relative  to  a  rotation-axis  passing  through  the  centre 
of  the  annulus  and  perpendicular  to  its  plane  is 

2 
Also  the  moment  of  inertia  of  the  annnlos  relative  to  its  diameter 
w  irpT(a*-*«) 

■  • 

4 

Ex.  4.  The  moment  of  inertia  of  an  elliptical  plate. 
Let  the  equation  to  the  bounding  ellipse  be 

a'^  ^  62  -  ^  > 

and  let  y  =  —  la^—x^)   . 

a  ^  ' 

(1)  Let  the  rotation-axis  be  the  major  axis  of  the  ellipse ; 
then 

pa    Ty 

the  moment  of  inertia  =  4pr  /     /    y^dydx 

Jo   Jo 


=t?,r(«--)^^' 


TTprah^ 
4T~ 


irprab 
4 
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(2)  Let  the  rotation-axis  be  the  minor  a^s  of  the  ellipse ;  then 
the  moment  of  inertia  =  4pr  /      /    m^dydx  =  — ^-- — • 

(3)  Let  the  rotation-axis  be  a  line  perpendicular  to  the  plane 
of  the  plate  and  passing  through  its  centre ;  then 

the  moment  of  inertia  =  4^x1      /    (a?*  +y*)  dydx 

(4)  Let  the  rotation-axis  pass  through  the  centre  of  the  plate 
and  make  angles,  a,  i9,  y  severally  with  the  major  axis,  the  minor 
axis,  and  the  perpendicular  to  the  plate  through  its  centre ;  then, 
as  these  are  the  principal  axes  of  the  plate,  we  have,  by  (217), 

the  mom.  of  in.  =  — ^j —  { i^(cos  a)^  +  a*(cos  )3)^  +  (a*  +  W)  (cos  -yf  } 

=  Z^(a'^(8ina)2  +  i2(sini8)2}. 

(5)  Let  the  rotation-axis  be  a  central  radius  vector  r  of  the 
plate,  making  an  angle  a  with  the  major-axis ;  then,  from  the 
last  result,   as  a  +  ^  =  90°,  we  have 

the  moment  of  inertia  =  — ^^ —  {a^(sina)^  +  i^(cosa)^} ; 
but  by  the  equation  to  the  ellipse 

d^  (sin  of  +  h^  (cos  a)^  =  -^ ; 


.'.     the  moment  of  inertia  =  — ^ 


aH^ 


4r2 

(6)  If  M  is  the  mass  of  an  elliptical  plate,  whose  semi-axes  are 

M 

a  and  i,  the  system  of  particles,  -  placed  at  the  mass-centre, 
and   \  placed  at  the  extremities  of  the  principal  axes,  is  equimo- 

o 
mental  with  the  plate. 

(7)  In  respect  of  a  triangular  plate,  the  ellipse  which  touches 
the  triangle  at  the  middle  points  of  its  sides  is  a  momental 
ellipse  of  the  plate. 

Ex.  5.  The  moment  of  inertia  of  a  spherical  shell  of  radius  a 

223.]  The  moment  of  inertia  of  a  solid  body  bounded  by  a 
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surface  of  revolution  relative  to  its  geometrical  axis  as  its  rota- 
tion-axis. 

Let  the  axis  be  that  of  x ;  and  let  the  equation  to  the  curve, 
by  the  revolution  of  which  about  the  axis  of  a  the  bounding 
surface  is  formed,  be  y  =/  (a?). 

Let  the  solid  be  divided  into  a  series  of  circular  plates  by 
planes  at  an  infinitesimal  distance  apart  and  perpendicular  to 
the  a^xis  of  revolution ;  let  the  density  be  uniform  and  be  p ; 
then,  at  the  distance  x  from  the  origin,  y  is  the  radius  of  a  cir- 
cular plate  whose  thickness  is  dx;  and  therefore,  by  Ex.  3, 
Art.  222,  the  moment  of  inertia  of  this  circular  slice,  relative  to 
an  a^xis  passing  through  its  centre  and  perpendicular  to  its  plane, 

and  therefore,  if  x^  and  x^  are  the  limits  of  x, 

IT  0    I  ''* 

the  moment  of  inertia  =  -^  /      {/(^)}*^^« 

Ex.  1.  The  moment  of  inertia  of  a  cylinder. 
Let  the  altitude  of  the  cylinder  =  a,  and  the  radius  of  the 
base  =  b  ;  therefore 

the  moment  of  inertia  =  ^. 

Ex.  2.  The  moment  of  inertia  of  a  cone ;  let  the  altitude  =  «, 
and  the  radius  of  the  base  =  b ;  then 

the  moment  of  inertia  =    f  .-  I    x*dx  =^      ,^    • 

2  a*  Jq  10 

Ex.  3.  If  a  =  the  altitude,  and  b  =  the  radius  of  the  base  of 
a  paraboloid,  then 

the  moment  of  inertia  =  —^ —  • 

o 

Ex.  4.  If  a  =  the  radius  of  a  sphere,  then  relatively  to  a 
diameter  as  the  rotation-axis, 

the  moment  of  inertia  =  — r^  . 

15 

Hence  the  moment  of  inertia  of  a  spherical  shell  contained 
between  two  concentric  spheres  whose  radii  are  a  and  b  respect- 
ively, relatively  to  the  diameter  as  the  rotation-axis, 

""  15 
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Ex.  5.  The  moment  of  inertia  of  a  prolate  spheroid  rektively 

to  its  axis  as  the  rotation-axis  =  — ^ —  • 

lo 

Ex.  6.  The  moment  of  inertia  of  an  oblate  spheroid,  whose  axis 

is  the  rotation-axis  =  — f= —  • 

15 

Ex.  7.  If  the  radius  of  each  snrj&ce  of  an  equiconvex  lens  is  a, 

and  the  thickness  of  the  lens  is  2^,  then  the  moment  of  inertia 

of  the  lens  relative  to  its  axis  as  the  rotation-axis 

Jo 

224.]  The  moment  of  inertia  of  a  solid  body  bounded  by  a 
surface  of  revolution  relative  to  an  axis  intersecting  its  geo- 
metrical axis  at  right  angles. 

Let  the  point  in  which  the  rotation-axis  intersects  the  axis  of 
revolution  be  the  origin ;  and  let  y  ^f{^)  be  the  equation  of 
the  generating  curve  of  the  bounding  surface ;  then,  using  the 
notation  of  the  preceding  Article,  and  applying  the  result  of 
Ex.  8,  Art.  222,  the  moment  of  inertia  of  the  type-slice  relative 
to  its  own  diameter  itpy^dx 

=        4       ' 

and  therefore  by  (219)  the  moment  of  inertia  of  this  slice  about 
the  rotation-axis  is 

=  — ^^ \-Trpy^arax; 

and  if  x^  and  x^  are  the  limits  of  the  aj-integiution, 

the  moment  of  inertia  =  irp  /      C^  +y^x^^  dx. 

Ex.  1.  The  moment  of  inertia  of  a  right  cone  relative  to  a 
rotation-axis  passing  through  its  vertex  and  perpendicular  to  its 
own  axis. 

Let  the  altitude  of  the  cone  =  a ;  let  the  radius  of  the  base 
=  6;  then 

the  moment  of  inertia  =  wo  /    (-7—1  +  -::)iB^dx 

Jo  ^4  a*      a^^ 
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It  is  evident  that  relative  to  the  vertex  of  a  right  cone  the 
principal  axes  are  the  axis  of  the  cone  and  any  two  lines  perpen- 
dicular to  each  other  and  to  the  axis  of  the  cone.  So  that  the 
moment  of  inertia  relative  to  a  rotation-axis  passing  through 
the  vertex  of  the  cone  and  inclined  at  an  angle  a  to  the  aus 

=  ^(4«^  +  *^)(Bina)^+^\co8a^ 

Ex.  2.  The  moment  of  inertia  of  a  cone  of  which  the  altitude 
=  a,  and  the  radius  of  whose  base  =  b,  relative  to  a  rotation- 
axis  passing  through  its  mass-centre  and  perpendicular  to  its 
own  axis,  ^P«**/ 2  .  >iz2\ 

Ex.  3.  If  the  altitude  of  a  paraboloid  of  revolution  is  a,  and 
the  radius  of  the  base  =  b,  the  moment  of  inertia  relative  to  a 
rotation-axis  passing  through  its  vertex  and  perpendicular  to  its 
own  axis  irpab^  .,^  ,  „   2\ 

Ex.  4.  If  the  altitude  of  a  cylinder  is  a,  and  the  radius  of  its 
base  =  b  ;  and  if  the  rotation- axis  is  perpendicular  to  the  axis, 
and  at  a  distance  c  from  its  end,  then 

the  moment  of  inertia  =  /       (  -^--  +  irpb^x^^  dx 

Hence,  if  the  rotation-axis  passes  through  the  end  of  the  axis, 

the  moment  of  inertia  =     \.^    (35^  +  4^^) ; 

and  if  the  rotation-axis  passes  through  the  middle  point  of  the 
axis  of  the  cylinder, 

the  moment  of  inertia  =  /     (-t""  +  ^p*^^)  ^ 

•/ — g-      ^ 

225.]  The  moment  of  inertia  of  various  solid  bodies. 

Ex.  1.  The  moment  of  inei-tia  of  a  rectangular  parallelepipedon 
about  an  edge. 

Let  the  edges  be  fl,  i,  c ;  and  let  the  lines  which  coincide  with 
the  edges  be  the  axes  of  a?,y,  z  respectively  ;  let  the  density  =  p ; 
then  the  moment  of  inertia  relative  to  the  edge  a 
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__  pabc 


Jq  Jq  Jo 


tad  symmetrical  values  are  of  course  true  for  the  moments  of 
inertia  relative  to  the  edges  b  and  c. 

Thus  the  moment  of  inertia  of  a  cube  whose  side  is  a,  relative 

to  one  of  its  edges  as  a  rotation-axis,  =    ^     • 

Ex.  2.  The  moment  of  inertia  of  a  cube  relative  to  a  diagonal. 

Let  the  side  of  the  cube  be  a ;  and  let  the  centre  of  the  cube 
be  the  origin,  and  let  the  three  lines  which  pass  through  the 
centres  of  the  opposite  sides  be  the  coordinate  axes ;  these  lines 
are  evidently  principal  axes ;  and  relatively  to  either  of  them 

ft       d      s 

the  moment  of  inertia  =  /      /      /    p(y^  +  ^^) dzdydx  =  —^ ; 

-?      T   -f 

and  as  the  moment  of  inertia  is  the  same  for  each  of  these  prin- 
cipal axes,  it  is  the  same  for  every  axis  passing  through  this 
point ;  thus,  the  central  ellipsoid  is  a  sphere,  and  all  its  radii 
vectores  are  equal ;  and  therefore  relative  to  the  diagonal  of  the 

'  the  moment  of  inertia  =  ^^-  • 

o 

Ex.  8.  The  moment  of  inertia  of  an  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

fl2  ^  ^5^   ^   (T^  -  ■"• 

The  axes  of  the  ellipsoid  being  the  principal  axes  of  the  body, 
when  the  moments  of  inertia  relative  to  them  are  determined, 
that  about  any  other  axis  may  be  found  from  (217). 

Now       3.ma!^  =  sl   I    I  px-dzdydx= — y= — ; 

.    .,    ,  ,     4:11  paPc  „      4iirpab(^ 

similarly         2.my^=  — ^k —  '    '•"'■^   =  — ^e —  » 

.-.     j,=  :i.m(f  +  z^)  =  ^^^{l>'  +  c'), 
B  =  x.miz^  +  w')  =  ^I^(c^  +  a^), 
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and  therefore  the  moment  of  inertia  relative  to  the  axis  (a,  p,  y) 
==  ^^!^g^  {(i2  +  ^)  (cosa)2  +  (c2  +  fl2)(eo8/3)2+ (fl^ 

=  ^IP^  {fl2  (gin  af  +  J2  (sin  /3)2  +  c2  (gin  yf}. 

Ex.  4.  If  in  the  preceding  example  a  =  i,  and  a  is  >  c,  the 
ellipsoid  becomes  an  oblate  spheroid ;  and 

Therefore,  by  Art.  171,  at  two  points  on  the  axis  of  z  all  the 
moments  of  inertia  are  eqnal,  and  at  them  the  momental  ellipsoid 
becomes  a  sphere :  the  distances  of  them  from  the  centre 


=±f--t=±i^t> 


and  if  these  points  are  at  the  poles  of  the  spheroid,  a^  =  6(?^. 

Ex.  5.  The  centre  of  a  sphere  of  radios  c  moves  in  a  circle  of 
radius  a  and  generates  thereby  a  solid  ring,  as  an  anchor  ring ; 
prove  that  the  moment  of  inertia  of  this  ring  about  an  axis 
passing  through  the  centre  of  the  director-circle  and  perpendi- 


TT^p 


ac^ 


cular  to  its  plane  is  — ^ —  (4  a^  +  3  <?*). 

226.]  From  the  preceding  results  the  moments  of  inertia  of 
many  curved  shells  and  of  systems  of  thin  plates  may  be  de- 
duced. 

For  if  the  equation  of  the  bounding  surface  of  the  solid  con- 
tains a  single  parameter,  by  the  infinitesimal  variation  of  that 
parameter,  the  content  of  the  solid  will  receive  an  infinitesimal 
variation  in  the  form  of  a  thin  shell,  the  thickness  of  which  will 
be  the  variation  of  the  parameter.  Thus,  if  the  radius  of  a 
sphere  is  increased  by  an  infinitesimal  variation,  say  dr,  the  con- 
tent will  be  increased  by  a  spherical  shell  of  thickness  dr.  Simi- 
larly, if  a  solid  is  increased  by  the  variation  of  the  parameter  on 
which  the  bounding  surface  depends,  the  moment  of  inertia  of 
that  increase  is  the  increase  of  the  moment  of  inertia  of  the 
solid ;  and  the  former  is  generally  a  thin  shell  or  a  system  of 
thin  plates,  so  that  the  moment  of  inertia  of  this  may  be  deter- 
mined by  the  variation  of  the  moment  of  inertia  of  the  solid. 

Thus  by  the  preceding  Article  the  moment  of  inertia  of  a 

cube  about  a  diagonal  is  ^-^  ;  let  the  edge  of  the  cube  be  in- 
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creased  by  da  ;  then  all  the  sides  of  the  cube  receive  increments 
in  the  form  of  thin  plates,  the  thickness  of  which  =  rfa  =  r,  say  ; 
and  therefore  the  moment  of  inertia  of  the  hollow  box,  formed 

K.         4 

by  these  six  plates  .relative  to  a  diagonal  =  -^ —  • 

Similarly,  by  reason  of  Ex.  1  in  the  preceding  Article,  the 

moment  of  inertia  of  the  box  relative  to  an  edge  =  — ^ —  • 
As  the  moment  of  inertia  of  a  sphere  relative  to  a  diameter  is 

— rr~ —  9  80  that  of  a  spherical  shell  of  thickness  r,  relatively  to 

15  Q  4 

4.1  i.  i.-  •  oirpra* 

the  same  rotation-axis,  =  — ^ — -  • 

As  the  moment  of  inertia  of  a  cylinder,  relative  to  its  own 

axis  as  rotation-axis,  is  —^ —  ?  so  the  moment  of  inertia  of  a 

cylindrical  shell  whose  thickness  is  rfJ  =  r,  is,  relatively  to  its 
own  axis,  ZirpTab^ 

In  all  the  preceding  examples  we  have  calcalated  moments  of 
inertia  ;  and  as  the  masses  of  the  rotating  bodies  may  be  found 
in  all  the  cases,  the  corresponding  radii  of  gyration  can  be  deter- 
mined without  difficulty. 
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CHAPTER  V. 

THE   EOTATION   OP  A  BODY  ABOUT  A  FIXED  AXIS. 

Section  1. — TAe  rotation  of  a  ri^id  body  about  a  fixed  axis  under 

the  action  of  indantaneoue  forces. 

227.]  In  the  last  two  sections  of  the  preceding  Chapter  we 
have  mainly  considered  that  part  of  our  subject  which  has  been 
called  the  Geometry  of  Masses.  We  come  now  to  the  considera- 
tion of  the  most  simple  case  of  the  dynamics  proper  of  a  system 
of  material  particles ;  that,  namely,  in  which  a  rigid  body  tmder 
the  action  of  given  forces  revolves  about  an  axis  fixed  in  it  and 
in  space.  Every  particle  of  the  body  thus  moves  in  a  circle,  the 
plane  of  which  is  j>erpendicular  to  the  rotation-axis^  and  the 
centre  of  which  is  in  that  axis. 

We  shall  suppose  the  form,  matter,  and  density  of  every  part 
of  tbe  moving  body  or  system  to  be  given ;  and  we  shall  sup- 
pose the  body  to  be  capable  of  an  unfettered  rotation  about  the 
axis.  This  axis  may  be  fixed  at  many  points,  provided  that  all 
are  in  the  same  straight  line,  or.  in  the  langnage  of  machinery, 
may  have  many  bearings ;  we  shall  however  suppose  that  it  has 
only  two  fixed  points;  because  these  are  sufiScient  to  fix  the 
axis ;  and  if  there  are  more,  the  pressures  become  indeterminate 
at  them  both  in  intensity  and  in  line  of  action.  We  shall  indeed 
find,  even  in  the  case  of  two  points,  the  components  of  the  pres- 
sures on  them  along  the  rotation-axis  to  be  indeterminate.  We 
have  already  had  a  similar  instance  in  Art.  112,  Vol.  III. 

Let  us  in  the  first  place  consider  the  circumstances  of  rotation 
of  the  body,  when  it  is  acted  on  by  instantaneous  or  impulsive 
forces ;  that  is,  we  shall  investigate  the  resulting  angular  velo- 
city of  the  body,  the  pressures  on  the  fixed  points,  and  their 
incidents,  which  are  due  to  one  or  more  blows  impressed  at  given 
points  of  the  body.  To  simplify  the  formulae,  we  shall  generally 
assume  the  body  to  be  at  rest  when  the  impulsive  force  acts, 
although  the  results  will  be  equally  applicable  if  the  body  is 
moving  with  a  given  angular  velocity. 

228.]  Let  the  rotation-axis,  on  which  are  the  two  fixed  points, 
be  the  axis  of  z ;  and  let  the  two  fixed  points  be  at  distances  z-^, 
z^  from  the  origin ;  let  the  pressure  at  these  two  points  be  Pi,  P2> 
and  let  the  lines  along  which  they  respectively  act  be  (oj,  fii^y^^ 
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{<hi  P2y  72)'  ^^  ^  ^  ^^®  type-particle,  and  let  (x,  y,  z)  be  its 
place  at  the  instant,  when  the  instantaneous  force  acts;  let 
q  be  the  momentum  impressed  bj  this  force,  of  which  let  the 
axial  components  be  x,  y,  z ;  let  v^^,  v^,  v,  be  the  components  of 
the  actual  velocity  (or  increase  of  velocity)  with  which  m  moves 
in  consequence  of  this  instantaneous  force ;  all  these  being  type- 
expressions,  and  therefore  applicable  to  each  particle  and  to  each 
acting  force.  Thus  the  equations  of  motion,  (34)  and  (35), 
Art.  73,  become 

5.(X  — WVjg)  — PjCOSOi— PgCOSOg  =  0,    \ 

5.(y  — ««Vy)  — PiC0S)3i  — P2COS/32  =  0,    V  (1) 

2.(z— »2V,)  — PjCOSyj  — P2COsy2  =  0;  ) 

a.{2r(x—««v,)--a?(z  —  »2V,)}—^iPj cos 01—^2^2^03  02  =0,  >  (2) 
a.{a?(Y— /«Vy)— j^(x-«iv,)}  =  0.  ) 

Let  us  express  these  equations,  as  in  Art.  147,  in  terms  of  angu- 
lar velocities.  Let  n  be  the  angular  velocity  which  results  from 
the  instantaneous  forces ;  then,  as  its  rotation-axis  is  the  axis  of  j?, 
and  as  there  is  no  motion  parallel  to  the  axis  of  z, 

Vx  =  -ny,        v^  =  n  X,        V.  =  0.  (3) 

Let  the  moments  of  the  axial  components  of  the  couple  of  the 
impressed  momenta  be  l,  m,  n  ;  then  (1)  and  (2)  become 

2.x  +  n2.wy— Pjcosai  — P^cosog  =  0, 

2.Y— ns.^a?— PiC0S)3i— PgCos/Sg  =  0,  ^  (4) 

2.Z  —  p^cosyi  — Pj^cosya  =  0; 

L  -{■  a:i.mzx  +  ZiT^cos  p^  +  z^T^cos  fi^  =  0, 
M  +  n2.7/2y-2'— ^^iPiCosaj  — TgPaCDs  02  =  0,    ^  (5) 

N  — n2.»i(a;2+y2)  =0; 

which  six  equations  assign  all  the  incidents  of  motion,  and  the 
pressures  on  the  two  fixed  points. 

These  equations  admit  of  dissection  by  means  of  first  prin- 
ciples, in  a  manner  similar  to  that  which  has  been  employed  in 
Arts.  158  and  159.  As  n  is  the  expressed  an^pular  velocity  about 
the  axis  of  r,  ar  is  the  expressed  velocity  of  i»  at  a  distance  r 
bom  that  axis;  and  mtirh  the  expressed  momentum;  the  ^* 
and  y-axial  components  of  which  are  ^may  and  max.  Let 
us  introduce  pairs  of  momenta  equal  and  opposite  to  these  at 
the  origin  and  in  the  plane  oi  (x^y)  at  the  foot  of  the  r-ordinate 
o{m ;  then  the  momentum  maroimBi  the  point  {x,y^  z)  is  equi- 
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valent  to  (1)  a  momentum  —may  acting  at  the  origin  and  along 
the  axis  of  ^ ;  (2)  a  momentmn  m  ax  also  acting  at  the  origin  along 
the  axis  of  y;  (3)  three  couples  —mazx,  -^mayz,  mQ(a:^+j/^) 
whose  axes  are  respectively  the  coordinate  axes  of  a^  y^  and  z ; 
and  a  similar  result  is  true  for  every  element  of  the  body.  Now, 
by  D'Alembert's  principle^  the  sum  of  all  these  expressed  mo- 
menta, together  with  the  pressures  at  the  fixed  points,  are  in 
equilibrium  with  the  impressed  momenta;  and  the  conditions 
requisite  for  the  equilibrium  are  evidently  the  six  equations  (4) 
and  (5).  We  have  hereby  an  intelligible  meaning  of  their  several 
terms.  We  proceed  to  deduce  from  them  the  value  of  the  an- 
gular velocity  which  results  from  the  impressed  forces,  and  the 
pressures  on  the  fixed  points. 

229.]  The  angular  velocity  is  given  by  the  last  equation  of 
(5),  and  we  have 

N  N 


n  = 


l.m{aB^-\-y^)       :i.mi^ 


^  The  moment  of  the  impressed  momenta  ^  ,^. 

~  The  moment  of  inertia  '  ^ 

which  is  the  same  result  as  (16),  Art.  147.  It  appears  therefore 
that  the  resulting  angular  velocity  does  not  depend  on  the  pres- 
sures at  the  fixed  points,  or  on  the  distance  between  them,  but 
only  on  the  moment  of  the  impressed  momenta,  and  on  the  mo- 
ment of  inertia  of  the  body  or  system.  It  is  also  the  same 
whatever  is  the  number  of  the  bearings.  And  if  no  force  ex- 
ternal to  the  system  acts,  the  system  continues  to  rotate  uni- 
formly with  this  angular  velocity. 

Now  let  us  suppose  a  body  capable  of  rotating  about  a  fixed 
axis  to  be  at  rest,  and  let  us  suppose  it  to  be  struck  by  a  blow 
of  given  momentum  at  a  given  point  and  in  a  determinate  line  : 
we  must  first  resolve  the  blow  into  two  parts,  of  one  of  which  the 
line  of  action  shall  be  parallel  to  the  rotation-axis,  so  that  the 
angular  velocity  will  not  be  affected  thereby,  for  it  will  only  pro- 
duce pressures  at  the  fixed  points  along  the  rotation-axis ;  of 
the  other,  the  line  of  action  will  be  in  a  plane  perpendicular  to 
the  rotation-axis ;  let  this  plane  be  the  plane  of  (^r,  y) ;  let  the  mo- 
mentum of  this  component  be  Q,  and  let  a  be  the  perpendicular 
distance  from  the  axis  on  its  line  of  action ;  then  (6)  becomes 

^_  Q^ /^x 

The  moment  of  inertia  ^  ' 
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280.]  The  following  are  examples  of  this  equation. 

Ex.  1.  A  body  m  at  rest^  and  capable  of  moving  about  a  fixed 
Totation-axis^  is  simultaneously  struck  by  several  masses  m^,  m^, 
,  »i»,  moving  with  velocities  t;i,t;2, ,t?^  in  planes  perpen- 
dicular to  the  fixed  axis ;  the  masses  adhere  to  the  body :  it  is 
required  to  find  the  angular  velocity  of  the  body. 

Let  the  distances  of  the  points  of  impact  of  the  masses  sever- 
ally from  the  rotation-axis  be /2,/2> >^«  5  audlet/^^jjOgi >A 

be  the  perpendiculars  from  the  rotation-axis  on  the  lines  of  the 

velocities  t7i,t72, ,t?„;  then,  if  A  is  the  radius  of  gyration  of 

the  body  relative  to  the  rotation-axis, 

:i,mvp 

Ex.  2.  A  body  m  revolving  about  a  fixed  axis  with  an  angular 
velocity  n,  is  struck  by  a  particle  w,  moving  with  a  velocity  v  in 
a  line  perpendicular  to  the  plane  containing  the  rotation-axis 
and  the  point  of  impact ;  it  is  required  to  determine  the  result- 
ing angular  velocity  of  the  rotating  body,  the  velocity  of  rebound 
of  the  striking  particle,  and  the  place  of  percussion  when  the 
velocity  of  rebound  is  a  maximum,  the  elasticity  of  the  body 
and  particle  being  e. 

Let  uP  be  the  moment  of  inertia  of  the  body  relative  to  the 
rotation-axis ;  p  =  the  distance  of  the  point  of  impact  from  the 
axis ;  n'  =  the  angular  velocity  of  the  body  after  collision ;  v  = 
the  velocity  of  m  after  rebound ;  and  let  us  suppose  n  and  v  to 
be  such  that  the  motion  of  m  and  of  the  point  of  impact  may  be 
in  the  same  direction  at  the  instant  of  collision. 

Let  v'  be  the  velocity  of  that  point  of  m  at  which  the  impact 

takes  place  ;  so  that  ^/  _  ^  ^ . 

*         '  v  =  lip ', 

and  let  mf  be  the  mass  of  a  particle  which,  moving  with  the 
velocity  v\  would  produce  the  same  circumstances  of  velocity 
&c.  in  7n  after  impact  on  m\  as  the  rotating  body  M ;  so  that 
m'  v'  is  the  momentum  with  which  M  would  strike  a  body  at  the 
point  of  impact  of  w,  and  in  the  line  of  nd^  motion :  therefore 

by  (6)  ,,      Mi^n  ,^,       .  ,     M^ 

m  V  ^=. :     and  therefore   m  =  — r-  • 

V  f 

PEICE,  VOL.  IV.  T 
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Let  '/=  ;?n'  be  the  velocity  of  the  point  of  impact  after  colli- 
flion  has  ceased ;  then,  by  (8)  and  (9),  Art.  215,  Vol.  Ill, 

,      mj)^v  +  apuX^ -hmep^  (v—po)  ^ 
/_  ^pv+ui^a  +  mep(v^pci) ^ 

mjcr  +  ulr 

^_^^MF(l+f)(£-^). 

mp^-k-ui^        * 

whereby  we  know  the  velocity  of  m  after  collision  and  the  an- 
gular velocity  of  m. 

Thus,  let  M  be  a  cricket  bat,  and  ^a  ball ;  let  us  suppose  the 
ball  to  meet  the  bat ;  then  the  sign  of  v  must  be  changed  ;  and 
if  V  =  the  velocity  of  rebound  of  the  ball, 

"  mp^-j-ul^  ' 

and  to  determine  the  point  of  impact  so  that  v  may  be  a  maxi- 
mum, the  /^-differential  of  v  must  be  equated  to  zero  ;  whereby 
we  have  ^       ^       ^^2      ^^U 

If  m  is  at  rest  when  it  is  struck  by  M,  t?  =  0,  and 

/'  =  *(-)*• 

Ex.  3.  Again,  let  M  be  a  rectangular  plate  whose  sides  are  a  and 
i,  and  let  the  rotation-axis  lie  along  the  side  a:  let  us  suppose 
it  to  be  at  rest  and  to  be  struck  by  m  at  a  point  on  the  side 

opposite  to  the  rotation-axis ;  then  m  ^^  =  -5- ;   and 

,       Smv(l'\-e) 

fl  = ^ • 

(3w  +  M)d 

281.]  In  the  next  place  we  have  to  consider  the  pressures  or 
the  stresses  on  the  two  fixed  points  of  the  axis ;  the  x-  and  5^- 
components  of  Pj  and  Pg  can  be  determined  from  the  first  two  of 
(4),  and  from  the  first  two  of  (5) ;  and  we  have 
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^2-^1 


Pi  cos/3i  = ? 5^^-^^ ^ ,  (9) 


__  M— -^i^.x  +n(— ^i3.«tty  +  2.«»yr) 


P^ooso,  =        " /f  ^  -  '  (10) 


P,COB^,=  '^"/V  (11) 


^2~^1 


The  i2:-component8  of  p^  and  v^  enter  into  onlj  the  third  equa- 
tion of  (4),  and  we  have 

PiC0Syi  +  P2C08y2  =  36. z;  (12) 

therefore  the  sum  of  these  ^r-components  of  the  preesures  is  equal 
to  the  sum  of  the  i^-components  of  the  impressed  momenta ;  but 
as  the  sum  only  is  given,  each  is  indeterminate.  An  explanation 
of  this  indeterminateness  has  been  already  made  in  Art.  112, 
Vol.  Ill :  this  is  the  dynamical  case,  which  is  therein  alluded 
to.  Thus  although  we  can  determine  the  parts  of  the  pressures 
at  each  point  which  are  perpendicular  to  the  rotation-ads^  yet  we 
cannot  determine  the  whole  pressure  at  each,  as  the  component 
along  the  axis  is  indeterminate. 

232.]  In  illustration  of  these  equations  let  us  take  a  particular 
case  and  suppose  the  body  to  be  struck  by  a  single  blow  along  a 
line  perpendicular  to  the  rotation-axis ;  let  Q  be  the  momentum 
of  the  blow,  and  a  the  shortest  distance  between  the  rotation-axis 
and  the  line  of  the  blow,  being  at  right  angles  to  both  these 
line&  Let  the  rotation-axis  be  the  axis  of  z,  and  let  the  line 
along  which  a  lies  be  the  axis  of  a?,  so  that  the  axis  of  ^  is 
parallel  to  the  line  of  the  blow  ;  and  we  will  suppose  Q  to  cause 
positive  rotation  about  the  axis ;  then  the  equations  (4)  and  (6) 
take  the  following  forms : 

ns.wy— Pjcosoi— P2COsa2  =0, 
q  —  ns. war— Picos/Jj  —  Pgcos/S^  =  0,  ^  (18) 

—  Vj  cosyi  —  Pg  cos  72  =  0  > 
n  2 . 7»  ra?  +  ^1  Pi  co3/3i  +  2^2  Pg  cos  ^2  =  ^> 

qa  — fl5.^(a?2+y2j  _  q. 

Let  M  be  the  mass  of  the  body  or  system  of  particles,  and  let 

k  be  the  radius  of  gyration  about  the  rotation-axis ;  then  fix>m 

the  last  of  (14),  Qfl  ,,  ^  v 

n=^.  (15) 

T  2 
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If  the  mass-centre  of  the  system  is  at  the  point  {x,y,  z)^  when 
the  blow  is  struck,  then  at  that  instant 

2.mx  =  Mir,     :i.my  =  uy. 

The  following  are  examples  in  which  these  expressions  are 
applied. 

Ex.  1.  A  thin  rod  of  length  a  and  mass  m,  capable  of  re- 
volving aboat  an  axis  at  one  end  perpendicular  to  its  length,  is 
struck  at  the  other  end  by  a  blow  Q  perpendicularly  to  the  rod 
and  to  the  axis.  Find  the  pressures  at  the  fixed  points  on  the 
axis. 

Let  the  fixed  points  on  the  axis  be  at  equal  distances  e  on 

opposite  sides  of  the  rod,  so  that  z^  =  —z^  =  c  ;  also  **  =  ~  ; 

2.mx  =  M^,  2.my  =  0,  li.mzx  =  n.myz  =  0;  then 

^  8q 

n  =  — ^; 
aM 

Q 

PjCosai  =  PgCOSOjj  =  0  ;     Pjcos/Si  =  PgCOSjSg  ==^7' 

so  that  the  only  pressures  at  the  fixed  points  are  at  right-angles 
to  the  rod  and  each  is  equal  to  one-fourth  of  the  blow^  and  acts 
in  a  direction  opposite  to  that  of  the  blow.  If  (?  is  infinitesimal, 
so  that  the  two  fixed  points  are  close  together,  and  the  end  of 
the  rod  is  practically  the  fixed  point,  the  pressure  at  it  is  the 

sum  of  the  two  pressures,  and  is  equal  to  ^  • 

Ex.  2.  The  following  is  another  form  of  the  same  problem. 
The  rod  is  rotating  with  an  angular  velocity  n  about  one  end  in 
one  plane,  and  meets  with  an  obstacle  at  the  other  end.  With 
what  momentum  does  it  strike  on  the  obstacle  ? 

Let  Q  be  the  momentum  ;  then  Q  =  — q—  »  and  the  pressures 

on  the  fixed  points  are  each  equal  to  -t-^  j  so  that  the  whole  pres- 

sure  on  the  axis  =  — 77—  • 

6 

Ex.  3.  An  elliptical  plate,  whose  major  axis  is  2  a  and  eccen- 
tricity is  -5,  is  capable  of  rotation  about  a  latus  rectum  which  has 
the  two  points  fixed  at  which  it  meets  the  bounding  ellipse. 
The  plate  is  struck  at  the  further  focus  by  a  blow  Q  in  a  line  per- 
pendicular to  the  plate,  and  rotates  with  an  angular  velocity  n ; 
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2q 
prove  that  n  =  —  ^  and  that  there  is  no  pressure  at  the  fixed 

points  on  the  axia 

Ex.  4.  A  ciicolar  plate  of  radios  a  and  mass  m  revolving  with 
an  angular  velocity  a  about  an  axis  passing  through  its  centre 
and  fixed  at  the  extremities  of  the  diameter^  is  struck  with  a 
blow  q  at  right  angles  to  its  plane,  at  a  point  in  the  diameter 
perpendicular  to  the  rotation-axis  at  a  distance  c  from  the 
centre  and  is  brought  to  rest ;  find  the  pressures  on  the  fixed 
points  of  the  rotation-axis. 

283.]  The  pressures  at  the  fixed  points,  as  given  by  (18)  and 
(14),  wUl  compound  into  a  single  resultant  when 

that  is,  when       ^ay:i.mxz'j-{]i^-^ax)2.myz  =  0;  (16) 

and  this  condition  is  satisfied  when  the  rotation-axis  is  a  prin- 
cipal axis,  and  the  line  of  action  of  the  blow  is  in  its  principal 
plane ;  and  if  R  is  the  single  pressure, 

when  (16)  is  satisfied,  one  point  is  sufiicient  to  fix  the  axis. 

Hence,  if  the  axis  of  rotation  is  a  central  principal  axis,  R  =  Q ; 
and  evidently  acts  at  the  mass-centre. 

284.]  Also  in  the  more  general  case  of  forces  as  exhibited  in 
equations  (4)  and  (5),  if  the  pressures  at  the  fixed  points  are 
reducible  to  a  single  resultant,  we  may  take  the  point,  at  which 
its  action-line  cuts  the  rotation-axis,  to  be  the  origin  and  to  be 
a  fixed  point ;  then,  using  the  notation  of  Art.  151,  we  have 
from  (5),  L=-nE,    M  =  -nD,    N  =  flc;  (17) 

so  that  the  plane  of  the  couple  of  the  blow  is 

—  Ea:  — Dy  +  C;2r  =  0.  (18) 

Now  the  momental  ellipsoid  of  the  body  at  the  origin  is,  see 
Art.  181, 

AX^  +  By^  +  cz^^2'Dyz^2Ezx—2vxy  =  fi,  (19) 

of  which  (18)  is  the  ^-derived  function,  and  consequently  (18)  is 
the  equation  to  the  plane  conjugate  to  the  axis  of  z  ;  and  as  this 
axis  is  in  this  investigation  quite  arbitrary,  except  that  it  passes 
through  the  origin,  which  is  a  fixed  point,  we  have  the  follow- 
ing general  theorem : 
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If  one  point  of  a  body  is  fixed  and  the  bodj  is  acted  on  bj  a 
blow,  the  instantaneous  axis  of  rotation  is  the  radius  vector  of 
the  momental  ellipsoid  at  the  fixed  point  which  is  conjugate  to 
the  plane  of  the  couple  of  the  blow. 

Hence  there  are  generally  at  a  point  only  three  planes,  viz. 
the  principal  planes  at  the  point,  in  which  the  line  of  blow  can 
lie  and  produce  rotation  about  an  axis  perpendicular  to  it.  In 
Article  282  are  instances  of  a  blow  causing  rotation  about  a  line 
perpendicular  to  its  line  of  action. 

285.]  Another  case  which  requires  consideration  is  that  in 
which  a  body  capable  of  rotation  about  an  axis  passing  through 
two  flxod  points  is  struck  by  a  blow  along  a  given  line,  and  the 
edVctM  on  the  axis  are  a  single  pressure  along  it  and  no  pressure 
at  riffht  angles  to  it,  so  that  the  axis  may  slide  along  itself,  if 
Much  a  motion  is  possible,  but  may  not  bear  any  twist.  Let  the 
aiiii  of  6  bo  the  rotation-axis,  and  let  the  line  perpendicular  to  it 
and  pausing  through  the  mass-centre  at  the  instant  when  the 
blow  in  utruek  be  the  axis  of  x^  and  k  be  the  perpendicular  dis- 
tanott  iVom  the  mass-centre  on  the  rotation-axis ;  let  Q  be  the 
inoniontiim  of  the  blow,  and  let  it  be  applied  at  the  point  (^,  t;,  C), 
alon^  a  lino  whose  direction-angles  are  A,  fi,  1; ;  then  we  have 
I*,  (*oiia|  a:  PjCOS/Sj  =  0;   Pjcosoj  =  PjCOS^Sg  =  0;   yi  =  y2=0> 

and  miimtions  (4)  and  (5)  become 

qcosX  =0,  ) 

QcosfA— nM*    =  0,   V  (20) 

Qcosj'— Pi  — Pj  =  0;  ) 

q(»;  cosy  — fcosfi)  +  n5.m;?a?  =  0,  \ 

q(C008A  — f  COSi;)  +  n2.f/tjf2r  =  0,  V  (21) 

q(f  cosfA  — rycosX)  — aa.m (a?*  +  ^*)  =  0. ) 

From  the  first  of  (20),  cosA  =  0 ;  so  that  the  line  of  blow 
llMiMt  l»o  in  a  plane  perpendicular  to  the  line  drawn  through  the 
IllMiM-odnin)  at  right  angles  to  the  rotation-axis. 

Ami  if  k  is  the  radius  of  gyration  of  the  body,  relatively 
to  tht)  rotation-axis,  from  the  last  of  (21)  and  the  second  of 
(ilO)  wo  have  is 

f  =  f;  (22) 

whttOi  ifivas  tlio  |)er{)endicular  distance  from  the  rotation-axis  on 
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the  plane  which  is  parallel  to  it  and  contains  the  line  of  the 
blow. 

Also  if,  as  heretofore,  d  =:  Ji.myz,  £  =  :i.mzXf  from  the  first 
two  of  (21),  since  cos  1;  =  sin/x,  we  have 

M^C-i>i7-^=0;  (28) 

which  is  the  equation  to  the  line  of  the  blow  in  the  plane  given 

by  (22) ;  this  makes  with  the  plane  of  (^i^)  an  angle  tan'^  -^ ; 

so  that  (22)  and  (23)  determine  the  line  of  the  blow.  The  line 
jost  determined  is  called  the  Axis  of  Percussion,  and  is  such 
that  if  a  blow  is  given  along  it,  it  causes  a  sliding  motion  along 
the  axis,  but  no  twist  of  the  axis. 

If  D  =  £  =  0,  that  is,  if  the  rotation-axis  is  a  principal  axis, 
of  which  the  origin  is  the  principal  point,  C  =  0}  &^d  the  axis  of 
percussion  lies  in  the  principal  plane  of  the  rotation-axis ;  and 
its  intersection  with  the  line  which  passes  through  the  mass- 
centre  and  is  perpendicular  to  the  rotation-axis  is  called  the 
Centre  of  Percussion.  Its  distance  from  the  rotation-axis  is 
given  in  (22).  In  this  case  however  cosv  =  0,  and  there  are  no 
pre8siu*es  at  the  fixed  points  on  the  axis.  These  circumstances 
are  considered  fully  in  Art.  237. 

236.]  This  axis  of  percussion  may  also  be  arrived  at  by  the 
following  process.  At  all  points  on  the  rotation-axis  let  the 
momental  ellipsoids  be  described,  and  let  the  planes  be  drawn 
which  are  conjugate  to  the  rotation-axis ;  these  planes  shall  all 
intersect  in  the  same  straight  line ;  and  that  line  is  the  axis  of 
percussion. 

The  equation  to  the  momental  ellipsoid  at  the  origin  is 

AP  +  B7;2  +  cC2-2D7;C-2ECf-2Ffi7-^t  =  0; 
and  the  plane  conjugate  to  the  ^r-axis  is 

— £f— DTy  +  cC=  0; 
so  that  for  the  momental  ellipsoid,  whose  centre  is  at  a  distance 
X  from  the  origin,  the  equation  to  the  plane  conjugate  to  the 
axis  of  z  is 

—  (e— X2.;»a?)f—  (D^\2.my)rj  +  c(C—\)  =  0; 
or  — E^— D7;  +  cC— A.  {  —  a.wyiy  — S.wtorf +c}  =  0.       (24) 

If  we  take  the  notation  and  coordinate-sjnBtem  of  the  preceding 
Article,       c=z^P,        2.my  =  0,        ^.mx^uA; 
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80  that  (24)  becomes 

-Bf-Dl7  +  M>t2f-XM{*2->lf}  =0; 

which  is  the  equation  to  a  plane,  and  contains  the  indeterminate 
quantity  X  ;  it  therefore  represents  a  series  of  planes,  all  of  which 
pass  through  the  straight  line  which  is  the  intersection  of  the 
two  planes,  -E^-Dij  +  Mil^C^^  0,  ^ 

A^-Af  =0;) 

the  latter  of  which  is  a  plane  parallel  to  the  plane  pf  (y,  e) ;  and 
by  substitution  from  the  latter  in  the  former  we  have 

uJ^C-^V — J-  =0; 

which  is  a  plane  perpendicular  to  the  plane  of  (y,  z)^  and  in- 

clined  to  the  plane  of  (a?,  y),  at  an  angle  whose  tangent  is  — rj* 

These  results  are  the  same  as  those  found  in  the  preceding 
Article. 

As  the  2^-axis  and  the  origin  are,  relatively  to  the  body,  arbi- 
trary, this  theorem  is  true  for  all  lines  which  traverse  the  body ; 
and  therefore. 

If  at  all  points  of  a  straight  line  which  traverses  a  body  the 
momental  ellipsoids  are  described,  the  planes  of  these  ellipsoids^ 
which  are  conjugate  to  the  given  line,  all  pass  through  one  and 
the  same  straight  line. 

Hence  also  we  have  the  following  theorem : 

If  a  body  is  capable  of  rotation  about  a  certain  fixed  axis,  and 
at  all  points  of  the  axis  the  momental  ellipsoids  are  described, 
and  the  planes  of  them,  conjugate  to  the  axis,  are  drawn ;  then 
all  these  pass  through  the  same  straight  line ;  and  that  straight 
line  is  the  direction  of  a  blow  which  will  produce  no  transverse 
pressure  on  the  axis.  If  the  axis  is  principal  at  one  of  its  points, 
this  line  of  blow  lies  in  the  corresponding  principal  plane,  and  is 
perpendicular  to  the  plane  containing  the  rotation-axis  and  the 
mass-centre,  and  there  will  be  no  pressure  at  all  on  the  axis. 
But  if  the  rotation-axis  is  not  principal  at  any  one  of  its  points, 
the  direction  of  the  blow  will  be  oblique  to  the  plane  containing 
the  axis  and  the  mass-centre,  and  there  will  always  be  a  pressure 
acting  on  the  axis  in  the  direction  of  its  length. 

237.]  It  still  remains  to  consider  generally  the  circumstances 
under  which  a  body  may  be  struck  by  a  blow,  so  that  if  it  is 
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possible  no  pressure  be  thereby  caused  at  the  fixed  points  of  the 
axis.  To  simplify  the  expressions  we  will  suppose  the  body  to  be 
struck  at  a  point  (^,  17,  C)  by  a  single  blow  whose  momentum  is 
Q  along  a  line  (X,  fi,  v) ;  then  since  p^  =?£  =  ^>  (^)  become 

QcosX  +  n5.i»y  =  0,  \ 

Qcosfi— n2.«aa?  =  0,  v  (25) 

q  cos  1;  =  0 ; ) 

the  last  of  which  shews  that  cos  1;  =  0 ;  and  therefore  the  line  of 
the  blow  must  lie  in  a  plane  which  is  perpendicular  to  the  rota^ 
tion-axis.     Thus  (5)  become 

CQcosX  +  ns.fw^i?  =  0,  [  (26) 

Q(fcosfA— lycosX)— fl3.«»(a?*+^)  =  0.  ) 

From  the  first  two  of  (25)  and  of  (26)  we  have 

so  that  a.«»y(2r— f)  =  0, 

^.mx(z^O  =  0, 
and  consequently  the  axis  of  2:  is  a  principal  axis,  of  which  the 
principal  point  is  at  the  distance  ^from  the  origin.    Whence  we 
have  the  condition 

li.mx'X.mt/z^'i.my'X.mzx  =  0.  (28) 

Hence  we  have  this  first  condition.  If  the  fixed  points  of  the 
rotation-axis  are  free  from  pressure,  that  axis  must  be  a  principal 
axis  of  the  body^  and  the  line  of  the  blow  must  lie  in  its  principal 
plane. 

Also  from  the  last  of  (26),  in  combination  with  the  first  two 

of  (25),  we  have 

^iz.mx  +  rj^^my-^ii.mr^  =  0;  (29) 

so  that  if  {x,  y,  z)  is  the  mass-centre,  and  i  is  the  radius  of 

gyration  relative  to  the  rotation-axis,  (29)  becomes 

^^+^17^*^  =  0;  (80) 

which  is  the  equation  to  the  line  of  action  of  the  blow,  in  the 

plane  parallel  to,  and  at  a  distance  C  from,  the  plane  of  (x^y); 

(30)  is  evidently  perpendicular  to  the  line  joining  the  mass-centre 

and  the  rotation-axis ;  and  if  ^  is  the  distance  of  the  mass-centre 

from  the  axis,  and  /  is  the  perpendicular  distance  from  the  axis 

on  the  line  of  the  blow,  or  the  line  of  percussion,  from  (30)  we 

^*^^  /  =  $;  (31) 
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hence  the  line  of  the  blow  mnst  be  at  right  angles  to  the  per- 
pendicular £rom  the  mass-centre  on  the  rotation-axis,  and  at  that 
distance  I  &om  the  rotation-axis  which  is  given  in  (31). 

This  value  of  I  has  already  been  found  in  Art.  285. 

Also  in  this  case  we  have  from  (6),  if  m  =  the  whole  moving 
mass,  „-  Q^        Q  /Qo\ 


Certain  special  forms  of  the  preceding  equations  deserve 
mark. 

If  the  plane  of  (x,  y)  is  the  principal  plane  of  the  axis  of  z^ 
which  is  the  rotation-axis,  (28)  is  satisfied  identicallj;    and 

Equation  (28)  is  also  satisfied  identically  if  %.mx  =  2. my  =  0 ; 
that  is^  if  the  rotation-axis  passes  through  the  mass-centre ;  but 
in  this  case  f  =  oc,  and  therefore  q  =  0.  So  that  if  a  body 
capable  of  rotation  about  an  axis,  passing  through  the  mass- 
centre,  is  struck  by  a  blow,  whatever  is  the  direction  and  the 
intensity  of  the  blow,  certain  pressures  are  always  produced  at  the 
fixed  points  of  the  axis.  This  result  obviously  depends  on  the 
fact  that  gfenerally  the  principal  point  of  an  axis  passing  through 
the  mass-centre  of  a  body  is  at  an  infinite  distance. 

If  at  the  time  when  the  blow  is  given  the  coordinate  planes 
are  so  chosen  that  that  of  {x^  z)  contains  the  mass-centre ;  then 
2,mif  =  0;  but  as  %,myz  evidently  vanishes  also,  Chas  a  deter- 
minate value. 

It  appears  then  that  if  a  body  capable  of  rotation  about  a  fixed 
axis  is  struck  by  a  blow  and  rotates  thereby,  so  that  no  pressure 
is  produced  on  those  points  at  which  the  axis  is  fixed,  it  is  ne- 
cessary that  (1)  the  rotation-axis  should  be  a  principal  axis  of 
the  body ;  (2)  the  line  of  the  blow  should  be  in  the  principal 
plane  of  this  axis,  and  perpendicular  to  the  plane  containing  the 
rotation-axis  and  the  mass-centre,  and  at  a  distance  from  the  axis 
equal  to  /,  as  defined  by  (31). 

A  representation  of  these  circumstances  is  given  in  Fig.  22 ; 
OPi  Pg  is  the  fixed  rotation -axis,  and  is  the  ;e-axis ;  Pi,  ?£  are  the 
two  fixed  points  which  determine  it ;  o  is  its  principal  point,  and 
is  the  origin,  so  that  in  this  figure  C=  ^ >  and  the  plane  {x,y)  is 
its  principal  plane.  G  is  the  mass-centre  of  the  body  which  is 
taken  to  be  in  the  plane  of  (a?,  z\  so  that  the  line  of  the  blow  is 
parallel  to  the  j^-axis.     o  k  =  ^,  the  radius  of  gyration  of  the 
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system  relativelj  to  the  rotation-axis,    ol  =  /;  no  =  cm  =  A ; 
so  that  bj  (80)  ol  is  a  third  proportional  to  oic  and  ok. 

If  i'  is  the  radius  of  gyration  of  the  body  relatively  to  m  o,  by 
(180),  Art.  191,       ^^^2^^. 

sothat  /  =  — 7 —  =  il+-Y-; 

.-.    >5(/-A)  =  *^;  (88) 

.*.     OM  X  ML  =  a  constant. 

288.]  The  point  l,  which  has  been  determined  in  the  preceding 
Article,  is  called  the  Centre  of  Percussion  of  the  body  relative  to 
the  given  rotation-axis.  It  determines  the  line  along  which  a 
blow  must  be  struck  on  a  body  capable  of  rotation  about  a 
principal  axis,  when  the  axis  receives  no  pressure  thereby ;  and 
conversely,  if  a  body  rotates  about  an  axis  free  from  all  con- 
straint, or  if  constrained,  free  from  pressure  at  its  bearings,  the 
centre  of  percussion  determines  the  line  in  which  a  blow  must  be 
given  to  the  body  to  reduce  it  to  rest  without  causing  pressure 
on  the  bearings ;  or,  in  another  sense,  it  determines  the  positions 
in  which  a  fixed  obstacle  may  be  placed,  on  which  if  the  body 
impinges  and  is  brought  to  rest,  the  bearings  of  the  axis  will 
suffer  no  pressure. 

It  is  also  evident  that  as  the  axis  0P|  Pg  is  free  from  pressure 
at  its  bearings,  it  is  that  axis  about  which  the  body  continues  to 
rotate  ;  it  is  therefore  a  permanent  axis.  We  have  hereby  then 
arrived  at  another  property  of  a  permanent  axis,  and  have  shewn 
it  to  be  identical  with  a  principal  axis. 

It  is  also  evident  that  if  the  body  is  free  &om  all  constraint, 
so  that  it  is  capable  of  translation  as  well  as  of  rotation,  the 
effect  of  a  blow  at  l  along  lq  will  cause  a  rotation  about  oPj  p,  ; 
for  this  reason  the  axis  oP|  P^  is  called  the  Spontaneous  Axis  of 
the  body  relative  to  the  point  L.  This  subject  however  we  shall 
consider  at  length  in  Chapter  VII. 

239.]  I  propose  now  to  apply  the  preceding  theory  to  certain 
examples,  and  to  exhibit  the  practical  meaning  of  the  results. 
For  this  purpose  it  is  often  more  convenient  to  express  (81)  in 
the  following  form ; 

,      mP      The  moment  of  inertia  ,_.. 

^  =  lil= la (**) 
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Ex.  1.  Find  the  centre  of  percnssion  of  a  circular  plate,  capable 
of  rotation  about  an  axis  which  touches  it. 

It  is  evident  that  the  rotation-axis  is  a  principal  axis^  having 
its  principal  point  at  the  point  of  contact  with  the  plate ;  hence, 
with  the  usual  notation, 

the  moment  of  inertia  =  — ^ 9     and    /=---• 

4  4 

Also  the  line  of  the  blow  Q  must  be  perpendicular  to  the  plane  of 

the  plate ;  therefore,  by  (32),  if  m  =  the  mass  of  the  plate, 


n  = 


ttpra^      au 


Ex.  2.  If  an  elliptical  plate,  the  eccentricity  of  whose  bounding 
line  is  '5,  is  capable  of  rotation  about  a  latus  rectum,  prove  that 
the  further  focus  is  the  centre  of  percussion. 

Ex.  3.  Find  the  centre  of  percussion  of  a  rectangular  cube 
whose  rotation-axis  is  parallel  to  four  parallel  edges  of  the  cube, 
and  which  is  equidistant  from  the  two  nearer,  as  well  as  from 
the  two  farther  edges. 

Here  it  is  evident  that  the  rotation-axis  is  a  principal  axis, 
and  the  line  drawn  through  the  centre  of  the  cube  perpendicular 
to  it  cuts  it  in  its  principal  point.  Let  2  a  be  a  side  of  the 
cube,  and  let  c  be  the  distance  of  the  rotation-axis  from  its  mass- 
centre;  then  «     2fl2  ,     , 

^^  =  c*  +  -— ,      and    A  :=  c] 
o 

,     ,__        2fl2  _     Q     _  q 

Ex.  4.  A  cylinder  is  capable  of  revolving  about  the  diameter 
of  one  of  its  circular  ends :  find  the  centre  of  percussion. 

Let  a  =  the  length  of  the  cylinder,  b  =  the  radius  of  its  cir- 
cular transverse  section.  It  is  evident  that  the  rotation-axis  is 
a  principal  axis ;  and  that  the  centre  of  the  circular  end  is  its 

principal  point. 

,      3J2  +  4fl2  2q 


6a       '  npaH'^' 

Hence  the  centre  of  percussion  will  be  at  the  end  of  the  cylinder 

2a 
if  3i^  =  2a^.     If  i  is  very  small  in  comparison  o{  a,  I  =  —; 

thus,  if  a  straight  rod  of  small  transverse  section  is  held  by  one 
end  in  the  hand,  I  gives  the  point  at  which  it  may  be  struck 
when  the  hand  will  receive  no  jar. 


241.] 
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Er.  5.  Find  the  centre  of  peicnagion  of  a  sphere  reTolving 
about  an  axis,  which  touches  its  sorfiice. 

His  axis  is  evidentlj  a  principal  axis,  and  tiie  point  of  eon* 
tact  is  its  principal  point ;  and  we  find 

3q         q 

4vpa^       ax 


n  = 


SEcnoir  2. — Boiaiion  cf  a  body  about  a  fixed  axis  under  the 

action  cf  finite  accelerating  forcee. 

240.]  I  proceed  now  to  the  case  of  a  rigid  body  rotating  abont 
a  fixed  axis  nnder  the  action  of  finite  accelerating  forces,  whereby 
momenta  are  continuoosly  impressed.  To  this  case  equations  (37) 
and  (38),  Art.  73,  are  to  be  applied. 

To  simplify  the  expressions,  without  any  loss  of  generality,  let 
us  take,  as  in  the  preceding  Section,  the  rotation-axis  to  be  the 
r-axis ;  and  suppose  it  to  be  fixed  at  two  points  whose  distances 
firom  the  origin  are  respectively  z^  and  z^ ;  let  the  pressures  at  these 
points  at  the  time  t  be  respectively  f^  and  Pg ;  and  let  the  lines 
of  action  of  these  pressures  be  (o^,  jS^,  yj),  (o^,  jSj,  yg). 

Let  2.  P  cos  a 2.Pr  cos  a be  abridging  symbols  of 

the  axial  components  of  these  pressures,  and  of  their  moments 
relative  to  the  axes ;  and  let  l,  m^  N,  as  in  (40),  Art.  74,  be  the 
moments  of  the  axial  components  of  the  couples  of  the  impressed 
momentum-increments  at  the  time  t ;  then  the  equations  of 
motion  are 

2.ot(x  — ^-jj  — 2.Pcosa  =  0, 


2.m 


(y-^)-2.pcos^  =  0, 


d^z 


2.«(z—  ^-j^)— a.Pcosy  =  0; 


(86) 


dt 


'i.mx  z 


( 


d^-x 


dt 


i.m 


dt^ 


d^z. 


di 


d^. 


=  N. 


(86) 


dl'^      "  dV 
241.]  In  the  first  place,  I  propose  to  consider  the  motion  of 
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rotation  about  the  fixed  axis  apart  from  the  pressures  at  the  fixed 
points  of  the  axis,  reserving  the  latter  for  consideration  here- 
after ;  with  this  view  let  us  transform  the  last  of  (36)  into  its 
equivalent  in  terms  of  angular  velocity  about  that  fixed  axi& 

Let  r  be  the  distance  from  the  rotation-axis  of  f»,  whose  place 
at  the  time  t  is  (or,  y,  z) ;  and  let  B  be  the  angle  between  r  and 
the  plane  of  (^,  ^),  which  plane  is  assumed  to  be  fixed  in  space ; 
let  0)  be  the  angular  velocity  about  the  fixed  j?-axis ;  so  that 


^dB  d<a^d*$ 

^'^'di'  li'^  di^ 


(87) 


Hence  we  have,     x^zrcosO,  y  szrem  0; 

/.     -=75  =  — o)*rcosd— rsm^-^j 
dt^  dt 

d^y  o     •  rfft> 

•t:^  =  — a)*rsln^  +  rcos^-=7• 
a^^  dt 

so  that  the  last  of  (36)  becomes 

^d(A 

2.iaf*-7r  =  N; 

at 

ft 

and  as  -^  is  the  same  for  all  the  particles  of  the  system,  it  may 

be  placed  outside  the  sign  of  summation,  so  that  we  have 
da>  ^d^O  ^      N 
dt  "~  di^  ""  2.«*r^ 

__  The  moment  of  the  impressed  momentum-increments ,  ,^^. 

The  moment  of  inertia  * 

each  of  these  quantities  being  estimated  relatively  to  the  fixed 
rotation-axis.  The  form  which  this  equation  takes  shews  that  it 
is  independent  of  the  particular  system  of  coordinate  axes  which 
has  been  taken.  It  is  indeed  identical  with  (53),  Art.  155.  By 
it  the  angular  velocity-increment  about  the  rotation-axis  is 
given ;  and  therefore  by  integration  the  angular  velocity,  and 
by  a  subsequent  integration  the  angle  described  in  a  given  time 
may  be  found.  Thus  the  motion  of  the  body  about  a  fixed  axis 
will  be  determined. 

Before  however  we  proceed  to  examples  of  this  motion,  let  us 
shew  that  (38)  may  be  derived  immediately  from  first  principles  ; 
for  this  process  will  remove  any  obscurity  which  may  attach  to 
its  meaning. 

Let  w  be  a  type-particle  of  the  body  or  system ;  let  r  be  its 
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distance  from  the  rotation-axis  of  z^  so  that  if  ^  is  the  angle  be- 
tween r  and  the  fixed  plane  of  (^,  z\  the  linear  velocity  of  m  is 

r  -jr  y  and  the  linear  velocity-increment  is  r  -^r^ ;  and  therefore 

the   moment  of  the  expressed  momentum-increment  of  m  is 

mr^-jr^  ;  so  that  relatively  to  the  axis  of  z  the  moment  of  the 

.  .  d^e 

whole  expressed  momentom-increment  is  ^,mr^-jT^\  and  there- 
fore if  N  is  the  moment  relatively  to  the  same  axis  of  the  whole 
impressed  momentum-increment  in  an  unit  of  time,  by  D'Alem- 
bert's  principle  we  have 

d^O       doa  N 


dl"^        dt       :i.mr^ 

242.]  With  respect  to  this  equation,  it  is  to  be  observed,  that 
if  the  lines  of  action  of  all  the  impressed  forces  are  parallel  to  the 
axis  of  z,  which  is  the  rotation-axis,  k  =  0  ;  and  that 

di^^^'        dt^^' 
if  n  is  the  angular  velocity  at  the  time  under  consideration ;  so 
that  the  system  moves  with  a  constant  angular  velocity.    Hence 
also  ^_a  -  cit, 

if  a  is  the  value  of  B^  when  ^  =  0 ;  so  that  equal  angles  are  de- 
scribed in  equal  times.  This  is  a  particular  case  of  the  principle 
of  conservation  of  moments  of  momenta ;  see  Art.  88.  Thus,  if  a 
heavy  body  rotates  about  a  vertical  axis,  the  force  of  gravity  has 
no  effect  on  the  angular  velocity. 

243.]  But  one  of  the  most  important  applications  of  this  the- 
orem is  the  motion  of  a  heavy  body  rotating  about  a  fixed  hori- 
zontal axis.  Let  us  take  the  system  of  axes  delineated  in  Fig.  23 ; 
let  the  axis  of  ^r  be  vertical  downwards ;  let  they-axis  be  the  rota- 
tion-axis, and  let  0  be  the  angle  at  which  the  perpendicular  firom 
m  to  the^-axis  is  inclined  to  the  vertical  plane  of  (y,  z) ;  thus  the 
line  of  action  of  gravity,  which  is  the  only  force  acting  on  «i,  is 
parallel  to  the  r-axis.  Let  o  be  the  centre  of  gravity  of  the 
body,  and  let  the  plane  passing  through  it  and  perpendicular  to 
the  axis  of  y  be  the  plane  of  (^,  z) ;  so  that  as  the  body  rotates 
about  the  axis  of  y,  the  line  OG  moves  in  the  plane  of  (^,  z). 
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LK  x  be  ihe  maas  of  the  body ;  OG  =  i  =:  the  distance  of  the 
ccBtie  of  gmvity  from  the  rotalioii-axis;  and  let  ui^  be  tiie 
moment  of  inertia  about  the  rolatioii-axiB ;  let  Qoz  =  ^,  bo  tbat 
as  0  increases  the  body  rotates  about  the  axis  of  y  from  the 

r-«xis  to  the  x-axis :  also  37  ==  ^  ^  the  angular  velocity ;  and 

is  ihe  same  for  all  particles  of  the  body.  Now  the  moment  of 
the  impressed  momentum  on  ai  at  (r,  jr,  r)  at  the  time  t  relatively 
to  the  rotation-axis  is  m^x,  and  t^tds  to  diminish  0 ;  so  that 
the  moment  of  ihe  momenta  impressed  on  all  the  particles  at  the 

tinie<  =  —  s.fli^x  =:— x^isin^; 

and  the  moment  of  the  impressed  momentum  is  the  same  as 
if  the  whole  mass  were  collected  at  its  centre  of  gravity ;  so 
firam  (38)  we  have 

^  =  — %;p-  =  -4-«»<';  (89) 

Nioalicn  gives  the  angular  acceleration  about  the  rotation- 


Let  us  multiply  both  sides  of  (39)  by  d$ ;  and  suppose  the  body 
to  be  at  Twt  when  ^  =  a ;  then,  int^mting  (39),  we  have 

;j,v-^/ 1^^^-^^-^*  (40) 

whk^h  a*w^n\*  ih^  ai^iUr  x^H-^iry  in  terms  of  6.  From  this 
t<{m%i\xk\  it  ai^i^wMNi  iKal  j^^^'^  ^^^^  ^^»  *^^  *^e  angular  velo^ 
oif.v  vi^uimh^^  ^\^\  ^h^  hody  is  at  rest,  when 

w>  Umt  **  (^^^)  ex}ire88es  the  circumstances  of  the  body,  the  mo- 
tvJon  t>r  it  w  twillatory,  the  arc  of  vibration  being  double  of  that 
Wiwt^on  tho  vertical  line  and  the  initial  position  of  the  line 
thrt^Wh  Mu»  axis  and  the  centre  of  gravity ;  this  latter  being  the 
vi»rUt^l  lino  when  the  body  is  at  rest.  Hence  we  have  the  fol- 
lowing oinnunstanccs  of  motion  of  a  heavy  body  capable  of  oscil- 
lHti(»n  n\m\i  u  horizontal  axis.  When  the  body  is  at  rest,  the 
|ii»rHoniliouliir  from  its  centre  of  gravity  to  the  rotation-axis  is 
vorllonl  I  l(»t  this  lino  be  moved  through  an  angle  a,  and  let  the 
bod>'  \h^  U\{\.  fo  itself;  it  will  oscillate  through  an  angle  2  a,  the 
imxUv  of  KTuvity  ascending  to  equal  heights  on  Loth  sides  of  the 
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lowest  point.  Such  an  oscillating  body  is  called  a  compound 
pendulum. 

If  the  body  is  moving  with  an  angular  velocity  a  when  ^  =  a, 
the  equation  of  the  angular  velocity  becomes 

^2  -  ^'  =  --^(cosd-cosa);  (41) 

but  as  this  is  of  the  same  form  as  (40),  so  fSur  as  integration  is 

concerned,  we  shall  inquire  into  the  properties  of  only  (40). 

244.]  Equations  (40)  and  (41)  are  evidently  those  of  vis  viva 

and  of  work ;  for  in  this  case  equation  (99),  Art.  108,  takes  the 

form  1  rj02        \ 

^3.««r2j  — — n^i  =  M^A(cos^— cosa);  (42) 

and  as  ^.mr^  =  mA^,  we  have 

^-n2  = --p- (cos ^-cos  a) ; 

as  there  are  many  cases  in  which  this  equation  of  vis  viva  can  be 
expressed  immediately,  we  shall  not  hesitate  to  make  it  the 
starting  point  of  a  problem  ;  and  if  the  angular  acceleration  is 
required  it  can  be  immediately  deduced  from  it  by  differentiation. 
This  is  the  case  whenever  the  pressures  at  the  fixed  points  are  to 
be  determined,  as  second  time-differentials  are  involved  in  them. 

245.]  From  (40)  we  have 

at^ L_ ^ ;  (48) 

(2^A)*(cos(9-cosa)* 

whence,  by  integration,  the  time  may  be  found  in  terms  of  d, 
and  the  whole  time  of  an  oscillation  may  be  determined. 

This  equation  however  in  its  present  form  is  an  elliptic  func- 
tion, and  therefore  t  can  only  be  expressed  as  an  elliptic  integral. 
If  however  the  displacement  of  the  body  is  slight,  so  that  a  and  $ 
are  both  small,  then  we  may  expand  cos  0  and  cos  a,  and  neglect 
powers  of  0  and  a  above  the  second;  whereby  we  have 

cosd=l— —  J      cosa  =  l  — ^; 

and  (43)  becomes 

,,  *  d0 

a^  =  — 


(^^)i(aa-^2)i' 

.•.    tss -cos-^-;  (44) 

if  ^  =  0,  when  0  =  a;  and  therefore  if  T  is  the  time  of  a  small 

PEICE,  VOL.  IV.  u 
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oscillation  of  a  heavy  body  abont  a  horizontal  axis,  ^  =  t  when 

d  =  -a,and  ^jt 

T  = .  (46) 

246.]  Now  if  we  consider  a  heavy  particle  of  infinitesimal 
dimensions  attached  to  the  end  of  a  rigid  imponderable  rod  of 
length  I,  and  without  weight,  and  vibrating  about  a  horizontal 
axis  perpendicular  to  its  length,  to  be  a  perfect  pendulum,  then, 
as  we  have  shewix  in  Art.  428,  Vol.  Ill,  if  t  is  the  time  of  small 
oscillation  of  such  a  pendulum, 

and  the  time  of  the  heavy  oscillating  body  is  identical  with  this, 

if  i&s 

/  =  i.  (46) 


Thus,  the  compound  pendulum  is  isochronous  with  a  perfect  pen- 
dulum of  the  length  /,  which  is  given  in  (46) ;  and  /  is  called  the 
length  of  the  simple  isochronous  pendulum. 

The  agreement  however  in  motion  between  the  compound  and 
the  simple  isochronous  pendulum  is  greater  than  the  preceding 
investigations  lead  to.  For  the  general  equation  of  a  heavy  parti- 
cle attached  to  the  end  of  a  rigid  and  imponderable  rod  of  length 
/,  and  rotating  in  a  vertical  circle,  is,  see  Art.  429,  Vol.  Ill, 

and  this  equation  is  identical  with  (89),  which  determines  the 
rotation  of  the  heavy  body,  if 

and  hence  we  conclude  that  if  the  whole  mass  of  the  rotating 
body  is  condensed  into  a  particle  at  a  distance  I  from  the  rota- 
tion-axis along  the  line  which  passes  through  the  centre  of 
gravity,  the  circumstances  of  equilibrium  and  of  motion  of  this 
particle  would  be  identical  with  the  similar  circumstances  of  the 
body.  And  if  the  body  is  slightly  displaced  from  its  position  of 
stable  equilibrium,  and  oscillates  through  a  small  angle,  the  time 
of  an  oscillation 

=  t:  (— j  >     where     ^  =  -^  ; 
k  being  the  radius  of  gyration  of  the  body  about  the  horizontal 
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rotation-axis,  and  h  being  tbe  distance  of  the  centre  of  gravity 
from  the  same  axis. 

The  point  o,  Fig.  23,  in  which  the  horizontal  rotation-axis 
pierces  the  vertical  plane  containing  the  centre  of  gravity,  is 
called  the  Centre  of  Suspension;  and  if  OG  is  produced  to  c,  so 
that  oc  =  ^,  c  is  called  the  Centre  of  Oscillation,  and  oc  or  /  is 
the  length  of  the  simple  pendulum  isochronous  with  the  body ; 
that  is,  if  the  whole  mass  is  collected  into  a  particle  at  c,  the 
circumstances  of  rotation  of  the  particle  thus  condensed  will  be 
the  same  as  those  of  the  body. 

247.]  Let  U  be  the  radius  of  gyration  of  the  body  relative  to 
an  axis  through  G,  and  parallel  to  the  rotation-axis  ;  then,  since 
by  (180),  Art.  191 ,  ^  =  ^2  +  ^2 ; 

.-,  /=*:!+i!=>l+^^  (47) 

.-.     (/-A)A  =  >r2;  (48) 

and  replacing  these  by  the  geometrical  quantities, 

CGXGO  =  U^ 

=  a  constant.  (49) 

Now  this  equation  would  be  unaltered  if  the  places  of  0  and  c 
were  interchanged ;  whence  we  infer  that  if  c  is  the  centre  of 
oscillation  for  an  axis  oy  through  o,  o  would  be  the  centre  of 
oscillation  for  a  parallel  axis  through  c.  This  theorem,  as  it  is 
commonly  stated,  asserts  the  convertibility  of  the  centres  of  sus- 
pension and  oscillation.  As  the  length  of  the  simple  isochronous 
pendulum  is  the  same  whether  c  or  o  is  the  centre  of  oscillation* 
so  the  time  of  oscillation  is  the  same  for  both  parallel  axes. 

It  will  be  observed  that  we  have  the  same  expressions  for  the 
determination  of  the  centre  of  oscillation  and  the  centre  of  per- 
cussion relative  to  a  given  rotation-axis,  see  (31),  Art.  237 :  in  the 
latter  case,  however,  it  is  necessary  that  the  rotation-axis  should 
be  a  principal  axis  at  some  point  on  it,  and  the  centre  of  percus- 
sion should  be  in  its  principal  plane ;  here  no  such  restriction  as 
to  the  nature  of  the  axis  is  necessary.  We  have  hereby  a  method 
by  which  the  centre  of  percussion  may  be  practically  determined. 
Let  the  body  of  which  the  centre  of  percussion  is  to  be  found  be 
suspended  by,  and  made  to  vibrate  about,  the  relative  rotation- 
axis  ;  let  the  number  of  vibrations  in  a  given  time  be  noted ;  let, 
say,  n  vibrations  take  place  in  t ;  then 

u  % 


k-i  yn    ivti 
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tiktfe^  iT  #  atti  •  are  fmnbOw  ofaeerred,  is  the  other  quantities 
ig»bfc?wm./kdb»lnwa;  stti  this  is  the  distuice  of  tiie  centre 

^4^]  Reftte  WY  f»tflr  «a  other  imTntigatknis  connected  with 
rth^tiBKe^&tLcl'cmllilioBofhodieB.irewindeternii^  certain 

««i»i$ :  sad  ftc  this  porpose  we  dnll  gaieaHj  find  the  hst  of 
ihe  ibUoviii^  Ibnns  the  ssoie  ec»iTeiiieKt ; 

_   The  moment  of  laeitia  rdadre  to  the  rotstion-aiis         ,^  . 
^  The  massxthedislatteeof  mil  ffntie  from  the  axis*     ^     ^ 

Ex.  1.  A  straight  heaTT  wire,  of  length  2s,  vibrates  about  an 
axis  passing  throc^  its  end,  and  popendicuhr  to  its  length : 
prove  that  the  length  of  the  simple  isoehrcmoos  pendulum  is  two- 
thirds  of  the  length  of  the  wire. 

Kx,  3.  A  wire,  in  the  form  of  the  arc  of  a  circle,  vibrates  about 
an  axis  passing  through  its  middle  point  and  perpendicular  to 
it<s  plane ;  pro>^  that  the  length  of  the  simple  isochronous  pen- 
dulum is  that  of  the  diameter  of  the  circle,  whatever  is  the  length 
t>f  the  wire. 

lift  p  and  o)  be  the  density  and  the  area  of  the  transverse  see- 
tion  of  the  wire ;  let  a  be  the  radius  of  the  circle ;  then  the  origin 
Inung  the  middle  point  of  the  wire,  the  equation  to  the  wire  is 

J^  +  «*  =  2ax; 

Alio  ui:=^  po>  jxds; 

the  limits  of  integration  being  the  same  in  both  integrals ;  so  that 

l=:2a. 
Ex.  8.  Compare  the  times  of  vibration  of  a  thin  circular  plate 
nbout  axes  passing  through  the  circumference,  and  (1)  touching 
the  circle  and  in  its  plane ;  (2)  at  right  angles  to  the  plane  of 
tha  circle. 

The  moment  of  inertia  relative  to  a  tangent  =  — ^ —  ; 
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the  moment  of  inertia  relative  to  a  perpendicular  axis  =  — ^ —  ; 
and  in  each  case  «  i  —  -. ^^/.s . 

therefore,  if  l^  and  l^  are  the  lengths  of  the  corresponding  iso- 
chronous pendulums,       ^  « 


and  if  /,  and  L  are  the  corresponding  times  of  small  vibration, 

Ex.  4.  A  right  cone  oscillates  about  an  axis  passing  through 
its  vertex  and  perpendicular  to  its  own  axis ;  it  is  required  to 
fmd  the  length  of  the  simple  isochronous  pendulum. 

Let  a  =  the  altitude  of  the  cone ;  h  =  the  radius  of  the  cir- 
cular base;  then  ,Q  «,, 

therefore  I  =  — = • 

If  a  =  £,  that  is,  if  the  cone  is  right-angled,  /  =  a ;  and  the  alti- 
tude of  the  cone  is  the  length  of  the  simple  isochronous  pen- 
dulum :  thus  the  centre  of  oscillation  is  in  the  centre  of  the 
base ;  so  that  the  times  of  oscillation  of  a  right-angled  circular 
cone  are  equal  for  axes  through  the  vertex  and  the  centre  of  the 
base  which  are  perpendicular  to  the  axis  of  the  cone. 

Ex.  5.  The  mass  of  the  particle  at  the  end  of  a  perfect  pen- 
dulum of  length  a  is  m  :  another  mass,  m,  which  is  very  small  in 
comparison  with  m,  is  placed  on  the  rod  at  a  distance  a  from  the 
axis  of  suspension :  determine  the  variation  in  the  length  of  the 
simple  isochronous  pendulum,  (1)  when  m  is  slightly  shifted, 
(2)  when  the  mass  of  m  is  slightly  varied. 

""    Mfl  +  wa?  * 
so  that,  if  m  is  very  small  in  comparison  with  M,  the  approximate 
value  of  /  is  fl.     From  the  preceding  value  of  /,  we  have 

/(Mfl  +  wa?)  =  Mfl*  +  f«a?*; 

(1)  •'•     -7-=— ^-1 -^ 

^  '  dx       ua-^-mx 

as  this  =  0,  when  ^  =  « '    ^^^^  ^*  approximately,  =  ^  >  and 

changes  sign  from  —  to  + ,  it  follows  that  the  effect  of  m  on 
the  time  of  vibration  is  a  minimum  when  m  is  placed  at  the 
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middle  point  of  a,  and  that  the  time  is  increased  according  as  it 
is  removed  from  this  point.  It  is  also  evident  that  /  is  a 
mazimom  when  Ma  +  mx  =  0 ;  that  is,  when  the  centre  of  sus- 
pension is  the  centre  of  gravity  of  m  and  m^  and  that  the  time  of 
oscillation  is  then  infinite. 

(2)  Also  —  =  ^^^"^^  • 

^ '  '  dm       ua+mx * 

hence  I  decreases  as  m  increases,  if  m  is  pat  at  any  point  between 
the  place  of  M  and  the  axis  of  suspension  ;  if  therefore  m  is  placed 
at  the  middle  point  of  a,  where  its  efiect  on  the  time  of  vibration 
is  the  least,  the  addition  of  a  small  mass  to  m  will  cause  a  slight 
decrease  in  the  length  of  /,  and  a  corresponding  decrease  in  the 
time  of  oscillation,  or  an  increase  in  the  rate  of  the  clock ;  all 
these  variations  will  be  very  small,  and  accordingly  may  be 
properly  adapted  to  tiie  correction  of  clock  errors,  which  are 
generally  very  small. 

Ex.  6.  A  metronome  is  formed  of  a  rod  of  given  length  and 
mass  M,  having  at  one  end  a  sphere  of  radius  r  and  mass  m,  with 
its  centre  at  a  distance  a  &om  the  rotation-^axis,  which  is  perpen- 
dicular to  the  rod ;  another  sphere  of  radius  /  and  mass  m\  slides 
along  the  rod :  to  find  the  point  at  which  the  centre  of  this  latter 
sphere  must  be  fixed,  so  that  the  whole  system  may  oscillate  n 
times  in  a  minute. 

Let  the  metronome  be  represented  in  Fig.  24,  wherein  the 
rod,  which  in  the  position  of  equilibrium  is  vertical,  is  slightly 
inclined  to  the  vertical. 

Let  the  plane  of  the  paper  be  the  plane  of  vibration,  and  let  o 
be  the  point  where  the  rotation-axis  pierces  the  plane.  Let  a  be 
the  centre  of  the  fixed  sphere,  oa  =  a ;  let  p  be  the  centre  of  the 
sliding  sphere,  op  =  a? ;  let  ob  =  i.  Then,  relatively  to  the 
rotation-axis, 

the  moment  of  inertia  of  m  =  m  (—  +  a^^ 
o{m'^m\^+x^) 


0fM  =  M( ); 


and  the  denominator  of  (50)  in  this  case 

b—a        , 
=  w  a  —  M  — — 7fi  X  ; 
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so  that 

As  the  metronome  is  to  oscillate  n  times  in  a  minute, 

60         ,/vl 

—  =  w(-)  • 
n  v^/ 

Let  L  =  the  length  of  the  second's  pendolom,  so  that  tt^l  =  ^; 
then  8600 

and  if  we  substitute  this  in  the  lefb-hand  member  of  (51),  the 
equation  contains  x  and  known  quantities ;  whence  w  may  be 
determined ;  and  the  rod  of  the  metronome  may  be  graduated  so 
that  the  system  will  oscillate  in  any  required  time. 

If  the  rod  is  very  thin,  as  is  the  case  with  the  ordinary  me- 
tronomes, M  may  be  neglected ;  and  we  have 

3600    _^(2r^  +  5fl^)  +  f»^(2/g  +  5a?g) 

Ex.  7.  A  pendulum  consists  of  a  rod  of  length  a  and  mass  m ; 
at  the  end  of  which  is  a  circular  plate.  Fig.  25,  of  radius  r  and 
mass  M,  so  arranged  that  the  plate  is  capable  of  sliding  on  the 
rod,  and  rests  on  a  nut  fixed  at  the  end  of  the  rod ;  the  plane  of 
the  plate  is  always  in  the  plane  of  vibration ;  find  the  length  of 
the  simple  isochronous  pendulum  ; 

The  moment  of  inertia  of  the  plate  =  M  <  -jr-  +  (fl — r)^>  ; 
The  moment  of  inertia  of  the  rod  =  w  yr  ; 

u 

and  A3.«i  = -^4-M(a  — r); 

•*•     ^"-         3{«ia  +  2M(fl-r)}  ^^^^ 

Let  us  suppose  the  temperature  to  vary  so  that  a  and  r  are 

increased  by  da  and  dr  respectively ;  m  and  m  being  unaltered ; 

and  let  us  suppose  the  pendulum  to  be  compensating,  so  that 

I  remains  the  same,  whatever  is  the  temperature ;  then,  since 

d/  =  0,  we  have  from  (52) 

{6M2(2a2_4flr  +  r2)  +  wM(10fl2-8ar-9r2)+2«iV}ifl 

=  Mrfr{6M(3r2-6flr+2a2)  +  2««a(9r-4fl)}.     (58) 
In  the  most  common  form  of  compensating  pendulums  the 

straight  rod  is  made  of  steel,  and  the  weight  consists  of  a  cylinder 
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of  mercury  which  is  fixed  at  the  end  of  the  rod,  the  axis  of 
the  cylinder  coinciding  with  the  rod,  and  the  base  of  the  cylinder 
resting  on  a  nut  at  the  end  of  the  rod.  The  amount  of  expan- 
sion of  the  rod  and  the  mercury  having  been  determined  by  ex- 
periment for  an  increase  of  one  degree  of  temperature,  and  the 
length  of  the  seconds'  pendulum  being  also  known,  the  quantity 
of  mercury  may  be  determined  by  a  process  similar  to  that 
which  we  have  just  explained*. 

249.]  The  convertibility  or  the  reciprocality  of  the  centres  of 
suspension  and  oscillation  of  a  pendulum  has  been  applied  by 
Capt.  Kater  to  the  determination  of  its  length;  and  he  has 
hereby  obtained  means  for  determining  the  length  of  a  seconds* 
pendulum  at  a  given  place. 

Let  the  pendulum  consist  of  an  ordinary  thin  straight  rod, 
and  a  heavy  disc,  as  in  Fig.  26.  At  the  points  0  and  c,  at  the 
distance  I  apart,  let  two  knife  edges  be  placed  parallel  to  each 
other,  and  at  right  angles  to  the  rod  of  the  pendulum  ;  so  that 
the  x>€ndulum  may  vibrate  on  either  of  them,  as  in  the  diagram 
of  the  figure,  where  it  rests  on  two  horizontal  and  parallel  plates. 
Let  a  small  weight  m  be  capable  of  sliding  on  the  bar,  and  of 
being  clamped  to  it  by  means  of  a  screw.  It  is  evident  that 
whether  o  or  c  is  the  centre  of  suspension  the  length  of  the 
simple  isochronous  pendulum  will  vary  according  to  the  place  of 
m ;  let  the  place  of  m  be  so  adjusted  that  the  times  of  oscillation 
may  be  the  same,  whether  the  pendulum  is  suspended  by  the 
knife  edge  at  c  or  by  that  at  o ;  so  that  0  c  ( =  /)  is  the  length 
of  the  simple  isochronous  pendulum ;  if  then  this  distance  oc  is 
carefully  measured,  the  length  of  a  simple  pendulum  is  accurately 
known :  and  by  means  of  it  the  lengths  of  all  other  pendulums 
may  be  determined. 

Thus,  suppose  the  pendulum  above  described  to  make  n  oscil- 
lations in  a  given  time,  say  in  t ;  these  quantities  can  be  found 
by  means  of  an  astronomical  or  any  other  correct  clock,  by  the 
method  of  coincidences :  then 


*  For  a  full  account  of  this  pendulum  I  must  refer  the  reader  to  a 
Memoir  by  Mr.  Francis  Bailey  in  the  Eighth  Volume  of  the  Memoirs  of 
the  Royal  Astronomical  Society  of  London,  for  the  year  1824  :  and  for  a 
description  of  various  other  kinds  of  compensating  pendulums  to 
**  Mechanics,"  by  Capt.  Kater  and  Dr.  Lardner ;  Longman  and  Go., 
London, 1830. 
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-  =  '(-)*• 

Bat  if  L  is  the  length  of  a  seconds'  pepdultun ;  it'l 


=  9> 


,2 


(54) 


(55) 


and  therefore  fche  length  of  l  ib  also  known. 

250.]  The  preceding  theory  of  pendalom-motion  also  supplies 
the  means  for  determining  the  value  of  g^  the  acceleration  due 
to  the  earth's  attraction.     From  (54),  we  have 

""^T^^i  /RAX 

9  =  -^2—  5  (56) 

and  thus  when  n  and  t  have  been  determined  by  observation, 
and  /  by  direct  measurement,  all  the  quantities  in  the  right-hand 
member  of  this  equation  are  known.  So  that  from  (55)  and 
(56)  the  length  of  the  seconds*  pendulum,  and  the  velocity-incre- 
ment due  to  the  earth's  attraction,  which  is  usually  termed  "  the 
force  of  gravity,"  may  be  found  at  any  given  place.  A  table 
containing  the  values  of  L  and  g  for  a  few  places,  with  their  lati- 
tudes N  or  s,  is  subjoined ;  the  observations  are  reduced  to  the 
level  of  the  sea,  and  to  a  pendulum  vibrating  in  vacuo,  at  a  tem- 
perature 62°  of  Fahrenheit  *. 


Name  of  Place. 

LaUtnde. 

Leni^h  of 

Pendulum  in 

Inches. 

GraTity  in 
Feet. 

Name  of  Observer. 

Spitzbergen 

79^49'58"n 

39-2146 

32*25294 

Sabine. 

Drontheim  

63^  25' 54"  N 

39.1745 

32*2198 

Sabine. 

;  London    

51^31'   8''n 

39*13929 

32*1910 

Rater,  Sabine; 

Paris    

48^50'14''n 
40°42'43''n 
17^56'   7''n 

39*1308 
39*1016 
390351 

32*1838 
32*1598 
32*1052 

Biot,  Borda,  &c. 

Sabine. 

Sabine. 

New  York   

Jamaica   

Sierra  Leoue    

8°  29' 28"  N 

39*0199 

32*0933 

Sabine. 

Cape  of  Good  Hope 

33^55' 15''s 

39*0787 

32*1409 

Freycinet. 

*  For  accounts  of  the  process  by  which  General  Sabine  determined  the 
lengths  of  the  pendulum  at  those  places  in  the  following  table  to  which 
his  name  is  attached,  see  "  An  Account  of  Experiments  to  determine  the 
Figure  of  the  Earth  by  means  of  Pendulums  vibratinff  seconds  in  di£ferent 
latitudes,  as  well  as  on  various  other  subjects  of  PmloBopbical  Inquiry," 
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These  results  shew  that  gravity  continaally  increases  from  the 
Equator  to  the  Poles.  And  the  differences  between  the  observed 
results  and  the  values  calculated  according  to  theory  are  found  to 
be  extremely  small. 

251.]  By  means  of  the  preceding  value  for  the  length  of  a 
pendulum  which  vibrates  isochronously  with  a  body  relative  to 
a  given  axis^  we  are  able  to  deduce  experimentally  the  radius  of 
gyration  of  a  body  relative  to  an  axis ;  and  consequently  the 
central  principal  radii  of  gyration,  and  thus  the  constants  of 
the  central  ellipsoid  of  gyration. 

If  it  be  possible,  let  the  body  make  small  oscillations  about  the 
axis  relative  to  which  the  radios  of  gyration  is  to  be  determined : 
let  T  be  the  time  of  an  oscillation^  which  can  be  observed  by 
means  of  a  clock ;  then 

T  =  v(A;  and   T*=~-i--  (57) 

Let  i,  which  is  the  distance  of  the  mass-centre  from  the 
rotation-axis,  be  measured ;  then,  since  n^P  =  T^^^, 

Mi*  =  ^  w,  (68) 

if  w  is  the  weight  of  the  body.  Thus,  we  have  the  radius  of 
gyration,  and  the  moment  of  inertia  of  a  body  relative  to  a 
given  axis. 

IS  the  axis  passes  through  the  mass-centre  the  method  fails, 
because  A  =  0,  and  therefore  t  =  oo :  in  this  case  let  another 
rotation-axis  parallel  to  the  given  one  be  taken  through  the 
mass-centre,  and  at  a  distance  A  from  it ;  then,  if  i'  is  the  radius 
of  gyration  for  the  axis  through  the  mass-centre, 

...    jt'-2^t^_A2,  (59) 

M/l'2=^w-M/i*;  (60) 

thus,  (59)  gives  the  radius  of  g}Tation,  and  (60)  gives  the  mo- 
ment of  inertia  about  an  axis  passing  through  the  mass- centre. 

by  Edward  Sabine,  F.  R.  S.,  &c.,  &c. ;  John  Murray,  London,  1825  ;  at  the 
expense  of  the  Board  of  Longitude.  See  also  three  other  papers  by 
General  Sabine  in  the  Philosophical  Transactions  of  1 827. 
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When  these  have  been  found  for  a  snfiScient  number  of  axes,  the 
central  ellipsoid  of  a  body  may  be  eonstmcted.  Whenever 
therefore  a  body  is  given,  however  irregular  be  its  bounding 
sur&ce,  whatever  is  the  law  according  to  which  its  density  or 
the  distribution  of  its  elements  varies,  its  central  ellipsoid  can 
always  be  determined  by  the  preceding  method;  and  conse- 
quently every  curve  or  surface  connected  with  it,  or  which  may 
be  derived  from  it,  may  always  be  assumed  as  known. 

252.]  Certain  general  properties  of  axes  of  a  body  with  respect 
to  vibration  also  require  investigation.  Let  us  refer  the  body 
to  the  mass-centre  as  origin,  and  to  its  central  principal  axes  as 
coordinate  axes.  Let  a,  d,  c  be  the  three  central  principal  radii 
of  gyration,  in  the  same  order  of  magnitude  and  about  the  same 
axes  as  we  have  assumed  in  the  preceding  Chapter.  So  that  if 
i^^  is  the  radius  of  gyration  about  an  axis  (a,  j3,  y)  passing 
through  the  mass-centre, 

*'2  =  a^co8ay  +  b^{co3py  +  c^{coQyf.  (61) 

Let  those  axes  of  a  body,  relative  to  which  the  times  of  vibration 
are  equal,  be  called  isochronal ;  then  for  an  axis  parallel  to  a  line 
(a,  )3,  y),  which  passes  through  the  mass-centre,  and  at  a  distance 
from  it  equal  to  ^, 

/  =  >l  +  ^  (62) 

_^     fl^(co8a)^  +  i^(cos)3)^  +  c^(cosy)\  .g^v 

and  since  this  is  true  for  all  axes  parallel  to  (a,  j3,  y),  and  equi- 
distant from  it,  it  follows  that  all  axes  lying  on  the  surface  of  a 
right  circular  cylinder  whose  axis  passes  through  the  mass-centre 
are  isochronal. 

Let  l—A=zA';  so  that  AA^=  ^;  then  as  an  axis  at  a  distance 
A^  from  the  mass-centre  is  isochronal  with  a  parallel  axis  at  a 
distance  A,  so  all  axes  lying  on  the  surface  of  a  right  circular 
cylinder  whose  radius  is  A\  and  whose  axis  passes  through  the 
mass-centre,  are  isochronal;  and  are  isochronal  with  those 
which  lie  on  the  surface  of  the  coaxial  circular  cylinder  whose 
radius  is  ^. 

253.]  From  (62)  it  appears  that  /=oo,  when  A  =  0,  and  when 
A  =  oo]  Eo  that  there  is  some  value  of  A  between  these  limits 
which  makes  I  a  minimum.  Let  us  equate  to  zero  the  A-differen- 
tialof(62);  then 
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1  =  1-5  =  0,     if  1=*^;  (64) 

it  appears  then  that  for  all  parallel  axes  the  time  of  oscillation  is 
the  least  for  those  which  are  at  a  distance  1c  from  the  mass-centre 
of  the  body,  where  V  is  the  radios  of  gyration  of  the  body  rela- 
tive to  a  parallel  axis  through  the  mass-centre ;  and  that  the 
length  of  the  corresponding  simple  isochronous  pendolom  is  2i^. 
In  this  case,  the  two  coaxial  cylinders  of  isochronal  rotation-axes 

become  identical ;  and  from  (62)  we  have 

/=  2{fl2(cosa)2  +  A2^cosi8)2  +  c2(eogy)2}4.  (65) 

Since  /  =  2^,  the  time  of  oscillation  depends  on  the  central 
radii  of  gyration,  and  is  Ic^ast  for  an  axis  parallel  to  the  least 
radius  of  gyration ;  therefore,  from  (65),  /  is  the  least  when 
cos  /3  =  cos  y  =  0 :  that  is,  when 

/  =  2fl, 
if  a  is  the  least  central  radius  of  gyration.  And  this  gives  the 
absolutely  least  time  of  oscillation  of  all  axes  about  which  a 
body  can  oscillate.  And  as  of  all  parallel  axes  that  which  is  at  a 
distance  equal  to  2^  from  the  parallel  central  radius  of  gyration 
yields  the  least  time  of  oscillation;  so  of  all,  that  which  is 
parallel  to  the  axis  of  the  greatest  moment  of  inertia  is  the  maxi- 
mum minimorum,  and  that  which  is  parallel  to  the  axis  of  the 
least  moment  of  inertia  is  the  minimum  minimorum,  and  the 
other  minima  are  intermediate  to  these. 

Ex.  1.  Of  all  axes  passing  through  and  perpendicular  to  a  thin 
rod  of  length  2 a,  that  at  a  distance  aZ~^  from  the  middle  point 
of  the  rod  is  that  for  which  the  time  of  oscillation  of  the  rod  is 
the  least ;  and  the  length  of  the  simple  isochronous  pendulum  is 

2fl3-*. 

Ex.  2.  Of  all  axes  about  which  an  elliptical  plate  can  vibrate, 
the  time  of  oscillation  is  the  least  for  the  axis  parallel  to  the 
major  axis  and  bisecting  the  semi-minor  axis. 

Ex.  3.  For  a  sphere  of  radius  a,  all  the  radii  of  gyration  passing 

2  \ 
through  the  centre  are  equal,  and  =  a  T^)   ;  so  that  the  axes  for 

which  the  time  of  oscillation  is  the  least  are  at  a  distance  from 
the  centre  equal  to  this  quantity  •  and 

-       2^fl 

5* 
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Ex.  4.  The  axis  for  which  an  ellipsoid  vibrates  in  the  shortest 
possible  time  is  parallel  to  its  greatest  principal  axis,  and  at  a 

distance  from  it  =  ( — = — j   • 

254.]  Again,  since  all  central  equimomental  axes  lie  on  the 
surface  of  the  right  cone 

(H-A)a?^  +  (H-B)/  +  (H-.C)^2^  0,  (66) 

where  h  is  the  moment  of  inertia  relative  to  any  axis  on  the 
cone,  this  is  the  locus-surface  of  all  axes  of  the  circubr  cylinders 
of  equal  radius  h^  all  lines  lying  on  the  surface  of  which  are  iso- 

•a 

chronal  axes ;  and  for  which  /  =  it  H — r- 

It  is  similarly  the  locus  surface  of  all  axes  of  the  circular 
cylinders  of  equal  radius  h\  all  lines  lying  on  the  surfaces  of 
which  are  isochronal  axes ;  and  for  which 

where  hh'=.h"^^  and  the  axes  lying  on  the  sur£EU)es  of  all  the 
cylinders  are  isochronal. 

Thus,  if  two  spheres  of  radii  h  and  h'  are  described  from  the 
mass-centre  as  centre,  and  cones  are  described  touching  them, 
coaxial  with  and  similar  to  the  given  cone,  all  generating  lines 
of  these  two  cones  are  isochronal 

255.]  The  relation  between  h^^  A,  and  /  which  is  given  by  the 
equation  (48),  viz.,  ^/2  ^  j,  {I- A),  (67) 

leads  to  the  following  construction  for  the  locus  of  the  centres  of 
suspension,  when  I,  the  length  of  the  pendulum,  is  constant ; 
that  is,  for  a  system  of  isochronal  axes  of  oscillation*. 

If  a,  b,  c  are  the  principal  central  radii  of  gyration  of  a  body, 
the  equation  to  the  central  ellipsoid  of  gyration  is 

^  +  g  +  ^  =  i;  (68) 

and  the  equation  to  the  central  pedal  of  this  ellipsoid  is 

(a?2  +/  +  z")^  =  a^x^  +  by  +  c^zK  (69) 

Now  by  Art.  187,  any  radius  vector  of  this  surface  is  the 
radius  of  gyration  of  the  body  which  lies  along  it ;  and  thus  of 
all  the  central  radii  of  gyration  which  lie  in  a  given  plane,  the 

*  See  a  Paper  by  Boklen.    Crelle  Joomal ;  Band.  XGIII.,  p.  177. 
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greatest  and  least  are  those  which  coincide  with  the  principal  axes 
of  the  section  of  the  pedal  surface  made  by  that  plane.  From  G,  the 
centre  of  the  section,  let  a  perpendicular  to  the  plane  be  drawn, 
and  let  lengths  oKj,  6K2  be  taken  equal  to  the  principal  axes  of 
the  section,  then  k^  and  jl^  are  respectively  in  the  two  sheets  of 
the  apsidal  of  the  pedal,  and  the  apsidal  is  the  bounding  surface 
of  the  lengths  of  the  central  radii  of  gyration  of  the  body,  all  of 
which  are  intermediate  to  gk^  and  G  m^*  ^ow  the  equation  to 
the  apsidal  is,  see  (128),  Art.  21, 

Q?  y^  z^ 


d^—r^      J2— f*      c^-^1^ 


=  0 ;  (70) 


where  r^  =  a:^  ^  ^2  ^  ^2^  m^j  ^jj^  values  of  f  lying  along  any 
radius  are  the  maximum  and  minimum  values  of  the  radii  of 
gyration  in  the  plane  section  of  the  pedal  sur&ce  which  is  per- 
pendicular to  that  radius.  And  all  other  values  of  ^  in  that 
section  are  represented  by  lines  whose  ends  lie  between  k^  and 
Eg :  so  that  the  apsidal  surface  is  the  bounding  surface  of  lines 
equal  to  the  radii  of  gyration.  If  through  any  one  of  the  points 
K  lines  are  drawn  parallel  to  the  corresponding  radii  of  g3rration, 
it  is  evident  that  there  is  only  one  such  line  at  Kj,  and  only  one 
at  Kg,  and  that  these  lines  are  perpendicular  to  each  other ;  but 
that  through  any  other  point  k  lying  between  Kj  and  Kg  there  are 
two  such  lines,  lying  in  the  same  plane  and  inclined  to  each 
other  at  some  angle  between  0°  and  90°. 

As  the  two  sheets  of  the  apsidal,  see  Art.  21,  intersect  in  four 
cuspal  points  in  the  plane  of  (^,  x)^  so  at  these  points  all  the  k's 
become  coincident,  and  all  the  radii  of  gyration  in  the  plane  sec- 
tion of  the  pedal  are  equal ;  that  is,  that  plane  of  section  of  the 
pedal  is  a  circle.  This  takes  place  when  a? -{- y^  •\- z^  =  J^,  and 
{fp- —  cP')^?'  =  {(?'•— W)z^,  The  number  of  lines  which  can  be 
drawn  through  these  points  parallel  to  the  corresponding  radii 
of  gyration  in  the  plane  section  is  infinite.  There  are  evidently 
two  such  cyclic  planes  of  the  pedal. 

Thus  at  any  point  on  the  apsidal  only  one  line  can  be  drawn 
which  is  parallel  to  the  corresponding  radius  of  gyration  :  at  all 
points  lying  between  the  two  sheets  a  pair  of  such  lines  can  be 
drawn  :  and  at  the  cuspal  points  the  number  of  such  lines  is 
infinite. 

256.]  Now  let  us  extend  this  construction,  so  that  it  should 
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apply  to  centres  of  saspendon ;  let  r^  be  replaced  by  ite  value 
h  (/— i),  g^ven  in  (67),  then  (68)  beccmies 

and  let  h^  =  fl^+y^  +  ^^)  so  that  this  surfiice  is,  if  /  is  constant, 
the  bounding  surface  of  the  centres  of  suspension. 

If  i  is  constant  as  well  as  /,  this  equation  represents  a  quadiic 
cone ;  and  if  A  varies,  a  series  of  cones,  all  of  which  are  confocal, 
and  of  which  the  focal  lines  are  given  by  the  equations 

and  these  lines  are  the  asymptotes  of  the  focal  hyperbola  of  the 
ellipsoid  of  gyration  in  the  plane  of  {Xy  z\  as  explained  in  Arts. 
27  and  28. 

The  equation  to  the  surface  may  be  expressed  iu  the  following 
form 

72  72  72 

Let         i~fl«  =  a'8,      l--i»  =  J'2,      i_c«  =  <?^, 

4  4  4 

then  a'  >V  >  c';  and  the  equation  becomes 

Now  assuming  that  a'^,  i'^,  c'^  are  all  positive,  the  form  of  this 

surface  is  the  same  as  that  of  (70) ;  consequently  as  (70)  is  the 

apsidal  of  the  pedal  derived  from  the  ellipsoid  of  gyration,  so 

is  this  surface  the  apsidal  of  the  pedal  derived  from 

^2       y2      ^2 

^'2  t-  j/2  +  ^'2  -  ^• 

This  surface  therefore  consists  of  two  sheets,  having  four  cuspal 
points  in  which  the  sheets  intersect,  and  has  properties  in  all 
respects  similar  to  those  of  (70). 

If  then  we  construct  this  latter  surface,  of  which  the  principal 
axes  are  related  to  those  of  the  central  ellipsoid  of  gyration  by 
the  equations 

fl'2  +  fl2  ^  j/2  + J2  ^  ^'2  +  ^  ^  ^, 

4 
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and  if  we  find  the  centnd  pedal  of  this  sor&ce,  and  determine  its 
apidal,  the  radii  vectores  of  the  sorfiuse  locos  of  the  centres  of 
liUHpensions  of  isochronal  axes  are  the  radii  vectores  of  this  apsi- 

dal  lengthened  by  ^  •    Hence  that  sor&ce-locns  consists  of  two 

sheets,  having  four  enspal  points  in  which  the  sheets  intersect, 
and  all  other  properties  similar  to  those  of  the  sor&oe  whose 
equation  is  (68).  This  snr&ce-lociis  is  the  boundary  of  the  re- 
quisite points  of  suspension,  no  point  of  suspension  for  any  axis 
of  the  system  lying  outside  of  it ;  but  all  points  on  it  and  within 
it  being  points  of  suspension  corresponding  to  an  isochronal  axis 
of  the  systeuL 

Since  i,  /  and  i(^are  connected  by  the  equation  l^^ll+V^  =  0, 
there  are  two  values  of  A  which  satisfy  ihis  equation ;  and  these 

and  both  these  are  real  so  long  as  2^  is  less  than  / ;  if  2^=/, 
there  is  only  one  value  of  i.  1(2^  is  less  than  /,  there  are  two 
surfaces  of  the  form  (72)  corresponding  to  the  two  different 
values  of  A ;  and  all  the  properties  which  have  been  proved  of 
one  of  these  surfaces  are  equally  true  of  the  other.  This  also 
follows  irom  the  theorem  that  the  centres  of  suspension  and 
oscillation  are  reciprocal  and  convertible. 

257.]  Lastly,  let  us  determine  the  conical  surfieM^  on  which  lie 
M  isochronal  axes  passing  through  the  given  point  {Xq,  y^,  Zq). 

Let  the  equations  to  one  of  these  isochronal  axes  referred  to 
t)io  mass-K^ntre  as  origin  be 

^  =  ^^Z^  =  info  =  ,,  (ay) ;  (73) 

if  <i,  A,  c  are  the  principal  central  radii  of  gNiation.  In  these 
a<|UutionB,  replacing  /,  w,  n  by  their  values  from  (73),  we  have 

If  therefore  /  is  the  length  of  the  simple  pendulum,  isochronous 
with  the  body  about  each  of  the  axes  passing  through  (a-^^j/^^jr J, 
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which  is  evidently  the  equation  to  a  cone  of  the  fourth  degree. 

258.]  An  application  of  these  principles  has  been  made  by 
Capt.  Bobins,  to  the  determination  of  the  velocity  with  which  a 
cannon  ball  leaves  a  gun. 

A  heavy  board  is  sospended  by  a  fixed  horizontal  axis ;  a 
cannon  is  so  placed  that  a  ball  projected  horizontally  from  the 
cannon  strikes  this  board  at  rest  at  a  certain  point ;  and  the 
board  revolves  through  an  angle,  which  is  observed.  It  is  re- 
quired to  determine  the  velocity  of  the  ball.  The  swinging 
boaid  with  its  axis  is  called  a  Ballistic  Pendulum.  A  vertical 
section  is  given  in  Fig.  27. 

We  shall  suppose  the  ball  to  strike  the  board  at  right  angles 
to  its  plane,  and  to  remain  in  the  board  after  impact.     Let 

M  =  the  sum  of  the  masses  of  the  pendulum  and  ball. 

m  =  the  mass  of  the  ball. 
mF  =s  the  moment  of  inertia  of  the  pendulum  and  ball. 

V  =  the  velocity  of  the  ball  at  the  instant  of  impact. 

a  =  the  angular  velocity  due  to  the  blow  of  the  ball. 

a  =  the  distance  of  the  point  of  impact  from  the  rotation-axis. 

h  =  the  distance  of  the  centre  of  gravity  of  the  masses  of  the 
pendulum  and  ball  from  the  rotation-axis. 

maY 

•'•    "=iFF' 

Then  if  2  a  is  the  angle  through  which  the  body  has  turned, 
when  it  comes  to  rest,  by  the  equation  of  vis  viva, 

yPtf  =  2^^(l-cos2a) 
=  4^^  (sin  a)*; 

.  • .     V  = (hg)^  sin  a ; 

ma  ^  ^^ 

as  all  the  quantities  in  the  right-hand  member  of  this  equation 
may  be  observed,  or  are  known,  v  is  also  known. 

We  may  determine  a  in  the  following  manner.  At  a  point  in 
the  board  at  a  distance  h  from  the  rotation-axis,  let  the  end  of 
a  ribbon  be  £Eistened,  and  let  the  rest  of  the  ribbon  be  wound 
tightly  round  a  reel,  so  placed,  that  if  a  length  c  is  unwound  in 

PBICE,  VOL,  IV.  X 


298  DETERMINATION  OF  EADII  OP  GTBATION.         [^5U 

These  results  shew  that  gravity  continaally  increases  from  the 
Equator  to  the  Poles.  And  the  differences  between  the  observed 
results  and  the  values  calculated  according  to  theory  are  found  to 
be  extremely  small. 

251.]  By  means  of  the  preceding  value  for  the  length  of  a 
pendulum  which  vibrates  isochronously  with  a  body  relative  to 
a  given  axis^  we  are  able  to  deduce  experimentally  the  radius  of 
gyration  of  a  body  relative  to  an  axis ;  and  consequently  the 
central  principal  radii  of  gyration,  and  thus  the  constants  of 
the  central  ellipsoid  of  gyration. 

If  it  be  possible,  let  the  body  make  small  oscillations  about  the 
axis  relative  to  which  the  radius  of  gyration  is  to  be  determined  t 
let  T  be  the  time  of  an  oscillation^  which  can  be  observed  by 
means  of  a  clock  ;  then 

T  =  ,r(^)*;  and   T*=^'f-  (B?) 

Let  A,  which  is  the  distance  of  the  mass-centre  from  the 
rotation-axis,  be  measured ;  then,  since  n^P  =  T^^^> 

M*2=E^w,  (58) 

if  w  is  the  weight  of  the  body.  Thus,  we  have  the  radius  of 
gyration,  and  the  moment  of  inertia  of  a  body  relative  to  a 
given  axis. 

If  the  axis  passes  through  the  mass-centre  the  method  £Eiils, 
because  A  =  0,  and  therefore  t  =  oo  :  in  this  case  let  another 
rotation-axis  parallel  to  the  given  one  be  taken  through  the 
mass-centre,  and  at  a  distance  A  from  it ;  then,  if  k^  is  the  radius 
of  gjTation  for  the  axis  through  the  mass-centre, 

...    k'2^t^_i2,  (59) 

IT 

M/1'2=^w-mF;  (60) 

thus,  (59)  gives  the  radius  of  g}Tation,  and  (60)  gives  the  mo- 
ment of  inertia  about  an  axis  passing  through  the  mass- centre. 

by  Edward  Sabine,  F.  R,  S.,  &c.,  &c. ;  John  Murray,  London,  1825  ;  at  the 
expense  of  the  Board  of  Longitude.  See  also  three  other  papers  by 
General  Sabine  in  the  Philosophical  Transactions  of  1827. 
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ciple  of  vis  viva,  see  (42),  Art.  244, 

M4a*n*      « 
2  *"8~  =  *"^  ^ 
.-.    Q  =  M(2a^)i 

Ex.  2.  A  circular  plate  of  radios  a  and  mass  M,  capable  of  rota^ 
tion  aboat  a  horizontal  axis  which  is  in  its  plane  and  tonches  it, 
is  struck  by  a  blow  q  at  ita  centre  of  percussion,  and  ascends  into 
its  position  of  unstable  equilibrium ;  prove  that 

Ex.  3.  A  heavy  rod  with  one  end  fixed  is  placed  horizontally, 
and  a  weight  is  put  on  it  at  such  a  point  that  the  weight  just 
leaves  it  when  the  rod  begins  to  move  about  its  fixed  end :  de- 
termine the  position  of  the  point. 

Let  X  be  the  distance  of  the  point  from  the  fixed  end :  then 
for  the  angular  acceleration  of  the  rod  we  have 

*«  ""  2a ' 
therefore  ^  x  is  the  acceleration  of  the  point  where  the  weight 

is  placed ;  but  this  is  equal  to  ff ; 

2a 
•  8 

Also  at  all  points  farther  than  this  from  the  fixed  end,  the 
weight  will  separate  from  the  rod,  and  at  points  nearer  to  the 
end  will  remain  on  the  rod  and  increase  its  acceleitttion. 

Ex.  4.  A  heavy  right  circular  cylinder  stands  on  a  rough 
horizontal  plane  to  which  a  jerk  is  given  in  a  given  direction ; 
determine  its  effect  on  the  cylinder. 

Let  M  be  the  mass  of  the  cylinder,  2  a  the  height,  and  b  the 
radius  of  the  base.  Let  Q  be  the  momentum  of  the  blow  which 
acts  from  the  plane  on  the  cylinder,  and  which  being  uniformly 
distributed  over  the  base  acts  in  its  resultant  effect  at  the  centre. 
Let  the  line  of  Q  be  inclined  to  the  vertical  at  an  angle  a :  then 
the  efiect  of  q  will  be  (1)  a  vertical  jerk  =  q  cos  a  on  the  cylinder 
acting  through  the  centre  of  the  base,  (2)  a  horizontal  jerk  on 
the  base  =  Q  sin  a,  which,  as  the  base  stands  on  a  rough  plane, 
gives  a  horizontal  momentum  =s  Qsina  to  the  cylinder  at  its 
centre  of  gravity,  and  (S)  consequentially,  a  rotation  of  the 

X  2 
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cylinder  aboat  that  tangent  to  its  base  which  is  perpendicular  to 
the  vertical  plane  containing  the  line  of  the  jerk.  This  rotation 
may  be  determined  as  follows. 

Let  6  be  the  angle  through  which  the  cylinder  is  tamed  in 
the  time  i :  let  k  be  the  radios  of  gyration  abont  the  rotation- 
axis,  and  a  be  the  initial  angolar  velocity  doe  to  the  blow :  then, 
by  (6),  Art.  229, 

hFo  =  Q{asina^ico6a}; 

and  from  the  equation  of  vis  viva,  (42),  Art.  244, 

~2"  llt^  "      I  =M^{a— acosfl— Jsintf}  ; 

whence  the  circiimstances  are  known  for  a  given  valne  of  0, 
Suppose  the  blow  to  be  such  that  the  cylinder  is  jnst  upset : 

then  -J-  =  0,  when  tan0  =  -  =  tanj3,  say,  where  jS  is  the  angle 

between  the  axis  of  the  cylinder  and  its  diagonal :  also  let  2e  be 
the  diagonal,  so  that  a^  +  ^  =  c^ :  then 

MFa  =  Qtfsin(o— j8),    i^cfi  =  2p{e^a); 

as  a  cannot  be  negative,  the  preceding  value  shews  that  a  must 
be  always  greater  than  j3 ;  that  is,  the  line  drawn  through  the 
centre  of  gravity  parallel  to  the  line  of  the  blow  must  fiEdl  out* 
side  the  base  of  the  cylinder  if  the  cylinder  is  to  be  upset.   Also, 

since  F  =  -^  +  -7-,  from  the  last  two  equations  we  have 

^6     {sin(a-/3)}«^   ^^^^^  ^' 

which  determines  the  intensity  of  the  jerk  which  is  necessary 
for  just  upsetting  the  cylinder. 

The  circumstances  of  this  problem  are  exemplified  when  a 
heavy  body  is  upset  by  a  shock  of  earthquake,  or  when  a  body 
stands  on  the  floor  of  a  moving  railway  carriage  which  suddenly 
meets  with  an  obstacle  and  is  brought  to  rest. 

A  similar  process  is  applicable  to  a  cube  or  a  cone  or  a  para- 
boloid resting  on  a  rough  plane  to  which  a  jerk  is  given. 

260.]  If  a  body  moving  about  a  fixed  axis  meets  with  a  fixed 
obstacle  on  which  it  impinges,  and  is  thereby  brought  to  rest, 
the  momentum  of  the  impact  may  be  determined  as  follows. 

The  action  of  the  impact  on  the  body  is  similar  to  that  of  a 
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blow>  and  consequently  comes  within  ihe  principle  of  the  equa- 
tion given  in  Art  229.  Hence  if  q  is  the  momentum  of  the 
impact  on  the  obstacle,  and  q  is  the  perpendicnlar  distance  finom 
the  obstacle  on  the  fixed  axis :  also  if  m  is  the  mass  of  a  particle 
of  the  body  which  is  moving  with  a  velocily  v  at  the  instant  of 
impact,  and  j)  is  the  perpendicular  fiom  the  axis  on  the  line  of 
motion  of  m,  then  :i.mvp  is  the  som  of  the  moments  of  t&e 
momenta  of  all  the  particles,  which  are  brought  to  rest  by  the 
impact:  consequently  this  must  be  equal  to  the  moment  of  the 
impact,  and  we  have         q^  =:  s.mviy  * 

but  as  the  rotation  is  taking  place  about  a  fixed  axis,  if  r  is  the 
distance  of  m  fix>m  this  axis,  v  s=  r-j^  >  and  p  =  r, 

whence  if  ;  is  given,  q  can  be  determined.  The  following  are 
examples  in  which  this  principle  is  applied : 

Ex.  1.  A  heavy  beam  of  mass  m  and  length  2a  fiUls  from  a 
vertical  position,  turning  about  its  lower  end  which  continues 
fixed,  and  impinges  on  an  obstacle  in  the  horizontal  plane  which 
passes  through  the  lower  end*  Find  the  momentum  of  the 
impact. 

The  equation  of  vis  viva  is  in  this  case 

2Xrf^  =  ^^^'' 
where  jj  is  the  angular  velocity  with  which  the  beam  is  moving 

when  it  strikes  the  obstacle,  therefore,  if  ;  is  the  distance  of  the 
obstacle  &om  the  foot  of  the  beam, 

Ex.  2.  If  the  obstacle  is  in  the  vertical  line  passing  through 
and  below  the  axis  of  rotation,  then 

Ex.  8.  A  heavy  right-angled  cone  of  mass  m  and  altitude  a, 
rotating  about  a  diameter  of  its  base  which  is  horizontal,  fidls 
from  its  position  of  unstable  equilibrium  to  its  lowest  position, 
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and  is  brought  to  zest  by  its  viertex  impbging  on  »  fixed  dhsteokw 
Prove  that  the  momentum  of  the  impeot 

-If  (•/)». 

261.]  In  fbither  apjfieatum  of  theee  prindplee  let  ne  eonaider 
the  motion  of  the  parte  of  some  mafihineis  in  which  certain  10- 
tation-axea  are  fixed. 

Ex.  1.  Two  weigfate  mg  and  m'g  are  coxmeeted  bjr  a  flexiUe 
and  inexteniible  string  without  weighty  which  passes  over  a  given 
pulley  with  a  fixed  axis  and  a  rough  sarfiu» ;  it  is  reqpiiied  to 
determine  the  eiroomstanoea  of  motion  of  each  weight  and  of  tiie 
pulley. 

The  puUey  is  supposed  to  be  rough,  so  that  the  string  doea 
not  slip  over  it. 

Let  the  weighte,  &o.  be  arranged  as  in  Fig.  17 ;  and  let  tiie 
symbok  be  those  of  £x«  1»  Art.  71 ;  and  let  us  suppose  si  and  m' 
to  have  the  initial  velocities,  &c.  of  that  example.  Let  x  =  the 
mass  of  the  pulley,  and  a  s  the  ladius ;  then 

the  moment  of  inertia  of  the  pulley  =  x  -x-  • 

Let  n  be  the  initial  angular  velocity  of  the  pulley  due  to  the  in- 
stantaneous initial  tensions  of  the  string ;  then,  by  (6), 


^n  =  a(r-r'); 
also  V  =  aci\  so  that 

_     2(imt— wV)  . 

whence  the  initial  angnlar>Telocity  of  the  pulley,  and  the  initial 
tensionB  of  the  strings  aie  known. 

»'~  di^^^di^'       dF  =  -''di^'  <^^^ 

.•.     t  =  mg-ma-y-^y       Y=mff  +  maj-;  (77) 


dt"  " di 

d^0  _      2{m-m')ff 
di*  ~a(M  +  2«i+2«t')' 


(78) 
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••     dt  fl(M  +  2»i  +  2m')'  ^     ' 

dr^     "  "^  a{u-^2m  +  2my  ^     ^ 

whence  by  a  further  integration  $  can  be  determined  in  terms  of 

f' ;  and  thus  the  space  will  be  known  through  which  m  or  m' 

will  move  in  a  given  time.     (80)  is  the  equation  of  vis  viva. 

d^d 
If  we  replace  ^^  in  (77)  by  its  value,  given  in  (78),  we  shall 

find  the  tensions  of  the  strings  at  any  time  t. 

If  the  weights  of  the  strings  are  taken  into  account,  the  equa- 
tion of  angular  motion  assumes  the  following  form  :  Let  p  =  the 
density,  co  =  the  area  of  a  transverse  section  of  the  string ; 
c  =  the  whole  length  ;  then,  if  m^  is  the  moment  of  inertia  of 
the  pulley, 

fJ20 

=  a{«tt— i»'+po)(a?— a?'))^. 

Ex.  2.  To  investigate  the  circumstances  of  motion  of  a  wheel 
and  axle,  the  weights  of  the  strings  being  neglected,  and  m^ 
being  the  moment  of  inertia  of  the  machine  relative  to  its  axis. 

Let  us  use  the  same  symbols  as  in  Ex.  2,  Art.  71,  and  those  of 
the  last  example  ;  and  let  Fig.  18  represent  the  plan  of  the  wheel 
and  axle  when  projected  on  the  vertical  plane  of  the  paper. 

T  ^  mu^mcsiy       /=otV  +  «iVx1;  (81) 

••     ^"M/F  +  ^c^  +  mV^'  ^^^^ 

whereby  the  initial  angular-velocity  of  the  machine,  and  the 
initial  tensions  of  the  strings  are  known. 

Agam,  i^mg—mc  -j-^y     T=mg  +  tnc  -^^i        (83) 

d^O  _      (cm  —  c'm')g  .^.. 

whence  all  the  circumstances  of  motion  may  be  determined. 

If  p  =  the  pressure  on  the  axis  at  the  time  ^,  it  is  equal  to  the 
weight  of  the  wheel  and  axle  together  with  the  tensions  of  the 
strings;  therefore 
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{me-m'<ff 


(85) 


(86) 


dx=i 


that  is,  the  presBoie  on  the  axis  is  leas  than  it  would  be  if  the 
machine  wexe  at  rest ;  bat  it  can  never  Tanish. 

Ex.  3.  It  ia  required  to  determine  the  motion  of  a  system  of 
wheels  and  pinions,  soch  as  a  crane,  or  die  like,  the  power  at- 
tached to  the  first  wheel  being  p,  and  the  weight  attadied  to  the 
last  pinion  or  axle  being  w. 

Whatever  is  the  form  of  the  system,  it  may  always  be  anmnged 
as  in  Fig.  28 ;  where  we  have  taken  foor  wheels  and  pinions : 
^f  ^29  C3,  C4  are  the  centres  of  tiie  snccessive  wheels  and  pinions, 
C|  being  that  of  the  axle  to  which  the  weight  w  is  attached.  Let 
the  pressures  between  the  snccessive  wheels  and  pinions,  whedier 
due  to  the  action  of  teeth  or  to  friction,  be  T|,  t^,  t,  ;  let  o^,  61 , 

^v  ^2*  ^8'  ^t'  ^4'  ^4  ^  ^®  nAn  of  the  several  pinions  and  wheels 
in  order ;  and  let  H|,  h^,  h,,  H4  be  their  moments  of  inertia ;  let  t 
be  the  tension  of  the  string  to  which  the  weight  is  attached,  and 
t  the  tension  of  that  by  which  p  acts ;  let  m  be  the  mass  of  tiie 
weight  w,  and  let  p  =  mg ;  let  us  suppose  w  to  descend  in  the 
time  di  through  a  space  dx,  and  p  to  ascend  through  a  space 
daf\  and  let  dOy^^dO^^dO^^dO^he  the  angles  through  which  the 
wheels  rotate  in  that  time ;  then 

fl/^i;  bide^  —  a^de^-y  b.^d02=a^d0^;  h^O^=^a^de^\  b^d0^=  ^dx!.  (87) 
For  the  translation  of  w  and  p,  we  have 


T  =  W~M 


i  =  v  —  m 


d^ 

di'' 

dW 


=  W  — fliM 


dH,^ 


dl 


2  ' 


dt'^~'  '  '*"'  di 
And  for  the  rotation  of  the  pulleys,  we  have 

d'0,  . 

=  aj,T,— 02^2, 


(88) 
(89) 


H, 


}L 


IL 


dr' 
d'^e 


y 


8   


di'^ 

d^  _ 
di-' 


srajT^-iaTj, 


=  ''4T3 


-l^i; 


(90) 
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whence,  by  a  simple  elimination,  we  have 

+  M  (aj  a^  ag  a^f  +  « (*i  *2  *3  hY) 

=  tfltf2«8«4  {«1«2«3«4^~*1*2*8*4^}.5  (91) 

and,  bj  integration,  the  space  described  bj  w  in  the  time  t  may 
be  found. 

and  thus  the  motion  of  p  may  be  determined. 

A  similar  process  may  of  course  be  applied,  whatever  is  the 
number  of  the  wheels  and  pinions. 

If  in  the  preceding  example  the  wheels  are  all  equal,  and  all 
the  pinions  are  equal, 

Ex.  4.  A  heavy  flexible  and  inextensible  string  of  given  length 
a,  is  wound  round  a  solid  cylinder  of  mass  m  and  radius  e,  which 
is  capable  of  rotation  about  its  axis,  which  is  horizontal ;  a  piece 
of  the  string  of  length  b  hangs  down,  so  that  the  cylinder  begins 
to  rotate ;  it  is  required  to  determine  the  motion  of  the  string 
and  of  the  cylinder. 

Let  the  circumstances  at  the  time  t  be  represented  in  Fig.  29 ; 
and  let  m^  be  the  moment  of  inertia  of  the  cylinder.  In  the 
time  I  let  a  chain  of  length  z=  w  —  c0  be  unwound  from  the 
cylinder ;  let  a>  =  the  area  of  a  transverse  section,  p  =  the  den* 
sity  of  the  string ;  then  the  weight  of  the  string  which  hangs 
vertically  at  the  time  ^  =  pa)^(i  +  c^).  Let  t  =  the  tension  of 
the  string  at  the  point  p,  cp  =  i  +  a?. 

and  the  moment  of  inertia  of  the  cylinder,  and  the  chain  wound 
round  it  at  the  time  t,  =  M^  +  pa)(a— i  — e^)c*;  so  that  the 
equation  of  rotation  of  the  cylinder  is 

d^0 

d^0 


=  /)a)c(i  +  (?^)|^-c^j; 
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d^e  _p(oc(b4-€0)ff 

since  we  have  assumed  ^  =  0,  when  ^  =  0 ;  therefore  when 
(•^  =  a  — i,  that  is,  when  the  whole  chain  is  unwound, 

di^  ""MP  +  pojac^* 

Again,  from  (94),  for  the  whole  time  spent  in  unwinding  the 
string,  we  have 

a-h 

=  iiog«-±(4z:^,  (95) 

which  g^ves  the  time. 

By  a  similar  process  we  may  determine  the  length  of  string 
which  a  cylinder,  rotating  with  a  given  angular  velocity,  would 
wind  up  before  it  is  brought  to  rest. 

Ex.  5.]  A  balance  has  equal  weights  in  the  scales,  and  oscillates 
through  small  angles,  the  beam  and  scales  moving  in  a  plane 
which  is  perpendicular  to  the  axis  of  vibration  ;  it  is  required  to 
determine  the  circumstances  of  motion. 

Let  the  balance,  &c.  be  represented  in  Fig.  31,  in  which  the 
plane  of  the  paper  is  the  plane  of  motion  of  the  beam  and  scales, 
and  the  axis  of  vibration  is  perpendicular  to  the  plane  of  the 
paper.  Let  o  be  the  point  where  this  axis  pierces  the  paper ; 
let  o  be  the  centre  of  gravity  of  the  balance  without  the 
weights ;  let 

M  =  the  mass  of  the  balance. 
m  =  the  mass  of  each  weight  in  the  scales. 
mP  =  the  moment  of  inertia  of  the  balance  relative  to  the 
rotation-axis. 
a  =  the  length  of  each  arm  =  ab  =  ba'. 
OB  =  i.       OG  =  //. 

Let  0  =  the  angle  between  ob  and  the  vertical  line ;  which 
angle,  as  well  as  its  ^-differential,  we  shall  assume  to  be  infini- 
tesimal, so  that  the  squares  and  higher  powers  may  be  neglected. 
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dx  dsi 
Let  ^7  J  ~r-  be  the  vertical  velocities  of  the  weierhts  in  the  scales 
at    at  ^ 

at  P  and  p'  respectively ;  let  T  and  t'  be  the  tensions  of  the 
strings  at  a  and  a'  respectively.  We  shall  neglect  the  oscilla- 
tions of  the  scales  about  the  points  a  and  A^ 

The  perpendicular  distances  from  o  on  af  and  a'p'  respectively 
are  a  cos  0  —  d  sin  0,  and  a  cos  ^  +  ^  sin  ^ ;  which  quantities,  as  ^  is 
infinitesimal,  are  a  —  hO  and  a-\'lB.  So  that  the  equation  of 
rotation  is 

mA^^  =  T(a-i^)-T'(a  +  5^)-M^*^,  (96) 

-1.T  /       d^X\  p  /       d^x^\ 

Now      T  =  m(^-^).  T'=«(^-^); 

but       dx  =  <i(asin^  +  icos^),         rfa?'=  rf(— asin^  +  icos^) ; 

dx      ,         ^     1  •    ^\dO  daf     ,  ^     i  •    ^\^^ 

-77  =  (izcos^— ^sm^j-rrj  -tt  =  ( — «  COS  ^  — osiu  ^)^- ; 

dt      ^  ^  dt  dt      ^  ^  dt 

— ,=(acos^-isin^)^,    ^^  =(-acos^-Jsm^)^; 

80  that  (96)  becomes 

do 
Let  a  be  the  value  of  0  when  -r-  =  0 ;  then 

at 


d^ 
dt 


and  therefore  the  time  of  an  oscillation 

and  therefore  if  /  =  the  length  of  the  simple  isochronous  pen- 
dulum, 

2md-\-uA  ^       ' 

262.]  We  must  now  return  to  equations  (85)  and  (86),  which 
determine  the  pressures  borne  by  the  fixed  points  of  the  axis 
during  motion  of  this  kind. 

As  the   ^-axis  is  fixed,  the  particles  of  the  system  have  no 
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motion  in  a  direction  parallel  to  that  axis,  so  that  for  all  particles 
-TT^  =  0 ;  and  therefore  firom  the  last  of  (85), 

2.Pcosy  =  2.f»z;  (^^01) 

and  as  neither  p^  cosyj,  nor  Pg  cos  729  enters  into  the  other  equa- 
tions, this  shews  that  the  sum  of  the  components  of  the  pressores 
along  the  ;?-axis  is  equal  to  the  sum  of  the  similar  axial  compo- 
nents of  the  impressed  momentum-increments  on  all  the  parti- 
cles ;  hut  as  the  sum  only  is  given,  each  pressure  is  indetermi- 
nate. This  case  is  similar  to  that  of  Art.  281,  and  admits  of 
a  similar  explanation. 

1  may  observe  in  passing,  that  if  the  axis  is  capable  of  sliding 
in  the  direction  of  its  length,  then  the  motion  of  all  the  particles 
of  the  body  along  that  line  will  be  derived  from  the  equation 

and  as  -3-^  will  be  the  same  for  all  the  particles,  if  K  =  the  mass 
of  the  body, 

whereby  the  longitudinal  displacement  of  the  axis  may  be  de- 
termined. 

The  components  of  the  pressured  at  the  fixed  points,  which 
are  perpendicular  to  the  axis,  enter  into  the  first  two  equations 

d  Sj  d  1/ 

of  both  (85)  and  (86).     In  these  let  us  replace  -zj^  and  -j^  by 

their  equivalents,  given  in  Art.  241,  in  terms  of  o) ;  then  these 
four  equations  become 

^  ■         (103) 


PiCOSai  +  P2C08a2  =  0)^5. wa?  +  -^5.^y  +  5.7»X, 


.  -  dun 

Pjcos^i  +  Pgcos^g^  0)^5.  w^—  —'X.mx-\-%,mY\ 

at 

Pi^^jCOS^i  +  PgTaCOs^g  =  a)^:6.»«^5^—  -^^x.mxz  —  l, 

«  .  o  doa 

Pi ^1  COS  a^-\'V^z^Qo^a2  =  (>i^'mxz-\-  —  %,myz  +  m  ; 

from  which  equations  the  components  of  the  pressures  perpen- 
dicular to  the  rotation-axis  may  be  determined.     It  is  worth 


(104) 


'^2--^'l  (105) 

02=  m;    )  ^       ^ 
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while  to  consider  the  forms  which  the  preceding  equations  take 
relatively  to  certain  axes  of  the  body. 

(1)  Let  us  suppose  the  rotation-axis  to  be  a  principal  axis  of 
the  body ;  and  let  as  moreover  take  the  origin  at  its  principal 
point;  then  L.myz  =  ^.mzx  =  0;  and  (104)  become 

Pi;?lCOS^l  +  P2^2C^Si^2=  ""^> 
?! -gTj  cos  Oj  +  Pg  ;?2  C^  ^2 

from  which,  with  (103),  the  pressures  may  be  determined. 

(2)  Let  us  suppose  the  rotation-axis  to  be  a  central  principal 
axis,  and  the  mass-centre  to  be  the  origin  ;  then 

^.myz  =  ^.mzx  =  0;      ^,mx  =  ^,my  =  0; 

then  (104)  and  (103)  become  respectively  (105),  and 

PiCOsai  +  P2COsa2  =  ^-^^x,  ) 
PiCOSjSi  +  PgCOS/Sg  =  a.wJY;  3  ^       ' 

whence  we  have 

p^cosa,=    ^  — ,  PiCOS^i=--- — - — ;      (107> 

*2  —  M  ^2  —  *1 

Pgcosog  =  — \ — ; y     PgCOSjSa  =  — \ — .   (108) 

^2~*1  ^2~"^1 

If  the  points  of  support  of  the  axis  are  equally  distant  from  the 
centre  of  gravity,  so  that  z.^^  —  ir^,  then 

PiCosoi^-^—g^ 1         Pi  cos  ft  =-^--2^^ ;     (109) 

P2  cos  02=  -' — Yz '  ^2  COS  ^a=  J-^^^ (1 10) 

(8)  If  no  forces  act  on  the  system,  so  that  x  =  y  =  z  =  0  for 
all  particles  ;  and  L  =  m  =  N  =  0 ;  then  the  body  rotates  about 
the  fixed  axis  with  the  constant  initial  velocity  a. 

And  if  moreover  the  rotation-axis  passes  through  the  mass- 
centre,  so  that  2.i»^  =  S.f^^y  =0;  then,  from  (103)  and  from 

(101),  we  have 

Pi  cos  Oj  +  Pg  cos  ag  =  0,  \ 

Pj  cos  ft  +  P2  cos  ft  =  0,  V  (111) 

Pi  cos  yi  +  P2  cos  72  =  0 ;  ) 
whence  we  have 

01=02,      ft  =  ft,      yx-y%\S 

so  that  the  pressures  at  the  fixed  points  are  equal  and  opposite, 
and  act  along  parallel  straight  lines;    they  therefore  form  a 
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tzl}        ("») 


couple,  the  effect  of  which  would  be  to  alter  the  rotation-axis 
of  the  body,  were  two  points  on  the  axis  not  fixed. 

(4)  Moreover,  if  the  rotation-axis  is  a  central  principal  axis 
and  no  forces  act  on  the  system,  in  addition  to  (111)  we  have, 
from  (104),  p^  ^^  cos  /3i  +  Pg  ^"2  cos  p^  =  0. 

Pj  Zj^  cos  Oj  +  P2  ^2  COS 

and  therefore  p^  =  —  p^  =  0 ;  and  no  pressure  exists  at  the  fixed 
points  in  the  rotation-axis.  This  result  agrees  with  that  of 
Art.  175,  wherein  it  is  proved  that  the  couple  of  the  centrifugal 
forces  vanishes  for  all  points  on  a  central  principal  axis.  Hence 
it  is  that  such  axes  aro  called  permanent  axes,  and  are  axes  of 
no  pressure ;  they  are  thereforo  those  axes  about  which  a  body 
will  rotate  freely^  and  without  fixed  points  in  them,  when  no 
forces  act. 

(5)  In  the  case  of  a  heavy  body  rotating  about  a  fixed  hori- 
zontal axis,  being  the  problem  which  has  been  considered  in 
Art.  243,  if  the  pressures  can  be  reduced  to  a  single  resultant 
acting  at  the  point  where  the  vertical  plane  through  the  centre 
of  gravity  intersects  the  axis,  the  pressure  may  be  conveniently 
determined  in  the  following  manner.  Let  s  and  l  be  the  pressuros 
or  stresses  respectively  perpendicular  to  and  along  the  line 
passing  through  the  centre  of  gravity,  where  0  is  the  inclination 
of  that  line  to  the  vertical ;  then,  as  these  pressures  are  the 
excesses  in  these  directions  of  the  impressed  over  the  expressed 
momentum-increments, 

s  =  MffBm0  +  uA  ^2  =  ^r^  sm  0  ;  (114) 

2>l^ 
=  M^  {cos  0  +  7^ — 12 (cos  ^— COS  a)} ;  (1^6) 

-,     and  -1-2  having  the  values  which  are  given  in  (39)  and 

(40)  Art.  243.  From  these  quantities  the  component  of  pressure 
in  any  direction,  and  also  the  line  of  action  of  the  whole  pressure, 
can  be  determined.     The  whole  pressure  is  of  course  (s^  +  l^)*. 

263.]  The  following  are  applications  of  the  preceding  results. 
Ex.  1,  A  heavy  wire  in  the  form  of  a  semicircle  has  its  two 
ends  attached  to  a  vertical  axis  about  which  it  revolves  with  an 
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angnlar  velocity  co:  determine  the  horizontal  tensions  at  the 
points  of  attachment. 

Let  Pj  and  v^  be  the  pressures  at  the  upper  and  lower  points 
respectively  ;  and  let  a  be  the  radius  of  the  semicircle,  and  A  the 

distance  of  the  centre  of  gravity  from  the  axis  ;  then  A  =  —  ; 
and  taking  moments  about  the  lower  point, 

also  ^1  +  ^2  =  Ma)2A; 

.'.     Pi  =  -  («  «>^  +ff) ;  ^2  =  -  (fltt)^— ^). 

Ex.  2.  A  heavy  sphere  revolves  uniformly  about  a  vertical 
chord,  which  is  fixed  at  the  two  points  where  it  meets  the  sphere. 
Determine  the  pressures  at  the  points^ 

Let  a  and  m  be  the  radius  and  mass  of  the  sphere  respectively, 
2  (?  =  the  length  of  the  chord  ;  so  that  the  distance  of  the  chord 

from  the  centre  =  (a^  — c^)^.  Let  o)  =  the  angular  velocity  of 
the  sphere.  Let  Pj  and  v^  be  the  horizontal  pressures,  and  Rj  and 
B2  the  vertical  pressures  at  the  upper  and  lower  points  of  attache 
ment  respectively  ;  then,  as  in  the  preceding  example, 

14  +  62  =  M^. 

Ex.  3.  A  heavy  thin  bar  of  mass  M  and  length  2  a,  having  one 
end  fixed,  about  which  it  moves  in  a  vertical  plane,  falls  from  a 
horizontal  position ;  determine  the  pressure  at  the  fixed  point  for 
any  position  of  the  bar. 

In  this  case  let  the  pressure  be  resolved  along  and  perpendicu- 
lar to  the  bar ;  then  appljdng  (114)  and  (115),  we  have 

d^e  _      3^sin^        dO^  _  3^cos^ 
dt^  ""     4a     '      df^  "^      2a     ' 
__  M^  sin  ^  __  5  Uff  cos  0 

'-       4       '  "--         2       ' 

so  that  when  the  bar  has  in  its  motion  a  vertical  position,  the 

pressure  at   the  fixed   point   is  wholly  vertical,  and  is  ; 

viz.  two  and  a  half  times  the  weight  of  the  bar ;  and  when  the 

bar  is  horizontal  l  =  0,  and  s  =  —  • 


a» 
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Ilonco  if  ^  ii  the  angle  at  which  the  reBaltant  jmwut  is  m- 

MnoA  to  tho  bar 

g 
tan  d>  =  -  =  10  tan  (9. 

T\w.m)  roMuItM  give  the  answer  to  the  following  proUem. 

Kx.  4.  A  heavy  bar  of  length  2  a  and  mass  m  is  fixed  at  its 
two  (incli4  in  a  horizontal  position ;  one  support  is  icmoTed  mad 
tho  bar  turnii  about  the  other  end ;  find  the  preasnre  at  tikis  end 
whon  tho  motion  I>ogin8. 

T\u^  priMU^lin^  example  shews  that  the  pressure  is  whoDj  Ter- 
ti<ml,  and  ii*  (M(uu1  to  one-fourth  of  the  weight  of  the  bar ;  so  that 
whilo  i\w  rod  in  at  rest  on  its  two  ends,  each  support  bears  <me- 
half  of  tlio  woi^ht ;  but  if  one  support  is  removed  and  the  bar 
iH^^iriK  to  fall,  tho  itressure  on  the  other  end  is  immediately 
(litninii^hml  to  ono-fourth  of  the  weight. 

Kx.  n.  A  hoavy  cube,  whose  side  is  2a  and  mass  is  m,  just 
titakon  11  ooinpUfto  revolution  about  an  edge  which  is  horizontal 
and  U  ilxod  to  points  at  the  two  comers  of  the  cube;  find  the 
pronMun^N  on  thoMO  points  in  the  various  positions  of  the  cube. 

Ilio  iixIm  Im  ovich^ntly  a  principal  axis,  and  its  principal  plane 
bimolN  tho  nido  of  tho  cube  and  contains  the  centre  of  gravity  of 
tho  (Mibo.  ll(«noo  t.ho  two  pressures  are  similar  in  all  respects, 
1111(1  iiro  (MpiivaK*nt  to  a  nin^Io  resultant,  passing  through  the 
middle  point  of  tho  mdo  of  tho  cube  ; 


>i  =  rt2*;  *^= 


Sa 
3 


2 


.-.    from  (114)  and  (115), 

M//  Hin  r)                     M <7 (3  +  5  cos  6) 
"=        4       '         ''  =  -" 2 ' 

and  tho  corroHi>onding  pressures  at  the  fixed  points  are  each  one- 
half  of  these.  When  tho  cube  is  in  the  highest  and  lowest  posi- 
tions, 8  =  0,  and  L  =  —  M^,  and  4m^  respectively,  so  that  when 
the  cube  is  in  in  its  lowest  position,  the  pressure  on  each  fixed 
})oint  is  wholly  vertical  and  is  twice  the  weight  of  the  cube. 

Ex.  0.  An  elliptic  plate  is  supported  with  its  plane  vertical 
and  major  axis  horizontal  by  two  i)ins  at  its  two  foci ;  one  pin  is 
withdrawn,  and  tho  plate  begins  to  rotate  about  the  other  pin, 
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but  no  change  of  pressure  takes  place ;  find  the  eccentricity  of 
the  plate. 

Taking  the  value  of  s  given  in  (114),  and  making  sin  0  =  I, 
we  have  }^  _     _  4if^aV 

Ex.  7.  A  heavy  rectangular  plate  rests  in  a  horizontal  position 
on  four  legs  at  its  four  comers,  two  are  suddenly  removed ;  prove 
that  the  pressure  on  each  of  the  other  two  immediately  becomes 
one-eighth  of  the  weight. 


Section  3. — On  internal  streaes  in  a  wire  or  thin  bar^  caused 

by  the  motion  of  the  bar. 

264.]  In  the  demonstration  of  D'Alembert's  principle  given  in 
Section  1,  Chapter  III,  we  have  pointed  out  how  in  the  motion 
of  a  single  material  particle  the  expressed  momentum-increment 
of  the  particle  is  exactly  equal  to  that  impressed  on  it^  but  how 
when  the  particle  is  a  member  of  a  system  or  of  a 'body  that 
equality  cannot  be  asserted;  and  how  in  this  latter  case  the 
difference  between  the  impressed  and  the  expressed  momentum- 
increments  causes  an  action  between  the  particle  and  the  sur- 
rounding particles  of  the  character  of  a  pressure  or  of  a  tension, 
which  is  called  a  stress.  I  also  pointed  out  in  Article  70  certain 
varieties  of  stresses,  viz.  normal  stresses,  tangential  stresses  or 
shears,  and  bending  stresses,  the  former  two  being  actions  of 
translation  and  the  last  an  action  of  rotation.  Now  the  general 
investigation  into  the  action  of  these  and  similar  stresses  belongs 
to  another  part  of  the  Mechanics,  viz.  the  theoiy  of  elastic  bodies, 
and  the  action  of  strains  and  stresses;  one  portion,  however, 
which  is  the  most  simple,  arises  so  immediately  out  of  the  ques- 
tions considered  in  the  present  Chapter,  that  it  is  desitable  to 
enquire  into  it,  and  this  is  the  action  of  stresses  which  occur  in 
thin  bars  or  wires  in  motion,  and  which  are  due  to  their  motion- 
Now  a  principal  and  a  fundamental  property  of  a  stress  is  that 
it  is  referred  to  an  area^  and  it  is  measured  by  reference  to  an 
unit-area ;  thus,  suppose  a  body  to  be  under  the  action  of  force 
and  to  be  strained ;  at  any  point  within  the  body  there  is  a  con- 
sequent stress ;   but  what  is  the  nature  of  this»  and  how  is  it 
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measured?  Through  the  point  let  there  be  drawn  a  plane, 
which  divides  the  body  into  two  parts ;  let  it  be  imagined  that 
one  part  is  taken  away,  and  that  the  other  remains  in  the  same 
condition  as  it  was  before  the  removal  of  the  former  part,  gener- 
ally certain  forces  must  act  upon  the  surfiEice  of  the  former  part 
to  keep  it  in  the  state  that  it  was  in ;  these  forces  are  the  in- 
ternal stresses,  and  as  they  are  distributed  through  the  dividing 
area,  they  may  vaiy  from  point  to  point  in  it  both  in  intensity 
and  direction. 

For  the  complete  consideration  of  all  these  we  must  divide  the 
cutting  plane  into  small  elements,  and  consider  only  those  which 
act  on  a  small  area  at  the  point  through  which  the  dividing 
plane  has  been  drawn ;  it  is  evident  that  the  stress  will  be  dis- 
tributed over  the  area,  and  that  the  amount  will  vary  directly  as 
the  area,  and  that  the  intensity  will  be  measured  by  the  amount 
which  acts  on  an  unit-area,  supposing  the  stress  to  be  uniform 
within  that  area ;  it  is  evident  also  that  generally  the  intensity 
and  direction  of  the  stress  will  vary  according  to  the  direction  in 
which  the  dividing  plane  passing  through  the  point  is  drawn. 
The  general  enquiry  into  all  these  questions  belongs  to  the  theory 
of  elastic  bodies.  I  propose  here  to  consider  their  application  to 
thin  bars  only,  when  the  stress  is  caused  by  the  motion  of  the 
bars,  and  when  that  stress  is  the  difference  between  the  impressed 
and  the  expressed  momentum-increments  of  the  particle  at  the 
point. 

We  suppose  the  bar  to  be  thin,  and  without  determining  the 
exact  form  of  the  transverse  section  we  suppose  it  to  be  small, 
and  the  same  at  all  points  of  the  bar,  so  that  there  will  be  no 
variation  of  stress  due  to  the  variation  of  section.  Let  us  take 
the  transverse  section  at  a  point  p  ;  then  the  stresses  acting  on 
this  transverse  section  will  be  (1)  a  stress  normal  to  the  section, 
being  a  pressure  or  a  pull  along  a  line  which  is  approximately 
tangential  to  the  curve  of  the  bar  at  the  given  point ;  (2)  a  stress 
whose  action-line  is  in  the  section  and  tends  to  make  it  slide  Or 
slip  on  its  adjacent  transverse  section ;  this  is  a  shear,  or  a  shear- 
ing stress,  and  a  twist,  when  one  section  rotates  on  its  adjacent 
stratum ;  (3)  a  stress-couple,  or  a  bending-couple,  which  tends  to 
make  the  transverse  section  turn  about  an  axis  in  its  own  plane. 
Each  of  these  in  its  own  way  tends  to  produce  a  disruption  of 
the  bar ;  for  the  bar  may  give  way  either  by  being  parted  or 
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torn  asunder,  or  by  being  sheared,  or  by  being  snapped  into  two 
parts  by  over-bending  and  so  breaking.  As  these  stresses  arise 
from  the  differences  between  the  impressed  and  the  expressed 
momentum-increments,  the  latter  have  to  be  calcalated,  and  the 
problem  is  an  application  of  the  principles  which  have  been  de- 
veloped in  the  preceding  pages.  The  following  examples  will 
elacidate  the  process  more  completely  than  any  further  general 
remarks.  It  is  however  to  be  observed  that  the  stresses  on  a 
section  may  be  estimated  by  considering  the  lost  momenta  on 
either  one  side  or  the  other  of  the  section,  as  it  may  be  most  con- 
venient, for  at  the  section  the  action  and  reaction  are  of  course 
equal. 

265.]  Illustrative  examples. 

Ex.  1.  A  heavy  horizontal  bar  of  length  2  a  and  mass  m  falls 
through  a  vertical  distance  ^,  and  impinges  at  its  middle  point  on 
a  fixed  obstacle;  find  the  shearing  stress  and  the  stress-couple 
at  any  point  of  the  bar. 

Let  p  be  the  density  and  k  the  area  of  the  transverse  section 
of  the  bar,  so  that  M  —  2apK.  Let  x  be  the  distance  from  the 
middle  point,  at  which  the  stresses  are  to  be  estimated,  and  let 
us  take  account  of  the  lost  momenta  between  the  point  and  the 
end  of  the  bar.  Let  s  and  G  be  respectively  the  shearing  stress, 
and  the  moment  of  the  stress-couple  ;  and  let  v^  =  2^^ ;  then 


Jo 

Pa-x 


pKvd^  =  pKY{a—a) ; 


pKY^di^  ^(a-.a?)2. 


pKV 

Hence,  at  the  middle  point,  the  stress-couple  is  the  greatest,  and  is 

—T—'i  so  that  the  bar  will  break  unless  its  resisting  strength 

against  breaking  is  greater  than  this  quantity. 

Ex.  2.  If  the  bar  meets  with  fixed  obstacles  at  its  ends,  instead 
of  one  obstacle  in  the  middle,  then  employing  the  same  notation  as 
in  the  preceding  example,  and  observing  that  the  upward  pressure 

MV 

of  each  obstacle  is  -^  >  we  have 


Jr«-'  ,^      MV  MV 


s 

that  is,  varies  as  the  distance  from  the  middle  point,  and  at  the 
middle  point  vanishes. 

y  2 
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MV 

Hence  the  moment  of  the  Btiess-conple  varies  as  the  product  of 
the  segpnents  into  which  the  har  is  divided  at  the  point,  and  is  a 

fn^iTimiifn  at  the  middle  point,  where  it  is -^  • 

Ex.  3.  A  thin  wire  in  the  form  of  a  semicircle  revolves  with 
an  angular  velocity  a>  about  an  axis  which  passes  throogh  its 
middle  point  and  is  perpendicular  to  its  plane.  Find  the  moment 
of  the  bending  stress  (the  tendency  to  break)  at  any  point  of  the 
wire. 

Let  a  be  the  radius  of  the  circle,  so  that  m  =  vpan ;  let  the 
point  for  which  the  bending  stress  is  to  be  estimated  be  at  the 
distance  a  ^  from  the  middle  point  along  the  arc,  and  let  the 
moment  be  estimated  from  the  end  of  the  wire  up  to  this  point ; 
then  w-^ 

= -^1— cos^  — sm  ^H ^— ^  sm^>- 

IT 

Hence  g  =  0,  when  <^  =  0,  and  when  <^  =  o  5  *^d  is  a  maximum 
when  (t>  =  — —  9  that  is  when  the  arc  fl<^  is  half  the  excess  of 
the  semicircle  over  the  diameter ;  at  this  point 


G  = 


77 


(-1) 


Ex.4.  A  heavy  rod  of  mass  m  and  length  2a  hangs  vertically 
by  its  upper  end  from  an  elastic  string  attached  to  a  fixed  point 
above  it,  whose  natural  length  is  c ;  the  rod  is  pulled  downwards 
and  then  released  ;  y  is  the  distance  of  the  centre  of  gravity  of 
the  rod  below  the  fixed  point  at  the  time  /;  determine  the  longi- 
tudinal stress  at  any  point  of  the  rod  at  that  time. 

y — a  —  c 
If  T  is  the  tension  of  the  string  at  the  time  ^,  t  =  e ; 


and 


di 


^in  =  ^9-'^' 
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Therefore  on  a  section  at  the  distance  x  from  the  top  of  the  rod 
The  longitudinal  stress  =  /     \9  ^  l^JP'^^^ 

y—a  —  c  2a— X 
c  2a 

Hence  the  longitudinal  stress  on  any  section  varies  as  the  distance 
of  the  section  from  the  bottom  of  the  rod ;  and  at  the  top  of  the 
rod  is  equal  to  the  tension  of  the  string. 

Ex.  5.  A  heavy  rod  of  mass  m  and  length  2a  rotates  in  a  ver- 
tical plane  about  its  upper  end.  Find  the  longitudinal  and 
shearing  stresses,  and  the  stress-couple  at  any  point  of  the  rod. 

Let  L  and  s  be  the  longitudinal  and  shearing  stresses,  and  let 
o  be  the  moment  of  the  stress-couple,  on  a  section  at  a  distance 
x  from  the  upper  end  of  the  rod ;  let  0  be  the  angle  between  the 
rod  and  the  vertical  line ;  then  the  equations  of  angular  accelera- 
tion and  of  vis  viva  are  respectively 

d^e  3^sin^  d0^      So,      ^  . 

Then  taking  account  of  that  part  of  the  rod  which  lies  beyond 
the  point,  we  have 

pKUco8e-\-{x-\-i)-^j^d^ 

=  2^^9<^^^^{^^-^)  + 2 2^(cos^-co8a)J 

=  ^^^^{2a-x){4acose-\-S{2a-\-x){co&e''Coaa)}. 

0  =  J  p/j ^sin ^-(a?  +  ^)^ sin  ^1  ^rf^ 
ugsinO 


I6a^ 


x{2a-xf. 
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From  these  values  it  appears  that  the  shear  and  the  stress-coitide 
vary  as  the  angle  between  the  rod  and  the  vertical  vaxiea,  so 
that  both  vanish  when  the  rod  in  its  motion  becomes  vertical; 

that  the  shear  vanishes  when  ^  =  -^  9  and  is  a  maximom  when 

X  =  -^;  that  the  moment  of  the  bending  coaple  is  a  maTnmnm 

2a 
when  X  =  —  i  that  is,  at  the  point  where  the   shear  vanishes. 

Also  that  the  shear  and  the  bending  couple  are  independent  of 
the  initial  position  of  the  rod. 

If  ^  =  0,  that  is,  at  the  point  of  suspension 

L  =  -^ (5  cos  ^—8  cos  a),     s  = -^-r ,    G  =  0; 

the  first  two  of  which  give  the  pressures  on  the  point  of  suspen- 
sion, along  and  perpendicular  to  the  bar.     See  Ex.  3,  Art  263. 


Section  4. — On  changes  in  motion  due  to  sudden  changes  in 

constraint. 

266.]  In  the  previous  sections  of  this  chapter  we  have  con- 
sidered the  motion  of  bodies  about  fixed  axes,  when  the  initial 
circumstances  are  given  in  immediate  reference  to  these  axes. 
The  problem  which  we  have  now  to  consider  is  that  wherein 
when  a  body  has  been  moving  about  a  fixed  axis,  the  axis  be- 
comes suddenly  set  free,  and  another  line  becomes  fixed  imme- 
diately about  which  the  body  rotates ;  and  the  question  is  the 
determination  of  the  consequent  circumstances  of  motion. 

The  principle  of  solution  is  the  same  in  all  eases,  however 
greatly  the  special  circumstances  may  vary  accoixling  as  the  new 
axis  is  parallel  to  the  former,  the  new  axis  intersects  the  former, 
or  the  two  axes  do  not  intersect  at  all ;  and  the  principle  is  that 
which  is  contained  in  the  equation  (6),  Ai-t.  229.  The  impressed 
momenta  are  due  to  the  effective  momenta  of  the  several  particles 
at  the  instant  when  one  axis  is  set  free,  and  the  other  becomes 
fixed,  and  are  the  impulses  which  would  reduce  each  of  these 
particles  to  rest.  Thus  if  rn  is  a  type-particle,  v  the  component  of 
its  velocity  in  a  plane  perpendicular  to  the  new  axis,  and  j»  the 
perpendicular  from  the  axis  on  the  line  of  this  component,  the 
moment  of  the  impressed  momenta  is  'S.,mvp\  and  if  o)  is  the 
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resulting  angnlar  velocity  and  m^  the  moment  of  inertia  of  the 
body  about  the  new  axis,  then 

In  the  case  of  parallel  axes,  the  theorems  given  in  Articles  95 
and  97  relative  to  the  moments  of  the  momenta  of  the  particles 
of  a  system  and  to  their  transformation  are  directly  applicable. 
The  following  are  the  forms  which  these  theorems  assume : 

(1)  Let  the  axis  about  which  the  angular  velocity  is  a  pass 
through  the  mass-centre,  and  let  the  other  axis  about  which  the 
angular  velocity  is  o)  be  at  the  distance  h  from  it,  then 

tiU^:=,is,(P^k'^\  (118) 

where  k'  is  the  radius  of  gyration  about  the  axis  passing  through 
the  mass-centre. 

(2)  If  0)  is  the  angular  velocity  about  any  axis,  and  n  is  the 
angular  velocity  about  a  parallel  axis  through  the  mass-centre  in 
reference  to  which  K  is  the  radius  of  gyration,  and  h  is  the  dis- 
tance between  these  axes,  then^  if  v  is  the  consequent  velocity  of 
the  mass-centre  in  a  plane  at  right-angles  to  these  axes, 

ii,\lfi^V^)  =  vh^tik'^.  (119) 

I  would  however  observe  that  as  the  circumstances  vary  in  most 
cases,  it  is  generally  best  to  have  recourse  to  first  principles ;  the 
application  of  these  is  shewn  in  the  following  examples. 

267.]  Illustrative  examples. 

Ex.  1.  A  thin  bar  of  length  a  is  revolving  in  a  plane  about 
one  end  with  an  angular  velocity  fl,  when  suddenly  the  end  is  set 
free  and  the  other  end  is  fixed.    Find  the  new  angular  velocity,  o). 

By  (117)  «'  r*      /         X       ^  ^'^ 

^       *  M  — 0)=/   /}K(a— a?)na?aa?  =  M-^n; 

.«.     2  a)  =  n. 

Ex.  2.  A  rectangular  plate  whose  sides  are  2  a  and  2i  is  revolv- 
ing with  angular  velocity  n  about  an  axis  through  its  centre 
and  parallel  to  the  side  2d,  when  one  of  the  parallel  sides  to  the 
axis  becomes  suddenly  fixed,  and  the  former  axis  is  set  free ;  find 
0)  the  angular  velocity  about  the  new  axis. 

The  moment  of  inertia  about  the  axis  through  the  mass-centre 


fl2 


is  M  —  :  hence  and  from  (117), 


•     ft  =  4 


. . 


0). 
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Ex.  8.  If  the  plate  is  a  square  of  side  a,  and  revolves  with  an 
angular  velocity  n  about  a  diagonal,  and  strikes  on  an  obstacle 
with  one  of  its  angular  points,  so  that  the  plate  revolves  with  an 
angular  velocity  o),  about  an  axis  passing  through  the  angular 
point,  then  ^2  -2      ^2 

.•.    a  =  7a>. 

Ex.  4.  An  elliptical  plate  is  revolving  with  an  angnlar  velocity 
fi  about  a  latus  rectum,  when  the  other  latus  rectum  suddenly 
becomes  fixed,  the  former  being  set  firee ;  determine  the  angular 
velocity  a>  about  the  new  axis. 

By  (117)  we  have 

where  x  is  the  distance  of  the  element  from  the  minor-axis,  and 
the  limits  of  integration  comprise  the  whole  area. 

.-.  (4^  +  1)0)  =:(4^-.l)n; 
which  determines  the  ratio  of  the  new  angular  velocity  to  the 
former  ;  and  shews  that  the  new  angular  velocity  has  the  same  or 
opposite  sign  to  the  former  angular  velocity  according  as  2^  is 
greater  or  less  than  unity.  If  2^  =  1,  o)  =  0,  the  new  axis  pass- 
ing through  the  focus  which  is  the  centre  of  percussion,  see 
Ex.  2,  Art.  239,  and  the  plate  having  been  brought  to  rest. 

Ex.  5.  A  circular  disc  is  revolving  with  an  angular  velocity  n 
about  an  axis  through  its  centre  and  at  right  angles  to  its  plane, 
when  a  point  in  its  circumference  suddenly  becomes  fixed,  deter- 
mine the  angular  velocity  o)  about  this  point. 

Applying  (117)  we  have 

m(— 4-a^)a>  =  /    /     pTrdrderci(r  +  aco30)  =  ^n  — ; 

3(1)  ^  A. 

Ex.  6.  A  rectangular  plate  whose  sides  are  a  and  6  is  revolving 
about  the  side  a  with  an  angular  velocity  n  when  the  conterminous 
side  b  becomes  fixed,  and  the  side  a  is  set  free ;  determine  the 
subsequent  angular  velocity  co  about  d. 

a^  r^  r^  ,    ,  ab 

^—(0=1     I   pTdxyayax  =  MCi  —  ; 

^         Jo  Jo  4? 

.'.     4a  o)  =  3^n. 

Ex.  7.  An  isosceles  triangular  plate  is  revolving  with  an  angular 
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velocity  n  about  the  bisector  of  the  vertical  angle,  when  one  of 
the  equal  sides  becomes  suddenly  fixed  ;  find  the  angular  velocity 
o)  with  which  the  plate  revolves  about  this  side. 
If  a  is  the  semi- vertical  angle 

4a)C0sa  =  fi. 

Ex.  8.  The  octant  of  an  ellipsoid  is  revolving  with  an  angular 
velocity  n  about  the  axis  a,  when  the  axis  b  suddenly  becomes 
fixed,  the  axis  a  being  set  free.  With  what  angular  velocity  o) 
does  the  body  revolve  about  the  axis  b  ? 

Let  M  be  the  mass  of  the  octant ;  then  the  moment  of  inertia 

c^  +  a^ 
5 

of  the  moments  of  the  momenta  of  all  the  particles  about  the 
same  axis ;  then 

dx       dz\ 


about  the  J-axis  is  M  — ^ —  ;  and  let  h^^  see  Art.  94,  be  the  sum 


but  from  Art.  53,        dx  _ 

c^  +  fl^          ,                                ZuLab 
and  M  —z —  o)  =  ^9  =  — fl2.«iaw= — n; 

Zabci 


the  negative  sign  shewing  that  if  n  is  positive  according  to  the 
convention  of  signs  given  in  Art.  44,  a>  is  negative  according  to 
the  same  convention. 

Ex.  9.  A  heavy  bar  ab  of  length  a  falls  about  its  lower  end  b 
from  a  vertical  to  a  horizontal  position,  when  the  end  a  is  sud- 
denly fixed  and  b  is  set  &ee,  so  that  the  bar  fisills  into  a  vertical 
position  A  b  as  at  first ;  then  a  is  set  free,  and  b  is  fixed,  so  that 
the  bar  again  falls  about  b  into  a  horizontal  position,  when  the 
end  A  is  suddenly  fixed,  and  b  is  set  free,  and  so  on ;  find  the 
angular  velocity  o)  of  the  bar  about  the  upper  end,  when  it  takes 
a  vertical  position  for  the  n}^  time. 
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CHAPTEE  VL 

THE   ROTATION   OP  A   RIGID   BODY,   OR  OP  AN    INVARIABLE 

SYSTEM,   ABOUT  A  PIXED   POINT. 

Section  1. — Tie  rotation  of  a  rigid  body  about  a  fixed  point 
under  the  action  of  instantaneous  forces, 

268.]  When  a  rigid  body,  or  any  system  of  particles  of  in- 
variable form,  moves  with  one  point  of  it  fixed,  it  is  evident  that 
it  admits  only  of  rotation  about  an  axis  passing  through  that 
fixed  point ;  generally,  the  position  of  this  axis  will  continuously 
vary,  and  will  describe  one  cone  fixed  in  the  moving  body,  and 
another  cone  fixed  in  space,  which  two  cones  touch  each  other, 
and  the  line  of  contact  of  which  is  the  instantaneous  axis :  it  is 
also  evident  that  any  given  particle  of  the  system  will  move  on 
the  surface  of  a  sphere  whose  centre  is  the  fixed  point. 

We  shall  suppose  the  form,  matter,  and  density  of  every  part 
of  the  moving  system  to  be  given  ;  and  therefore  the  position  of 
the  principal  axes,  and  the  principal  moments  of  inertia  relative 
to  the  fixed  point,  will  also  be  assumed  to  be  known :  these  latter 
we  shall  take  to  be  a,  b,  c,  as  in  Chap.  IV  ;  and  we  shall  assume 
the  order  of  magnitude  to  be  the  same  as  that  of  Art.  184 ;  viz., 

A<B<c:  (1) 

we  shall  also  assume  the  position  of  the  principal  axes,  as  well  as 
the  values  of  the  principal  moments  of  inertia,  to  be  given  at 
every  point  of  the  system. 

Let  the  fixed  point  be  the  origin ;  and  at  it  let  two  systems  of 
coordinate  axes  originate ;  one  of  which  we  assume  to  be  fixed 
absolutely  in  space,  and  the  other  to  be  fixed  in  the  body  and 
to  move  with  it :  this  latter  system  we  will  take  to  be  the  system 
of  principal  axes  which  originates  at  the  point,  because  our  ex- 
pressions will  be  much  simplified  thereby.  The  motion  of  the 
body  will  be  in  the  first  place  referred  to  this  latter  system  in 
terms  of  the  angular  velocities  about  the  principal  axes ;  and  the 
incidents  of  its  motion  in  space  will  be  thence  inferred  by  means 
of  the  connecting  equations  (120) ...  (125)  of  Art.  64,  or  some 
equivalents  of  them. 
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The  general  investigation  will  consist  of  two  parts,  according 
as  the  system  is  nnder  the  action  of  instantaneous  forces  or  of 
finite  accelerating  forces.  We  shall  consider  the  efiects  of  in- 
stantaneous forces  in  the  present  section,  and  in  the  succeeding 
section  those  of  finite  accelerating  forces;  and  in  each  case  I 
shall  inquire  into  the  resulting  angular  velocity,  the  position  of 
the  rotation-axis,  the  pressure  on  the  fixed  point,  and  the  other 
incidents  of  motion. 

269.]  For  the  sake  of  simplicity,  we  will  suppose  the  body  to 
be  at  rest  at  the  time  when  the  instantaneous  forces  act  on  it. 
Let  us  first  refer  all  the  elements  to  the  system  of  axes  fixed  in 
space  ;  and  let  the  axial  components  of  the  impressed  momenta 
be  :8.x,  :8.  Y,  :i.z,  and  let  the  expressed  momenta  be  :i.m\^,  :8.mVy, 
^.mYg ;  and  if  the  force  is  a  single  blow  which  impresses  a  mo- 
mentum Q,  let  Oar,  Qy,  Q,  be  its  components.  Let  {x,y,  z)  be  the 
initial  place  of  m ;  let  f  be  the  pressure  at  the  origin  due  to  the 
forces,  and  let  X,  jx,  i;  be  the  direction-angles  of  its  line  of  action  ; 
then  the  equations  of  motion  are 

2.(x— i»Vj^)— pcobX  =0,   \ 

2.(Y--WVy)  — PCOSfi  =  0,    >  (2) 

2.(z— «*v,)— pcosv  =0;  ) 

2{2r(x-«*vJ-a?(z~wv,)}  =  0,  J  (3) 

2{a?(Y--wVy)-y(x-«iv,)}  =0.  ) 

Let  these  equations  be  transformed  into  their  equivalents  in 
terms  of  angular  velocities,  as  in  Art.  147.  Let  a  be  the  angular 
velocity  which  results  &om  the  instantaneous  forces,  and  let 
n^,  Hy,  n,  be  its  axial  components ;  then  (2)  become 

2,X  — ny2.7«;2r  +  n,2.l»y  — PcosX  =  0,    J 

2.Y  — ng2.^a?  +  njg2.»i;2r--PCOSfi  =  0,    >  (4) 

2.Z  — n,2.wj<  +  fly:8.i«a?— Pcosi;  =  0;  ) 

from  which,  or  from  (2),  the  pressure  at  the  fixed  point,  and  the 
direction-cosines  of  its  line  of  action,  may  be  determined. 

270.]  Let  us  now  consider  the  motion  in  reference  to  the 
principal  axes  of  the  body  at  the  fixed  point,  and  replace  (3)  by 
their  equivalents  in  terms  of  angular  velocities  about  these  axes; 
let  G  be  the  moment  of  the  couple  of  the  impressed  momenta,  or 
of  the  blow,  if  this  motion  is  due  to  a  blow;  and  let  l^,  m^,  n^ 
be  the  axial  components  of  the  moment  of  this  couple  relative 
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to  the  three  principal  axes  ;  and  let  a^,  n^,  03  be  the  axial  com- 
ponents of  the  instantaneous  angular  velocity.  Then,  by  the 
reduction  which  has  already  been  made  in  Art.  174,  the  equations 

(3)  become 

Ani=:Li,  BOjisMj,  ca^z=iN^:  (5) 

these  equations  determine  the  axial  components  of  the  angular 
velocity  relative  to  the  principal  axes  fixed  in  the  body  and 
moving  with  it.  Fi'om  these  the  angular  velocities  relative  to 
the  three  axes  fixed  in  space  may  be  found,  by  means  of  the 
equations  given  in  (87),  Art.  68 ;  and  thus  the  position  of  the 
initial  rotation-axis  is  absolutely  determined. 

The  preceding  equations  admit  of  dissection,  and  of  deduction 
from  first  principles,  in  a  manner  similar  to  that  which  has  been 
employed  in  Arts.  168  and  169.  It  is  consequently  unnecessary 
to  repeat  it. 

271.]  From  (6)  we  have 

(6) 


°.=^ 

^          B                   ^         C  * 

.-.     n2 

=  ni2  +  n,«  +  n32 

"  A^  ■*■  B«  ■*■  c2  * 

,  y  are  the  direction-angles  of  the  instantai 

cos  a  =  —  ^ 

n 

cos  3  =  —  J        COS  y  =  —  > 

"ah' 

M,                              N, 

___     *  •               A  < 

"  Bn'               "  cn^ 

C) 


tion-axis, 

(8) 

(9) 

whence  n  and  the  direction-angles  of  its  rotation-axis  are  known. 
Hence  the  equations  to  the  initial  rotation-axis  are 

^  =  ?i:  =  ^.  (10) 

And  as  Lj,  Mj,  Ni  are  the  axial  components  of  the  moment  of  the 
impressed  couple,  or,  as  Poinsot  calls  it,  the  couple  of  impulsion, 
the  equations  to  its  axis  are 

-  =  ^  =  -;  (11) 

Lj         Mj        Nj  ^       ' 

and  the  equation  to  its  plane  is 

Liar  +  Mjy-hNj^r  =  0.  (12) 
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272.]  Now  these  expressions  admit  of  a  geometrical  inter- 
pretation by  means  of  the  momental  ellipsoid  at  the  fixed  point 
similar  to  that  given  in  Art.  153. 

In  reference  to  the  principal  axes  fixed  in  the  body,  the  equa- 
tion to  the  momental  ellipsoid  is 

Aai^  +  By^  +  cz^=:fi;  (13) 

relatively  to  which  the  equations  to  the  axis  conjugate  to  the 
plane  (12)  are,  see  Art.  22, 

i^=l£  =  ££;  (14) 

but  these  are  the  equations  to  the  instantaneous  initial  axis. 
Hence  we  have  the  following  theorem : 

The  instantaneous  axis  of  rotation,  due  to  a  given  impressed 
couple,  is  the  axis  of  the  momental  ellipsoid  at  the  fixed  point 
which  is  conjugate  to  the  plane  of  the  couple.  Hence,  if  the 
momental  ellipsoid  of  the  moving  system  is  constructed,  and  a 
plane  is  drawn  touching  it,  and  parallel  to  the  plane  of  the 
couple  of  impulsion,  the  central  radius  vector  of  the  ellipsoid 
drawn  to  the  point  of  contact  is  the  instantaneous  axis.  See 
also  Art.  153. 

The  point  where  the  instantaneous  axis  meets  the  ellipsoid  is 
called  the  instantaneous  pole. 

The  initial  angular  velocity  varies  as  the  square  of  the  central 
radius  vector  of  the  momental  ellipsoid,  which  coincides  with  the 
initial  rotation-axis. 

For  if  d  is  the  angle  between  the  initial  rotation-axis  and  the 
axis  of  the  couple  of  impulsion,  by  (16),  Art.  147, 

GCOS^  K^GCOS^  ,-^. 

if  R  is  the  central  radius  of  the  ellipsoid  which  coincides  with 
the  initial  rotation-axis ;  that  is,  the  initial  angular  velocity 
varies  as  the  square  of  the  central  radius  vector  of  the  ellip- 
soid which  coincides  with  the  initial  rotation-axis,  and  as  the 
component  relative  to  that  axis  of  the  moment  of  the  couple  of 
impulsion. 

Hence,  if  a  body  rotates  about  an  axis  passing  through  a 
fixed  point,  the  plane  of  the  momental  ellipsoid  conjugate  to 
that  axis  is  the  plane  of  the  couple  which  instantaneously  im- 
pressed in  an  opposite  direction  wiU  bring  the  body  to  rest ;  and 
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if  the  axial  components  of  the  angular  velocity  of  the  body  at 
that  instant  are  (i>i,  a>2,  0)3,  and  o^  is  the  moment  of  the  couple 
which  reduces  the  body  to  rest, 

g'2  =  A«  V  +  b2  V  +  c^V  ;  (16) 

and  the  equation  to  the  plane  in  which  the  couple  must  be  im- 
pressed is  Aa>iX  +  Ba>^y  +  C<o^z  =  0.  (17) 

If  the  plane  of  the  couple  of  impulsion  is  a  principal  plane  of 
the  momental  ellipsoid,  the  instantaneous  rotation-axis  lies  along 
the  axis  of  the  couple ;  but  for  no  other  plane  of  impulsion  will 
the  axis  of  the  couple  lie  along  the  instantaneous  rotation-axis. 
Hence,  if  a  body  is  rotating  about  a  principal  axis,  it  may  be 
brought  to  rest  by  a  couple  whose  axis  is  that  rotation-axis ;  but 
in  no  other  case  will  the  axis  of  the  couple  which  brings  the 
body  to  rest  coincide  with  the  rotation-axis. 

Hence  also,  if  a  body  is  rotating  about  a  given  axis,  and  a 
blow  is  given  to  the  body  whence  a  couple  of  impulsion  arises,  if 
the  plane  of  this  couple  is  conjugate  to  the  original  axis  of  rota- 
tion, no  change  of  rotation-axis  is  caused ;  but  if  the  plane  of 
the  couple  of  the  blow  is  not  conjugate  to  the  previous  rotation- 
axis,  a  change  of  axis  takes  place.  And  therefore  if  a  body  is 
rotating  about  a  principal  axis,  and  a  blow  is  given  to  the  body 
which  produces  a  couple  whose  axis  is  that  principal  axis,  the 
position  of  the  rotation -axis  will  be  unaltered,  and  there  will 
only  be  a  change  of  angular  velocity. 

I  may  ol)serve,  that  if  the  axes  fixed  in  the  body  are  not 
principal  axes,  equations  (32),  Art.  151,  will  take  the  place  of 
(6),  and  the  equation  of  the  momental  ellipsoid  would  be  (114), 
Art.  181 ;  it  is  therefore  unnecessary  to  repeat  them  here.  From 
these  equations  however  the  same  geometrical  interpretation  as 
that  which  we  have  just  arrived  at  may  be  deduced. 

It  is  to  be  observed,  that  cos  a,  cos  /3,  cos  y  are  independent 
of  o,  the  moment  of  the  momentum  of  the  couple  of  impulsion  ; 
so  that  if  the  body  is  put  into  motion  by  a  blow,  the  position  of 
the  instantaneous  rotation-axis  is  the  same,  whatever  is  the  in- 
tensity of  the  blow,  provided  that  its  line  of  action  is  the  same. 
Not  so  however  the  initial  angular  velocity. 

273.]  The  following  examples  are  in  illustration  of  the  pre- 
ceding. 

Ex.  1.  A  right-angled  triangular   plate,  fixed  at   its    mass- 
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centre,  is  stmck  at  its  right  angle  by  a  blow  perpendicularly  to 
its  plane :  it  is  required  to  find  the  position  of  its  initial  instan- 

m 

taneous  axis. 

Let  8fl,  8i,  see  Fig.  32,  be  respectively  the  sides  ca,  cb  of 
the  triangle,  p  =  the  density,  r  =  the  thickness  of  the  plate. 
Let  the  origin  be  taken  at  the  mass-centre ;  and  let  the  coor- 
dinate axes  be  parallel  to  the  sides.  As  these  axes  are  not  prin- 
cipal, we  must  recur  to  (32),  Art.  151,  for  n^^,  n^,  n,.  In  reference 
to  the  origin  and  axes  which  we  have  chosen,  the  equations  to 

the  sides  bc,  c a,  ab  respectively  are  a:  =  —a,  y  =  —  J,  -  +  ^  =  1 ; 
and  consequently 

A  =  :i.m{y^  +  zr)  =  -^ — ,  D=zZ.myz=:  0, 

/  2  .  ^\      9pTa^6  ^ 

B  =  ^.m{z^+ar)  =  — ^-j — >  'E=:^,mzx  =  0, 

c  =  :i.m{ar  +y^)  =— ^- -^ -*    ¥=:i.mxy=  — ^-^ 

Let  Q  be  the  momentum  impressed  by  the  blow  at  c,  which  is 
{—a,  —b),  in  a  line  perpendicular  to  the  plane  of  the  plate,  and 
parallel  to  the  axis  of  2:  in  a  positive  direction ;  so  that  we  have 

Li  =  -4q,        Ml  =  aq,        Ni  =  0 ; 

••^'~      27prad^'  ^' "  27  praH'         ^'~"' 

and  therefore  the  equation  to  the  instantaneous  initial  rotation- 
axis  is  X     y      ^ 

-4-^  =  0; 

a       0 

consequently  the  initial  rotation-axis,  which  of  course  passes 
through  the  fixed  point,  is  parallel  to  the  hypothenuse  of  the 
triangle. 

Ex.  2.  Let  us  consider  the  general  case  of  a  plate  of  infinite- 
simal thickness,  which  has  one  point  fixed,  and  which  is  struck 
at  a  given  point  (a?Q,  y^)  by  a  blow  Q,  in  a  line  perpendicular  to 
the  plane  of  the  plate. 

The  plane  of  the  couple  of  impulsion  is  evidently  that  passing 
through  the  point  of  the  blow  and  the  fixed  points  and  perpen- 
dicular to  the  plane  of  the  plate.     Thus  its  equation  is 

X    y     ^ 

^0  yo 
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Now  iho  axis  of  the  momental  dlipeoid  (18),  wliidi  is  eonjugafte 
to  this  plane,  is  ^ay^a? + By^y  =  0 ;  (18) 

II ml  this  therefore  is  the  initial  rotation-axis. 

Also,  if  Q  =  the  momentnm  impreesed  hy  the  blow  at  the 
IK)int  (jT^i.^u)  in  ^  ^^^  perpendicular  to  the  plane  of  the  plate, 
luid  in  a  direction  parallel  to  the  poeitiTe  direction  of  the  axis 

*rhuii,  if  tho  plate  is  elliptical  and  fixed  at  its  centre, 

iiihl  oonncHpiontly  the  expiation  of  the  initial  rotation-axis  is 

rt'^    ^   6*   "     ' 

t Imt.  in.  tho  initial  axis  is  conjugate  to  the  axis  passing  through 
llio  jiliuv  t>f  in))^iot  of  tUo  blow. 

If  tho  pinto  is*  |Mir:ilH>lii\  and  fixed  at  its  vertex,  and  if  a  and  h 
II ro  sovt  rally  tho  louj^fth  and  tho  extreme  ordinate  of  the  plate, 

iind  tho  o<)imtion  to  tho  initial  in:«tantaneous  axis  is 

l'\,  »H.  A  ouIh^  lixod  at  it??  niass-oontre  is  struck  by  a  blow, 
w  hoso  inoinontum  is  q,  alonof  an  oil^^ :  it  is  required  to  determine 
(ho  initial  inst^intjinoous  nxis. 

tjot.  X*ii  -  tho  iHli«>^  of  tho  ouIh»:  lot  the  origin  be  taken  at 
tho  nuiJ*s-oon(n\  and  lot  tho  ooimlinate  axes  be  parallel  to  the 
otl^^H ;  lot  tho  lino  of  tho  blow  Q  W  ]Mirallel  to  the  axis  of  z; 
tnul  h>t  i(n  |H>int  of  jipplioation  W  (t^ti^  0):  so  that 

I.,  =  «ig.  M,  =  — rlQ,  Xj  =  0; 


3q  3q 
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and  therefore  the  equation  to  the  initial  rotation-axis  is 

x-^-y  =  0: 

this  result  is  evident  from  the  theorem,  that  the  instantaneous 
initial  axis  is  conjugate  to  the  plane  of  the  impulsive  couple ; 
for  the  momental  ellipsoid  is  in  this  case  a  sphere,  and  therefore 
the  instantaneous  rotation-axis  coincides  with  the  axis  of  the 
couple  of  impulsion. 

274.]  Let  us  now  consider  the  equations  (2),  or  their  equi- 
valents (4),  by  means  of  which  the  pressure  at  the  fixed  point, 
which  is  due  to  the  impulsive  forces,  is  to  be  determined. 

Let  M  be  the  mass  of  the  body;  and  let  its  mass-centre  be 
(iP,y,^);  then 

:i,mx  =zux,         :s,my  =  Up,         %,mz  =^mz;  (19) 

and  (4)  become 

PcosX  =  2.x— M(ny5— a,^),  \ 

pcosjut  =  2.Y— M(n,;F  — n^^),  (  (20) 

pcosy  =  :8.z— M(njpy  — n^^).  ) 

Now  the  last  terms  of  these  three  equations  are  evidently  the 
axial  components  of  the  momentum  of  the  whole  moving  mass 
condensed  into  its  mass-centre :  so  that  the  pressure  which  acts 
at  the  fixed  point  is  the  excess  of  the  impressed  momentum 
over  the  momentum  of  the  whole  mass  condensed  at  its  mass- 
centre,  which  is  due  to  the  initial  angular  velocity. 

To  apply  these  formulsB,  let  us  take  Ex.  1  of  the  preceding 
Article :  in  that  case 

i=:y=5  =  0;     2.x  =  :8.Y=0,     :8.z  =  Q; 
.'.    P  cos  A  =  p  cos  fi  =  0 ;         P  cos  y  =  Q ; 

.-.    p=:Q; 

and  the  line  of  pressure  is  perpendicular  to  the  plate. 
If  there  is  no  pressure  at  the  fixed  point,  then 

2.x-M(ny5-n,y)  =  0,    \ 

2.Y— M(a,^-.n„5)=  0,    \  (21) 

2.Z— M(n,y  — ny5)  =  0;  ) 

whence  we  have  -•,^,-*^,=*«      n.  /oo\ 

X  2.X+  y2.Y  +  ;p:8.z  =  0;  (22; 

nj,2.x  +  fty2.Y  +  n.:8.z  =  0;  (28) 

and  it  appears  that  the  line  of  action  of  the  resultant  of  the 
impressed  momenta,  or  of  the  blow,  if  the  motion  is  due  to  a 
single  blow,  is  perpendicular  to  the  plane  containing  the  fixed 
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point,  the  maefl-centre,  and  the  rotataon-aads   of  the  initial 
angular  velocity. 

If  the  fixed  point  is  the  mass-centre  of  the  body,  then 
^  =5  J  =  ^  B  0 ;  and 

Foos\=a.x,    Fco6/yi  =  a.Ty    Feosi^sa.z; 

and  the  pressure  is  in  intensity,  direction,  and  line  of  action,  equal 

to  the  resultant  of  the  impressed  momenta. 


Section  2. — Tie  rotation  of  a  ri^  body  about  a  fiased  pakU 
under  the  action  of  finite  accelerating  foreee. 

275.]  Let  us,  as  in  the  preceding  section,  refer  the  motion  of 
the  body,  or  material  system,  to  two  sets  of  coordinate  axes, 
originating  at  the  fixed  point :  one  of  which  is  fixed  in  space, 
and  the  other  is  fixed  in  the  body,  and  moves  with  it:  let  this 
latter  system  be  the  principal  system  relative  to  the  fixed  point. 

Let  F  be  the  pressure  at  the  fixed  point  at  the  time  ^,  and  let 
X,  fA,  i^  be  the  direction-angles  of  its  line  of  action  relatively  to 
the  axes  fixed  in  space  :  relatively  to  the  same  axes  let  {x^  jr,  z) 
be  the  place  of  m,  and  let  x,  y,  z  be  the  axial  components  of  the 
impressed  velocity-increment ;  then  the  equations  of  motion  are 

S.wi^x—  ^-jj  — PcosA  =  0, 

7  2 
2.««(y-  j^)-PcosM  =  0,   j.  (24) 

2./»(z—  -^  J— Pcosv=  0; 

--{<-- S?)-K-S)  1  =  0.^  (25) 

Let  equations  (24)  be  transformed  into  their  equivalents  in  terms 
of  angular  velocities,  as  in  Art.  154 ;  let  co  be  the  angular  velocity 
about  the  instantaneous  axis  at  the  time  t,  of  which  let  (o^  tOy,  co, 
be  the  axial  components ;  then  (24)  become 
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from  which,  or  from  (24),  the  pressure  at  the  fixed  point  and  the 
direction-cosines  of  its  line  of  action  are  to  be  determined. 

Let  us  replace  (25)  by  what  they  become  in  terms  of  angular 
velocities  about  the  principal  axes  fixed  in  the  body  and  moving 
with  it :  this  reduction  has  been  made  in  Art.  174 ;  and  for  the 
equivalents  of  (25)  we  have 


A -J^  +  (0-8)6)20)3  =L,^ 

da>o     /         % 
B-^+(A-c)a),a)i  =  M, 

d(On     ,         . 
C-^  +  (B-A)a)ift)2  =  N;J 


(27) 


where  L,  m,  n  are  the  axial  components  of  the  moment  of  the 
couple  of  the  impressed  momentum-increments  relative  to  the 
principal  axes. 

As  these  equations  have  been  already  analysed  and  deduced 
from  first  principles  in  Art.  157 — 161,  it  is  unnecessary  to  give 
further  explanation  of  them.  I  may  observe  that  the  instan- 
taneous angular  velocity,  and  its  axial  components  relative  to  the 
moving  principal  axes,  may  be  (theoretically  at  least)  derived 
from  (27) ;  and  thence  the  axial  components  relative  to  the  axes 
fixed  in  space  by  means  of  the  equations  given  in  Art.  58;  or,  as 
we  shall  find  more  convenient,  we  may  determine  0,  <f>,  and  yjf  by 
means  of  Art.  64,  and  thus  determine  the  position  of  the  body 
in  space  as  well  as  the  incidents  of  its  motion  at  the  time  t 

As  the  pressure  at  the  fixed  point,  which  is  to  be  determined 
by  means  of  (26),  depends  on  the  angular  velocity  and  its  axial 
components  at  the  instant,  these  must  be  first  determined ;  and 
consequently  I  proceed  to  consider  (27)  and  (25). 

The  general  solution  is  beyond  the  present  powers  of  Mathe- 
matical Analysis ;  and  we  can  investigate  only  those  more  simple 
cases  which  can  be  solved  either  partially  or  wholly. 

276.]  Let  us  first  take  the  simple  case  in  whic^  l  =  m  =  n  s=0 ; 

z  a 


(26) 
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(titikt  ii»>  when  the  conditions  explained  in  Art.  88  are  satisfied ; 
iu  tht'se  cases  either  no  forces  act,  or  the  action-lines  of  the  forces 
I'^b^  through  the  fixed  point,  and  thus  prodnce  no  effect  in  caosing 
a  change  of  rotation  or  a  change  of  position  of  the  instantaneous 
axi^  Hence  this  case  includes  that  of  a  heavy  body,  the  centre 
i>f  gravity  of  which  is  at  the  fixed  point. 

In  this  case,  as  no  work  is  done  by  the  force  or  by  the  pressure 
acting  at  the  fixed  point,  and  asL  =  M  =  N  =  0,  the  theorem^  of 
the  invariability  of  the  moment  of  the  momentom  of  the  system,  of 
the  tixi'd  position  of  the  invariable  axis  and  the  invariable  plane, 
and  of  the  constancy  of  the  vis  viva  or  the  kinetic  energy  of  the 
nyntoni,  as  developed  in  Chap.  Ill,  Section  3,  hold  good;  and 
taking  the  >*alue  of  the  kinetic  energy  of  the  system,  which  is 
ii\ie  onlv  to  the  rotation  of  it  abont  the  instantaneous  axis,  to  be 
that  explained  in  Art.  219,  and  denoting  its  constant  value  by 

k^  we  have  a  ci^^  +  b  «/  +  c  «/  =  t^.  (28) 

AIho  taking  the  value  of  the  moment  of  momentum  of  the  system 
ulH)ut  the  instantaneous  axis  to  be  that  which  is  determined  in 
the  8anie  Article,  and  denoting  its  invariable  value  by  i^,  we  have 

A«u)i«  +  B^o).*  +  C2a>32  =  i2  ;  (29) 

and  if  a,  /i,  y  are  the  direction-angles  of  the  invariable  axis  witb 
rt^l^x't  to  the  principal  axes  at  the  time  /,  then,  as  shewn  in 
Art.  219, 

cos  a  =  -T-  >       cos  ^  =  -  —  J      cos  y  =  -j^  •  (30) 

llonoo  with  rcsjiect  to  the  princij^al  axes  of  the  body  at  the  fixed 
point,  the  eipmtions  to  the  instantaneous  axis,  to  the  invariable 
iixin.  and  to  the  invariable  plane,  are  respectively 


.¥ 


a>|  a>^  a>3 


(31) 


Au>|        Bu>^        Cu>3 
Aa)i^+Bu)ojr  +  C(D3-:  =  0. , 

If  the  systoni  is  put  into  motion  bv  certain  initial  impulses, 
or  in  othorwim^  in  such  a  comlition  that  at  a  given  instant,  say 
when  i  =  0,  wj  =  n^  w^  =  a.,  u)>  =  n^,  then 

A  ni«+B  V+ca3«  =  P,  ) 
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which  assign  values  to  k  and  h :  and  the  equations  to  the  in- 
variable axis  are  at  that  instant 

—  =^=— •  r33) 

AHi        BXlg        Cflg*  ^      ' 

and  the  equation  to  the  invariable  plane  is 

Ania?  +  Ba^y  +  cn3;?  =  0.  (84) 

Thus  the  invariable  elements  are  given  in  terms  of  the  circum- 
stances at  a  given  epoch. 

277.]  These  results  may  also  be  derived  directly  from  Euler's 
equations  of  motion  given  in  (27),  when  L  =3  m  =  n  =  0. 

For  multiplying  them  severally,  (1)  by  6>i,  0)2,  0)3 ;  and  (2)  by 
A  0)^,  Bco^,  00)3,  and  adding,  we  have 

rfo),  diHt,  d<t>f*      ^    \ 

5     da>.         2     rfcog  .     A      ^6)3       ^    \  ^     ' 

whence  by  integration,  and  taking  the  limits  at  the  times  ^  t=  ^ 
and  ^  =  0,  we  have 

Aa)i*+Ba)j^  +  Ca)32  =  Anj^  +  BrXj^  +  Cng^ 

Similarly  integrating  the  second  equation  of  (35),  and  taking  the 
same  limits  of  integration,  we  have 

l^  and  k^  having  the  same  meaning  as  in  the  preceding  Article. 
If  ^1,  ^2>  ^h  ^^  ^^^  moments  of  momentum  of  the  system  at 
the  time  I  about  the  principal  axes,  then  A^  =  Aco^,  ^2  =  ^^2> 
^3  =  c  0)3 ;  and 

h-,  Aa>i  ^  in  BCOa  Aft  CO). 

C08a=x  =  -z-^»        cos^  =  ^=-T-^>        cosy  =  -52=      »• 
and  the  equation  to  the  invariable  plane  is 

AcOiflJ  +  BtOgy  +  CtOg;?  =  0; 

which  are  the  same  equations  as  those  determined  in  the  pre- 
ceding Article. 

278.]  Also,  conversely,  when  a  body  is  in  motion  with  one 
point  fixed,  and  is  not  acted  on  by  any  forces  save  those  which 
pass  through  the  fixed  point,  so  that  the  equations  of  conservation 
of  moment  of  momentum  hold  good,  Euler's  equations  of  motion 
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«M^Y  (#  deduced  from  these  equations,  as  pointed  out  by  Professor 
$\  Iv^t^r  in  the  Philosophical  Transactions,  Vol.  CLVI,  p.  767. 

U^  the  fixed  point  be  the  origin :  and  let  the  principal  axes 
al  it  W  the  coordinate  axes.  Let  a,  )3,  y  be  the  direction-angles 
^  th«^  invariable  axis  in  reference  to  them  at  the  time  t ;  so  that 
tf  «^'^>^  are  the  principal  angular  velocities  at  that  time, 
aud  4  ii  the  invariable  moment  of  the  momentum  of  the  sTstem, 

oosa  =  -v^>      co8)3  =  -^*      coey  =  -p.  (86) 

It  i«  to  be  observed  that  an  angtdar  motion  about  a  principal 
axi«  pnnluoes  by  its  motion  no  change  of  angular  velocity  about 
vithor  of  the  other  principal  axes ;  this  is  evident  from  the  values 
of  i'\  u'\  N^'  given  in  Art.  174,  and  also  from  the  fisu^  that 
»\ioh  an  efTect  could  only  be  due  to  quantities  of  the  forms 
«,Mf^,  %.mcx^  S.m^jf,  and  that  these  quantities  vanish  when 
tho  Unly  is  referred  to  a  system  of  principal  axes. 

Altout  the  fixed  point  o,  as  centre,  describe  a  spherical  smfiioe 
\\(  milius  unity ;  and  let  this  sur&ce  intersect  the  principal  axes 
aiul  tho  iuN-ariable  axis  in  the  points  a,  b,  c,  i ;  let  these  points 
W  joined,  two  and  two,  by  arcs  of  great  circles ;  so  that  ia  =  a, 
\  H  —  ^S.  I  r  =  y.  In  the  time  df,  let  the  body  rotate  about  the 
|iiiiU'i|Mil  ax(^  tlirough  angles  respectively  equal  to  i^dt,  t^^dt^ 
^^stl  \  MtuI  lot  us  consider  the  results  of  these  separately.  When 
\\\\\  i^ttMttou  tuk(>s  place  al>out  oa,  a  is  constant,  but  )3  and  y 
\m\  ;  titoir  vurintions  may  be  found  as  follows:  let  the  angle 
^  y^.  _  (),  HO  that 

iHiH  f\  -    mi\  (I  Kin  0,     cos  y  =  sin  a  cos  0,    and  dO  =  a)^^/  ; 

»*,      i/»iHV»^S=        S\XiaCOS$dO  z=:        COSyfiD^///,  )  ,       . 

i/.iH>8y  =  ~sinasin(?c/(?  =  ^cos^a^^df;}         ^     ' 
^\\\\\\ik\\y  for  rt>tiitious  through  angles  oa^r//,  o),^/  about  ob  and 

wKfM«HS  Ukinif  U^^  total  »riaiion$  of  each  dinection-cosine,  we 

I^N^  ^sK-^mA  «  ^*»3j<yVi8K'i~«VjC<OSy>ffr,    \ 

«?«oi>«jii  IS  («^o«v>~«»j(C<^aW/,  (  (40) 


%  \       w 


k\ 
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and  replacing  cos  a,  oos  )3,  oos  y  by  their  values  given  in  (86),  we 

A -^  +  (0-b)  0)20)3  =  0,\ 


dt 

B-^  +  (A-0)  0)30)1  =0, 
0  -^^  +  (B-A)o)iO)g  =:  0; 


(41) 


dt 

which  are  Ealer  s  equations,  when  there  are  no  couples  of  im- 
pressed momenta,  and  the  conservation  of  moments  of  momenta 
holds  good. 

279.]  The  instantaneous  angular  velocity  being  o),  the  direction* 
cosines  of  the  instantaneous  axis  relative  to  the  principal  axes 

are  —  J  —  *  — ;  and  as  the  direction-cosines  of  the  invariable 

0)         O)         0) 

axis  in  reference  to  the  same  axes  are  those  given  in  (30),  if  0  is 
the  angle  between  these  axes, 

AO),*  +  Bo)o*  +  Co)o*         *• 

cos0  =  — ^ f ^  =  -j; 

0)^  0)A 

.'.  o)cos0=  -r-;  (42) 


that  is,  the  component  of  the  angular  velocity  at  any  instant 
about  the  invariable  axes  is  constant.  This  theorem  is  called 
the  conservation  of  the  angular  velocity  about  the  invariable 
axis. 

280.]  Although  the  properties  of  the  couple  of  the  momenta 
arising  from  the  centrifugal  forces  have  been  generally  investi- 
gated in  Articles  174  and  215,  yet  there  are  some  peculiarities  in 
the  form  of  them  in  the  present  problem  which  require  attention. 

In  accordance  with  the  notation  of  Art.  174, 

l''=  (b  — 0)0)20)3,    m"=  (c— a)o)30)i,    n^'=  (a— b) 0)^0)2;  (48) 

.-.      l"o)i    +m''o)2    +n"o)3    =0,)  ,^. 

and  l"ao)i  +  m"bo)2  +  n''co)3  =  0;)  ^    ^ 

so  that  the  axis  of  the  centrifugal  couple  is  perpendicular  to  the 
instantaneous  axis  and  to  the  invariable  axis ;  and  consequently 
to  the  plane  which  contains  these  two  lines ;  this  plane  there- 
fore is  the  plane  of  the  couple. 

Now  the  centrifugal  couple  is  at  each  instant  of  the  nature 
of  an  external  impulsive  couple  which,  acting  about  a  given 
axis,  produces  a  rotation  about  another  axis  related  to  the  former 
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in  the  manner  described  in  Article  272 ;  viz.  in  referenee  to  the 
momental  ellipsoid,  the  axis  conjugate  to  the  plane  of  the  ooople 
of  impulHion  is  the  corresponding  rotation-axis.  Thus  if  Aa»i, 
IXojft  ('0)3  are  proportional  to  the  direction-cosines  of  the  axis  of 
the  conjile  of  impnlsion,  a>^,  0)29  0)3  are  proportional  to  the  direo- 
tion-c^Mincs  of  the  corresponding  rotation-axis.  Hence  the 
diroction-cosines  of  the  rotation-axis  of  the  centrifugal  couple 
are  i>roiKjrtional  to 

and  m  the  sum  of  these  quantities  severally  multiplied  by  Aa>i, 
IHi9,^f  Co)^  vanishes,  it  follows  that  this  axis  is  perpendicular  to  tiie 
invariable  axis,  and  consequently  lies  in  the  invariable  plane. 
2H1 .]  Also  from  (43),  if  g^^  is  the  moment  of  the  centrifugal 

COU])lo, 

(/'«  =  (D-C)«a)j«a)32  +  (C-A)2a)32a)i2  +  (A-B)2a)i«a)/ 

=  a)«  ( A«  o),*  +  B«  o)/  +  C2  Gig^)  -  (a  a)i2  +  B  0)^2  +  C  a>^^)^ 

=  a)«  ^a  -  0)2  //'^  (cos  d)2  =  a>2  >12  (gin  ^)a  (46) 

^i'{Uiney,  by  (42);  (47) 

tlmi  in,  the  moment  of  the  couple  of  the  centrifugal  forces  varies 
UN  ilu)  Ijin^cni  of  the  angle  between  the  instantaneous  and  the 
invariable  uxoh  ;  and  (46)  shews  that  it  is  represented  in  magni- 
tude by  the  area  of  the  parallelogram  whose  sidete  are  the  line- 
rei)reHent<ativeB  of  the  instantaneous  angular  velocity,  and  of  the 
monn^ni  of  the  couple  of  impulsion.    (See  Art.  217.) 

Ah  ih(»ro  is  no  external  couple  producing  acceleration,  that  is, 
an  1.  =  M  =  N  =  0,  the  only  couple  of  acceleration  is  that  due  to 
the  ci'ntrifugal  forces,  and  consequently  the  direction-cosines  of 

i\  *      r  A\  *  1  j^'       ^  A        ^^1        ^^2       ^^3 

the  axiH  of  this  couple  arc  proportional  to  a  -y- ,  ^-jfi  ^~lf' 

2H2.]  The  comi)lete  solution  of  the  problem  requires  that  the 
position  of  the  body  should  be  determined  at  the  time  t ;  and  for 
this  puq)()H0  it  is  necessary  to  refer  it  to  axes  fixed  in  space. 
Am  our  choice  of  these  is  free,  we  will  take  the  system  which  is 
imggeMted  in  the  preceding  Articles  ;  and  taking  the  fixed  point 
at  the  origin,  we  will  take  the  invariable  axis  to  be  the  axis  of  z^ 
and  the  invariable  plane  to  be  the  plane  of  (a:,^),  the  axis  of  x 
being  a  line  chosen  arbitrarily  in  that  plane ;  and  we  shall  sup* 
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pose  Q>i,  (Do,  6)3  to  have  been  determined  in  terms  of  t.  Now  the 
position  of  the  body  with  its  three  principal  axes  fixed  in  it  will 
be  most  conveniently  determined  by  means  of  the  three  angles 
6,  <!>,  y\r  of  Articles  8  and  64 ;  and  since  a,  )3,  y,  as  given  in 
Art.  278,  are  the  direction-angles  of  the  invariable  axis,  which  is 
the  axis  of  z, 

cosa  =  sin <^  sin d,     cos)3  =  cos<^  sind,     cosy  =  cosd  ;     (48) 

.*.     aq)i  =  hmi<t> sin^,   Ba)2  =  ^cos<^sind^    00)3  =  ^cos^.   (49) 

/.     cosd  =  -^9  tan</>  =  -^  >  (50) 

n>  Ba)o 

which  determine  6  and  <^  in  terms  of  L 

yjf  does  not  enter  into  these  equations,  because  the  position  of 
the  axis  of  ^  in  the  invariable  plane  from  which  ^  is  measured  is 
arbitrary.  The  ^-variation  of  ^,  that  is  the  angular  velocity  of 
ON,  see  Fig.  1,  about  the  invariable  axis  may  thus  be  found. 
From  (124),  Art.  64,  we  have 

d\jf  _  coj sin <f>  +  o}2 cos 0  ,p,^x 

dt  "         ^Te        '  ^   ' 

=  t"\"'?%>i;  (52) 

and  if  a)^  and  0)2  are  replaced  by  their  values  in  terms  of  t,  this  id 
a  function  of  t  only ;  and  if  it  is  integrated  with  the  proper 
limits  of  the  time,  the  precessional  angle  due  to  that  time  will 
be  determined. 

283.]  From  the  equations  given  in  Articles  276  and  277,  which 
express  the  conservation  of  the  kinetic  energy  of  the  system  and 
the  invariability  of  the  moment  of  the  momentum  and  of  the 
position  of  its  axis,  M.  Poinsot  has,  by  means  of  the  momental 
ellipsoid  at  the  fixed  point,  in  his  admirable  "Th^orie  nouvelle  de 
la  Rotation  des  corps*,"  derived  a  complete  image  of  the  motion 
of  the  system. 

At  the  fixed  point  let  the  momental  ellipsoid  be  described,  the 
axes  of  coordinates  being  the  principal  axes  of  the  body  at  that 
point.  As  the  interpretation  of  the  equations  will  be  geo- 
metrical, it  is  desirable  to  preserve  homogeneity  as  fiu:  as  con- 
venient. Let  therefore  the  equation  to  the  momental  ellipsoid 
be,  see  Art.  184,         Aar^  +  b/  +  cz"  =  m^,  (68) 

*  Liouville's  Journal  des  Mathdmaticmes,  XVI ;  and  Paris,  Bachelier, 
1 85 1.    See  also  Briot,  Liouville,  tome  VII. 
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vbM«  X  18  the  mass  of  the  body,  and  ^  is  an  arbitiaiy  oonstuit 
«f  out  dimension  in  space ;  so  that  if  a,  i,  0  are  the  principal 
iMiiii  ©f  gyration,  and  a  =  Ma*,  b  =  ici*,  c  =  mc?*,  equation  (58) 
biKomw  fl2««  +  i«y«  +  c2j?2  =  /.  (64) 

\\>  «hall  use  either  (63)  or  (54)  as  we  find  oonvenient. 

IM  the  radius-vector  of  the  momental  ellipsoid  which  lies 
ak>iitf  the  instantaneous  axis  of  rotation  at  the  time  ^  be  r ;  let 
(J^^Jf^  f)  bo  its  extremity,  and  let  this  point  be  called  the  instan-^ 
iM^o^it  ]K)le ;  then 

^  =  ^  =  —  =  -=     {AiP^  +  By'  +  c^;'}*  , 

0)1       a>2       «3       0)        {AWi^  +  Bw^^  +  cV}*  ^      ' 

=  JM*;  (66) 

«t  th»t  the  coordinates  to  the  instantaneoos  pole  ate  as  follows : 

«  =  ^M*a)i,    y  =  ^M*a)8,     £=^11*0),;  (67) 

'riiUN  the  instantaneous  angular  velocity  is  proportional  to  the 
l^diuM  V(K)ior  of  the  momental  ellipsoid  which  lies  along  the  in- 
g|4int4inr()tiH  axis.  Hence  critical  values  of  the  angular  velocity 
^mliioldo  with  critical  values  of  the  radius  vector  of  the  ellipsoid, 
mul  nf  lill  |>oHHible  values  of  the  angular  velocity  the  greatest  is 
(hull  wlu^n  ilH  axis  of  rotation  lies  along  the  axis  of  least  moment 
\\f  liHM'tia,  and  the  least  is  that  which  lies  along  the  axis  of  great- 
|i«i  iiioiiioni  of  inertia ;  this  theorem  is  evident  from  general  con- 
uhloratiouN  founded  on  the  conservation  of  kinetic  energy. 

'riid  (M|iiAtion  to  the  tangent  plane  at  the  instantaneous  pole  is 

AO),  f +  Bfi)2^  +  Cfi)3f  =  i^M*,  (59) 

\t\\M\  U  nvi(h^ntly  i>arallel  to  the  invariable  plane  given  in  (31) ; 
MImI  II'  Pq  I**  1''^^  i)crpendicular  distance  from  the  origin  on  this 

I^Htl  !*•  <'<»»iiiUnt ;  consequently  the  tangent  plane  to  the  momental 
|i||||HNiiil  al.  ih«  instantaneous  pole  is  parallel  to  the  invariable 
i^HM  and  at  a  <«onHtant  distance  Po  from  it,  both  planes  being 
upf|iMlidloular  to  the  invariable  axis ;  it  is  consequently  fixed  in 
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Hence  the  area  of  the  section  of  the  ellipsoid  made  by  the  in- 
variable plane  (31)  is  constant,  see  (122),  Art.  18,  and  is  equal  to 

-^— — ^—  • 
abckiL^ 

Also  for  all  positions  of  the  instantaneous  pole  on  the  surface  of 
the  ellipsoid  the  product  of  the  principal  radii  of  curvature  is 
constant.     See  Vol.  I,  Art.  405. 

Hence  also  12         12^ 

<^  =  r^=r^*  (61) 

284.]  These  facts  supply  us  with  the  following  image  of  the 
body's  motion. 

Imagine  the  momental  ellipsoid  at  the  fixed  point  to  be  con- 
structed ;  as  the  preceding  equations  contain  only  the  principal 
moments  of  inertia  at  the  fixed  point  we  may  suppose  the  body 
to  be  replaced  by  its  momental  ellipsoid ;  then  the  motion  of  the 
latter  will  correctly  and  completely  represent  the  motion  of  the 
former. 

At  the  fixed  point  also  let  the  invariable  axis  and  the  invari- 
able plane  be  drawn ;  and  let  a  plane  be  drawn  perpendicular  to 
the  invariable  axis,  cutting  it  at  a  distance  p^  from  the  origin  on 
either  side  of  it ;  this  plane  is  that  whose  equation  is  (59);  and  if 
the  momental  ellipsoid  be  imagined  to  be  placed  so  as  to  touch 
the  plane,  the  point  of  contact  is  the  instantaneous  pole  at  the 
corresponding  instant,  and  is  for  the  instant  at  rest.  If  then 
we  imagine  the  momental  ellipsoid  whose  centre  is  fixed  to  roll 
without  sliding  on  this  plane  which  it  always  touches,  we  shall 
have  a  true  image  of  the  body's  motion. 

Moreover,  as  the  point  of  contact  is  the  instantaneous  pole  and 
the  radius  vector  to  it  is  the  instantaneous  axis^  the  angular 
velocity  varies  as  the  length  of  the  radius  vector  by  reason  of 
(58);  and  the  component  of  the  angular  velocity  about  the 
invariable  axis  is  constant  by  reason  of  (42). 

These  circumstances  are  delineated  in  Fig.  83  ;  o  is  the  fixed 
point  and  is  the  centre  of  the  momental  ellipsoid  a  b  c ;  o  G  is 
the  invariable  axis,  which  we  have  in  the  figure  taken  to  be  ver- 
tical. Along  OG,  vertically  downwards  from  o,  OG  is  taken  equal 
to  jDq,  and  through  G  a  plane  is  drawn  perpendicular  to  OG,  and 
consequently  parallel  to  the  invariable  plane ;  this  plane  is  that 
whose  equation  is  (59),  and  is  that  on  which  the  momental  ellip- 
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that  iS|  when  the  conditions  explained  in  Art.  88  are  satisfied ; 
in  these  cases  either  no  forces  act,  or  the  action-lines  of  the  forces 
pass  through  the  fixed  point,  and  thus  produce  no  efiect  in  causing 
a  change  of  rotation  or  a  change  of  position  of  the  instantaneous 
axis.  Hence  this  case  includes  that  of  a  heavy  body,  the  centre 
of  gravity  of  which  is  at  the  fixed  point. 

In  this  case,  as  no  work  is  done  by  the  force  or  by  the  pressure 
acting  at  the  fixed  point,  and  asL=M  =  N  =  0,  the  theorems  of 
the  invariability  of  the  moment  of  the  momentum  of  the  system,  of 
the  fixed  position  of  the  invariable  axis  and  the  invariable  plane, 
and  of  the  constancy  of  the  vis  viva  or  the  kinetic  energy  of  the 
system,  as  developed  in  Chap.  Ill,  Section  3,  hold  good ;  and 
taking  the  value  of  the  kinetic  energy  of  the  system,  which  is 
due  only  to  the  rotation  of  it  about  the  instantaneous  axis,  to  be 
that  explained  in  Art.  219,  and  denoting  its  constant  value  by 

F,  we  have  a  co^^  +  b  i^^  +  00)32  =  F.  (28) 

Also  taking  the  value  of  the  moment  of  momentum  of  the  system 
about  the  instantaneous  axis  to  be  that  which  is  determined  in 
the  same  Article,  and  denoting  its  invariable  value  by  A^,  we  have 

A«  a)i2  +  8^0)^2  +  ^2^2  ^  ^2  .  ^29) 

and  if  a,  j3,  y  are  the  direction-angles  of  the  invariable  axis  with 
respect  to  the  principal  axes  at  the  time  /,  then,  as  shewn  in 
Art.  219, 

C08a=-T-S       cos^=  -T^j       cosy  =  -7-^.  (30) 

Hence  with  respect  to  the  principal  axes  of  the  body  at  the  fixed 
point,  the  equations  to  the  instantaneous  axis,  to  the  invariable 
axis,  and  to  the  invariable  plane,  are  respectively 


X  y  z 

0)1  0)2  0)3 ' 

X         y  z 


Ao),       Bo)o      CO), 


(31) 


'1         ^wg         i>W3 

Ao)ia?  +  Bo)2y +  00)3^  =  0, ; 

If  the  system  is  put  into  motion  by  certain  initial  impulses, 
or  is  otherwise  in  such  a  condition  that  at  a  given  instant,  say 
when  ^  =  0,  0)1  =  Hi,  0)2  =  flg*  ^2  ~  ^»  then 
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the  coefficients  being  put  in  each  case  in  positive  forms,  it  being 
presumed,  as  previously,  that  c  is  the  greatest  and  a  is  the  least 
principal  moment  of  inertia  at  the  fixed  point. 

Now  since  in  the  general  case  of  an  ellipsoid  of  three  unequal 
axes  the  perpendicular  from  the  centre  on  the  tangent  plane  can 
never  be  greater  than  the  greatest  and  never  less  than  the  least 
semi-axis,  and  may  have  all  intermediate  values,  it  follows  that  I1? 
is  never  less  than  aP  and  never  greater  than  cP,  and  may  have 
any  value  intermediate  to  these ;  hence  (63)  and  (65)  always  re- 
present ellipses  in  the  planes  of  (y,  z)  and  of  (a?,  y)  respectively, 
and  (64)  is  the  equation  to  a  hyperbola  in  the  plane  of  (a?,  r),  of 
which  the  real  axis  lies  along  the  axis  of  x  or  the  axis  of  z^  ac« 
cording  as  h?'  is  less  than  or  greater  than  B^.  K  A^  =  a^,  (63) 
represents  a  point  in  the  plane  of  (y,  -?),  viz.  the  origin,  the  tan- 
gent plane  in  this  case  touching  the  ellipsoid  at  the  end  of  the 
A-axis;  if  A^  =  B^'^,  the  equation  represents  two  planes  passing 
through  the  B-axis,  and  making  with  the  plane  of  (^,  y)  anglea 

tan"^  +   \  —. r  \  j  so    that  the  polhode  in  each  case  is  au 

-   (c(c-b)3  ^ 

ellipse,  being  the  sections  of  the  momental  ellipsoid  by  these 

planes ;  and  if  h^  =  cF,  (65)  represents  a  point  in  the  plane  of 

{Xy  y)y  viz.  the  origin,  the  tangent  plane  in  this  case  touching  the 

ellipsoid  at  the  end  of  the  c-axis. 

We  thus  obtain  three  distinct  cases : — 

(1)  That  in  which  j!7q  is  greater  than  the  mean  principal  semi-* 
axis  and  not  greater  than  the  greatest  principal  semi-axis, 
that  is,  where  K^  is  less  than  b^  and  greater  than  Ait*;  in 
this  case  each  polhode  corresponding  to  a  value  of  p^  within  the 
assigned  limits  is  a  closed  symmetrical  curve  around  the  vertex  A 
as  a  centre,  and  situated  symmetrically  in  four  quarters  relatively 
to  the  principal  planes  of  the  ellipsoid  which  intersect  at  right 
angles  at  a.  The  projection  of  this  curve  on  the  plane  of  (y,  z") 
is  a  complete  ellipse  ;  on  the  plane  of  (^,  a?)  is  an  arc  of  a  hyper- 
bola whose  real  axis  lies  along  the  axis  of  x ;  and  on  the  plane 
of  (a?,  y)  is  the  arc  of  an  ellipse.  According  as  p^  varies  within 
its  limits  there  is  a  family  of  similar  and  similarly  situated  closed 
curves,  of  which  the  limiting  forms  are  the  vertex  a,  and  the 
semi-ellipses  mentioned  above,  which  is  the  form  of  the  polhode 
when  A^  =  B>P.  Fig.  33  indicates  the  mode  of  generation  of 
these  curves. 
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(2)  If  Po  is  equal  to  the  mean  principal  semi-axis^  that  is  if 
t?  =  B^,  the  polhode  becomes  a  plane  curve,  since  in  that  caae 
(64)  becomes         c(c-B)f«-A(B-A)»«  =  0,  (66) 

which  represents  two  planes  equally  inclined  to  the  plane  of 
(a?,  y).  These  planes  cut  the  ellipsoid  in  two  equal  ellipeesi  of 
which  the  semi-axis  major  and  the  semi-axis  minor  are  lespect- 

}-^^M/}      and    {^}  ,  (67) 

the  common  minor  axis  of  the  two  ellipses  coinciding  with  the 
mean  axis  of  the  ellipsoid.  These  ellipses  we  shall  call  the 
dividing  ellipses  of  the  ellipsoid,  because  they  divide  the  surfiuM 
of  the  ellipsoid  into  four  parts,  each  of  which  has  its  own  separate 
&mil7  of  polhode&  Thus  the  instantaneous  pole  in  this  case 
moves  in  a  plane  curve.  The  planes  of  the  dividing  ellipses  are 
the  cyclic  planes  of  the  ellipsoid  of  gyration,  which  is  the  reci- 
procal surface  to  the  momental-ellipsoid. 

(3)  If  j^o  is  less  than  the  mean  principal  semi-fais,  and  not  less 
than  the  least  principal  semi-axis,  that  is  if  A^  is  greater  than 
B^  and  not  greater  than  c^,  each  polhode  coiresponding  to  a 
value  of  ;?o  within  the  assigned  limits  is  a  closed  symmetrical  curve 
around  the  vertex  c  as  a  centre,  and  situated  symmetrically  in 
four  quarters  relatively  to  the  principal  planes  of  the  ellipsoid 
which  intersect  at  right  angles  at  c.  The  projection  of  each  of 
these  polhodes  is  an  arc  of  an  ellipse  on  the  plane  of  ( jr,  z\  is  an 
arc  of  a  hyperbola  on  the  plane  of  {z^  x)  whose  real  axis  lies  along 
the  axis  of  ^,  and  is  a  complete  ellipse  on  the  plane  of  (at,  y). 
According  as  p^  varies  within  the  assigned  limits,  there  is  a  &mi]y 
of  similar  and  similarly  situated  closed  curves  of  which  the 
limiting  forms  are  the  vertex  c  and  the  semi-ellipses  mentioned 
above. 

The  surface  of  the  ellipsoid  is  thus  divided  into  four  districts 
by  the  dividing  ellipses,  each  pair  of  opposite  districts  having 
similar  polhodes,  of  which  the  centres  are  respectively  the  a-  and 
the  c-vertices  of  the  ellipsoid. 

As  the  projections  of  the  polhode  on  the  three  principal  planes 
of  the  momental  ellipsoid  are  arcs  of  conies,  see  (63),  (64),  (65),  it 
follows  that  at  no  point  in  the  polhode  is  the  radius  of  curvature 
zero  or  infinite  ;  or,  in  other  words,  no  point  of  the  polhode  is  a 
stationary  point. 
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286.]  Of  the  fiunily  of  polhodes  described  about  the  vertex  a, 
if  f  1  and  r,  are  reepectiyely  the  mairiiTnim  and  minimnm  central 
radii  yectores^ 

since  r^-^r^^  is  poeitiye. 

And  for  the  family  of  polhodes  abont  the  vertex  c,  if  r^  and 
fs  are  respectively  the  maximnm  and  minimnm  central  radii 
veetoree, 

since  r^^^ff  is  positive. 

287.]  As  the  herpolhode  is  the  locus  on  the  fixed  plane  of  the 
point  of  contact  of  the  ellipsoid  as  it  rolls  on  the  plane,  it  is 
evidently  generally  a  plane  curve  of  an  undulating  form,  such  as 
is  delineated  in  the  annexed  figure,  con- 
sisting of  equal  and  regularly  recurring 
portions  of  which  the  maximuTn  and  mini- 
mum radii  vectores  are  equal  for  each 
portion.  Thus  the  curve,  as  shewn  in  the 
fi^^ures,  Art.  292,  regularly  winds  between 
two  concentric  circles,  the  common  centre 
of  which  is  the  point  of  intersection  of 
the  fixed  plane  with  the  invariable  axis,  meeting  alternately  one 
and  the  other.  The  maximum  and  minimum  radii  vectores  of 
the  herpolhode  are  the  radii  of  these  circles.  These  singular 
values  recur  regularly  at  equal  angles  on  the  fixed  plane,  and 
correspond  to  the  maximum  and  Tniuimnm  central  radii  vectores 
of  the  polhode  which  take  place  when  the  polhode  intersects 
a  principal  plane  of  the  ellipsoid.  Thus  if  p^  and  p2  are  re- 
spectively the  maximum  and  minimum  radii  vectores  of  the 
herpolhode  corresponding  to  a  polhode  about  the  vertex  a. 


Pi  and  P2  are  the  radii  of  the  external  and  internal  bounding 
circles.  Similarly  may  the  radii  of  the  bounding  circles  be 
foand  for  the  herpolhodes  corresponding  to  polhodes  about  the 
vertex  c.     If  the  angle  between  two  consecutive  maximum  radii 
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of  the  herpolhode  is  a  multiple  or  an  aliqaot  part  of  a  right 
angle,  the  herpolhode  re-enters,  and  forms  a  closed  cunre ;  bat 
if  this  angle  is  not  commensurable  with  a  right  angle,  the 
curve  never  re-enters ;  and  although  the  instantaneous  rota- 
tion-axis returns  periodically  to  the  same  plane  in  the  body 
yet  it  never  returns  to  a  position  which  it  has  previously  held 
in  space. 

288.]  If  A^  =  aP,  or  if  ^2  =  c*^,  the  herpolhode  is  in  each 
case  reduced  to  a  point,  viz.  G,  at  which  the  momental  ellipsoid 
touches  the  fixed  plane ;  in  these  cases  the  rotation-axis  of  the 
body  has  the  same  position  throughout  the  motion,  both  in  the 
body  and  in  space  ;  it  is  one  of  the  principal  axes  of  the  body 
and  is  thus  a  permanent  axis. 

289.]  But  if  A^  =  B^,  that  is  if  the  perpendicular  distance 
from  the  fixed  point  on  the  fixed  plane  is  equal  to  the  mean 
principal  semi-axis  of  the  momenta!  ellipsoid,  the  herpolhode 
takes  the  following  form ;  the  polhodes  in  this  case  being  the 
dividing  ellipses. 

Lot  so,  y,  Zy  r,  *  refer  to  the  polhode  relatively  to  the  principal 
axes  of  the  momental  ellipsoid,  and  let  p,  <^,  a-  refer  to  the  her- 
polhode relatively  to  the  fixed  plane  on  which  the  ellipsoid  rolls,  o 
being  the  {)ole ;  then  as  the  ellipsoid  rolls,  ds  =  d<r\  and  also 

r^  =  p-^+V  =  P^  +  ^-  (68) 

Thu8  the  equations  to  the  polhode  take  the  following  forms, 

A-V  +  Bx  +  cv-  =  bm/, 

+  jr+    r*  =  r-  =  /)2  4._^. 


(69) 


sr 


B 


whonoo  o  BCp 


2 


(b-a)(c-a) 
o  ^  (c~b)(b-a)m^^~abcp» 
^  b(c-b)(b— a)         ' 

(c— a)(c  — b)  * 
Alul  Hinoo     ih^  =  d<r^  =  tip--\-p'dfP'; 

^»^/^-  =  d*^-^dp^ 


- 


(70) 


*   * 


(c  —  b\b  —  a)  My*  —  ABCp^ 
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Let  ^^ =1,     fe-B)(B-A)^ 

(c— b)(b— a)m^*       a^  CA  '^  ' 

then  —ij.d<b= — -* 

2a 

the  limits  of  integration  being  such  that  p  ^  a  when  <^  =  0. 
This  is  the  equation  to  the  herpolhode  in  the  fixed  plane  on 
which  the  ellipsoid  rolls.  The  maximum  radius  vector  is  taken 
as  the  prime  radius,  and  this  of  course  corresp  nds  to  the 
maximum  radius  vector  of  the  polhode,  taken  from  the  centre  of 
the  ellipsoid  ;  for  when  </>  =  0, 

(C-B)(B-A) 
^  ABC  ^ 

CC  +  A-B        1)         .  ,_. 

so  that  the  greatest  value  of  p  is  the  distance  between  the  focus 
and  the  centre  of  the  dividing  ellipse.  The  curve  lies  symmetri-* 
cally  on  the  two  sides  of  this  maximum  radius  vector ;  as  ^  in- 
creases, p  decreases,  and  ultimately  p  =  0,  when  </>  =  oo.  The 
curve  is  consequently  a  spiral,  such  as  is  drawn  in  Fig.  34,  of 
which  GE  is  the  maximum  radius,  relatively  to  which  the  curve  is 
symmetrical.  The  branches,  both  in  the  positive  and  negative 
directions  fall  into  the  pole  G  after  an  infinite  number  of  convo- 
lutions, so  that  the  pole  is  an  asymptotic  point ;  and  this  occurs 
when  the  instantaneous  rotation-axis  having  passed  along  the 
dividing  ellipse  falls  into  the  mean  axis  of  the  ellipsoid,  and 
coincides  with  the  invariable  axis. 

If  then  the  instantaneous  pole  is  at  any  time  on  this  curve  it 
will  move  along  it ;  and  although  the  length  of  the  herpolhode 
is  finite,  being  equal  to  the  length  of  the  dividing  ellipse,  yet,  as 
will  be  shewn  hereafter^  the  instantaneous  pole  will  never  fidl  into 
the  pole  of  the  curve,  that  is,  into  the  point  Q.  If  however  the 
instantaneous  axis  ever  coincides  with  the  invariable  axis,  it  will 
always  do  so,  unless  some  other  external  couple  acts  and  prodncea 
a  change  of  position  in  the  rotation-axis. 

290.]  The  momental  ellipsoid  also  gives  a  perfect  geometrical 
image  of  the  kinematics  of  the  problem  in  the  following  form  : 
Let  the  fixed  point  o  be,  as  heretofore,  the  centre  of  the  momental 
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ellipsoid;  let  P  be  the  instantaneous  pole  and  op  the  instan- 
taneous axis;  let  the  tangent  plane  be  drawn  at  p,  and  let  o 6  be 
the  perpendicular  from  o  on  it»  so  that  06  is  the  invaiiable  axis, 
and  GO  =  j9q.  Through  o  let  a  plane  be  drawn  parallel  to  the 
tangent  plane ;  that  plane  is  the  invariable  plane,  the  tangent 
plane  being  also  a  fixed  plane  in  which  is  the  herpolhode ;  o  is 
the  pole  and  g  p  is  the  radius  vector  of  that  curve.  The  plane 
OPG  is  the  plane  of  the  centrifugal  couple,  the  moment  of  the 
couple  being  proportional  to  the  area  of  the  triangle  opo.  Let 
OB  be  the  radius  vector  of  the  ellipsoid  which  lies  along  the  in- 
tersection of  the  plane  opg  with  the  invariable  plane,  so  that  oh 
is  parallel  to  gp,  the  two  planes  being  perpendicular  to  each 
other.  Through  g  draw  OL  perpendicular  to  the  plane  opg,  so 
that  the  axis  of  the  centrifugal  couple  lies  along  this  line,  and 
let  a  plane  be  drawn  at  right  angles  to  this  line  and  touch  the 
ellipsoid  in  k  ;  join  gk  ;  then  gk  is  the  axis  conjugate  to  the 
plane  gpg,  and  as  gh  and  gp  are  conjugate  axes  of  the  elliptic 
section  made  by  that  plane,  gp,  gh,  and  ok  are  a  system  of  con- 
jugate axes ;  hence  the  rotation-axis  due  to  the  centrifugal 
couple  lies  along  gk,  and  gk  is  in  the  invariable  plane  OLH,  since 
that  plane  is  parallel  to  the  tangent  plane  at  P.  Also,  as  OL  is 
parallel  to  the  tangent  plane  at  p,  gl  and  OP  are  conjugate  axes 
of  the  elliptic  section  made  by  the  plane  glp,  and  as  they  are  at 
right  angles  to  each  other,  they  are  the  principal  semi-axes  of 
that  elliptic  section.     See  Figure  in  Art.  291. 

291.]  As  the  right-hand  member  in  the  equation  to  the  mo- 
mental  ellipsoid,  which  is  given  in  (117),  Art.  182,  is  indetermi- 
nate, we  \rill  assume  it  to  be  unity,  so  that  the  expressions  in  the 
following  investigations  may  be  as  simple  as  possible.  Thus  the 
equations  to  the  polhode  take  the  form 

Kx^  +  Bj(2  +  c-e^  =  1 ;  \ 

Let  ^  l)e  as  heretofore  the  angle  pgg.  Then  the  equations  to 
the  several  straight  lines  mentioned  above  are  as  follows ; 

m  X       y        z        r 

ToGP,  _  j^  _       _ 


^1  ^2  ^3  ^ 


m  X  y  z         r 

TOGG,  --  =  -^—  =  =  7. 


ACOj  Ba)2  €0)3 
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To  OH,  which  lies  in  the  plane  OPO  and  is  perpendicalar  to  OG, 

SB  _  y  __  z r        _  r 

a)i(A2-AF)  "  a)2(A^-Bit^)  ""  "^3p2Z^  -  Ai^tand  ""/JF'* 

since  V(A2-AP)2  +  a)2«(A2-BiP)2  +  a)32(>l2-c>P)2  =  >i^a)«-**>l2 

=  >i2>t4(tand)« 

To  OL,  which  is  the  axis  of  the  centrifugal  couple, 

a?  y         _  g  _        r       ^    r 

(b  — 0)0)5^0)3  ""  (c  — AjcOgWi  ~  (a  — B)a)i(«)2  ""  ^tand   ~  g"* 

To  OK,  which  is  the  axis  of  the  rotation  arising  from  the  centri- 
fugal couple,      ^^  ^  B^  ^  ca)3£  _    r 

B— C  ""  C  — A  ""  A  — B  ~  oT^' 

where  <»/'  is  the  angular  velocity  due  to  the  centrifugal  couple. 

The  equations  to  op,  oh  and  ok,  which  three  lines  constitute 
a  system  of  conjugate  axes,  satisfy  the  conditions  of  such  axes 
which  are  given  in  Art.  23,  viz. 

AXX'  +  B/ifx'  +  Cyy'  =  0. 

Also  the  equations  shew  that  ok  is  perpendicular  to  OG ;  and 
that    OL  and   op    are   conjugate    axes,  ^ 

and  being  at  right  angles  to  each 
other  are  the  principal  semi-axes  of 
the  section.  The  annexed  figure  ex- 
hibits the  position,  &c.,  of  these  various 
lines. 

292.]  These  equations  will  enable  us 
to  investigate  further  properties  of  the 
herpolhode  curve,  and  other  characteristics  of  the  motion.  The 
herpolhode  is,  as  already  stated,  a  curve  which  winds  between 
two  concentric  circles,  coming  into  contact  with,  and  touching 
alternately  one  and  the  other.  In  some  cases  each  portion 
which  lies  between  the  two  circles  will  be  concave  towards 
the  poles  in  the  parts  nearer  to  the  outer  circle,  and  convex  to- 
wards the  pole  in  the  parts  nearer  to  the  inner  circle,  so  that 
there  will  be  a  point  of  inflexion,  and  the  radius  of  curvature  will 
change  sign  by  passing  through  infinity ;  in  other  cases  the  curve 
will  be  always  concave  towards  the  pole,  and  there  will  be  no  point 
of  inflexion ;  these  two  classes  of  curve  are  shewn  in  the  annexed 
flgures.     In  the  latter  case  the  curve  is  of  the  same  form  as  that 
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of  the  moon's  path  prcgected  on  the  plane  of  the  ediptie,  thai  path 
being  always  concave  towards  the  snn.     If  the  angle  between 

two  snccessiYe  maximnm  radii  vectores 
is  two  right  angles,  the  path  of  the 
herpolhode  is  in  the  form  of  an  eUipae, 
of  which  the  radii  of  the  ciidee  are 
the  principal  semi-axes,  as  in  the  an- 
nexed figores. 

Let,  as  in  preceding  Articles,  ^,j^>i^,r,t 
refer  to  the  instantaneous  pole  at  the 
time  ^,  as  a  point  on  the  polhode;  and 
let  py  <t>,  <r  refer  to  it  at  the  same  time 
as  a  point  on  the  herpolhode  in  the 
fixed  plane,  (ff  being  the  angle  which 
the  plane  06P  makes  with  some  fixed 
plane  which  contains  the  invariable  axis; 
then  p  =  6P,  6  being  the  pole  of  the 
curve;  let  all  these  be  considered  as  functions  of  ^,  and  so 
varying  with  t.  Let  ^-differential  coefficients  be  denoted  by 
accents,  as  in  Article  126. 

Let  B  — 0  =  0,     C-A  =  j3,     A  — B  =  y; 

so  that 
Now  since 


a+i3  +  y  =  0;     Aa  +  Bj3  +  Cy  =  0. 


?  =  7  =  f  =  7-  =  (W  +  BV  +  Ca>3»)»  =  *; 
.-.     <Oi  =  ix,     m.^  =  iy,     ay^  =  iz,     m  =  kr. 
Therefore,  by  the  equations  (41),  Art,  278, 

A*'  =  kat/z,    b/  =  k^zx,     c/  =  kyxy. 
Hence  in  respect  of  the  herpolhode, 

=  ar»  +/  +  ir2  -  (a^^;*  +  bV  +  c«z*)-» 


(74) 


=  uW. 


if 


(75) 
(76) 


•    • 


but 


•  • 


U  =  tan  Of     and  p  =  — r —  ; 
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where  0  is  the  angle  between  the  inTariable  and  the  instaa* 
taneoos  azee. 

298.]  Again,  projecting  on  the  fixed  plane  the  sectorial  area 
described  bj  the  instantaneous  axis  in  the  time  dt  aboat  the 
fixed  point,  firstly  directly,  and  secondly  by  the  intervention  of 
the  principal  axes  of  the  ellipsoid,  in  refiarence  to  which  the 

direction-cosines    of  the   invariable  axis  are  -^>  -^>  -^, 
and  equating  these  valnes,  we  have 

p^d<l>  =  -^  {3fdz^zdjf)'\'  -p {zdw^wdz)+  •^{xdjf'-ydx) j 

i>  i>v* 

if  o*Bcy«««+^OA«»«*+y»AB«»y  =:V»;  (78) 

^'=  d^MfJ*.  (79) 


ABO 


This  equation  is  equivalent  to  the  condition  dtr  ==  i#,  and  may 
be  derived  &om  it. 

Equations  (75)  and  {^7)  are  those  to  the  herpolhode  in  terms  of 
x,9,  z,  which  are  in  respect  of  that  curve  subsidiary  quantities: 
for  these  may,  by  means  of  (73),  together  with 

be  expressed  in  terms  of  />  and  known  quantities. 

The  value  of  v'  may  be  expressed  in  terms  of  B  and  of  oh,  the 
radius  vector  of  the  momental  ellipsoid  which  is  parallel  to  p ; 
let  this  radius  vector  be  R;  then,  substituting  in  the  equation  to 
the  ellipsoid  the  direction-cosines  of  B  as  given  in  Art.  291,  we 
have 

AV(A2«AF)2  +  B«/(>l2-B>P)«  +  cV(**--OiP)"=^^^^^^ 

a 
therefore 

(a  wi" + B  V  +  c«3*)  (a»o)i« + b'wj* + c»«»,*)  -  (a'«i* + "X* + C*«8*)* 

_i«i*(tantfy 
-         i?         * 

a*BCo)j*<»3*  +  /3*CAa),*o»|*  +  y*AB«»i*«»,*  = -^ — ^»  • 
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•  • 


V  = 


itB      ~    i»R 


as  all  the  factors  which  occur  oa  the  right-hand  member  of  this 
equation  are  positive,  if/  is  positive,  and  therefore  ^  increases  as 
the  time  increases. 

Also,  since  R^  ^^=  r^  and  is  constant^  it  followp  that  equal 

sectorial  areas  are  described  by  oH  in  equal  times. 

294.]  The  existence  of  if/  is  the  effect  of  the  centrifugal  forces, 
the  couple  due  to  which  is  g'^  as  given  in  (47),  Art.  281,  and  of 
which  i/\  vf\  1/'  are  the  axial  components :  for  if  there  were  no 
centriftigal  couple  the  instantaneous  axis  would  be  a  permanent 
axis  fixed  in  the  body,  the  angle  between  the  instantaneous  and 
the  invariable  axes  would  be  constant,  the  two  limiting  circles  of 
the  herpolhode  would  coalesce,  and  the  coalescent  circle  would  be 
the  herpolhode ;  and  under  particular  values  of  i  and  k,  the  herpol- 
hode would  become  a  point. 

As  q'^  is  the  centrifugal  couple,  which  causes  the  angular  velo- 
city 0)"  about  the  axis  ox,  if  r"  is  the  radius  vector  of  the  mo- 
mental  ellipsoid  lying  along  ok,  we  have  fix)m  (15),  Art.  272, 
0)"  =  g'V^coskgl 

ABCO)    g' 


(81) 
(82) 


„2  ^  iU^/'^  ^  A^Jt^jt^ey/'^ 

ABC  ABCA^R* 

""  ABC^R^  ' 

Hence  it  appears  that  a)''=  0,  if  g"=  0. 
From  (81)  we  have 

0)"  __  A^ sin  6  OK 

a>        ^(abc)*oh 

where  ok  and  gh  are  the  radii  vectores  of  the  ellipsoid  which  lie 
along  OK,  the  rotation-axis  of  the  centrifugal  couple,  and  gh 
respectively. 

Let  a/  be  the  angular  velocity  at  the  time  t'\-dt;  then  co'  is 
the  resultant  of  a>  and  (o^\  the  axes  of  all  three  being  in  one 
plane.     From  o  as  a  centre  describe  a  sphere  with  radius  unity. 
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and  let  the  axes  of  a>,  o)'',  co'  intersect  the  sar&ee  in  the  points 
p,  K,  p',  and  let  these  points  be  joined  by  an  arc  of  a  great  circle : 
then 


a> 


O) 


CO 


>/^  — 


smKP        sinp  p        smPK 

Let  the  invariable  axis,  the  projection  of  the  instantaneous  axis 
on  the  invariable  plane,  the  axis  of  the  centrifugal  couple,  and 
the  rotation-axis  of  that  couple, 
intersect  the  spherical  surface  in  ^ 

G,  u,  L,  K,  all  these  being  in  these 
positions  at  the  time  t ;  and  let 
the  corresponding  positions  at  the 
time  t'\-dt  intersect  the  sur&ce  in 
H^,  l',  k'  ;  join  by  great  circles  Q  p  h, 
gp'h',  ok,  ol,  hh'kl,  the    last 

being  in  the  invariable  plane.  Then  Q  p  =  ^,  gp'=  ^,  h  h'=  ^^, 
d<t>  being  the  angle  through  which  o  H,  and  consequently  the  radius 
vector  of  the  herpolhode,  revolves  in  the  time  dt.  All  these  points 
and  lines  are  drawn  in  the  annexed  figure.  Since  ol  is  perpen- 
dicular to  OH,  and  ol^  is  perpendicular  to  o  H^,  all  these  lines  being 
in  the  invariable  plane,  the  angle  between  ol  and  ol'  is  equal 
to  that  between  oh  and  oh',  so  that  lol'  =  hoh'=  rf^  =  i^'dt. 
Since  co'  is  the  resultant  of  co  and  o)'',  its  axial  components  are 
equal  to  the  sum  of  the  corresponding  components  of  the  other 
quantities,  so  that 

a)i   =0)1  +  C0|",     0)2'  =  0)3  +  0)2",     0)3'  =  a)j  4-  co'  '  ; 

therefore 

,  yA>iCOo 


/             ,    acogcog 
cttj   =  co^  H —  I 


C02  =  CO2  +  — 2_J , 


A  -  -  B  -  "  c 

,•.       AC0|C0/  +  BC02C02'  +  CC03C03'=  ACO^^+BCOg^  +  CCOg^  ; 

that  is,  co'co8^'=  cocos^  =  i*  ; 

the  same  theorem  as  that  already  proved  in  Art.  279. 

295.]  The  preceding  values  of  p  and  ^'  lead  directly  to  the 
conclusion  that  in  the  special  form  of  the  herpolhode  correspond- 
ing to  the  momental  ellipsoid,  the  curve  is  throughout  concave 
towards  the  pole,  so  that  there  is  no  point  of  inflexion,  and  the 
curve  is  of  the  general  form  of  the  second  figure  in  Art.  292. 
The  value  o{  dr  which  is  given  in  Art.  298,  Vol.  I,  is 

dt  "  cr'a 


(83) 
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Now  from  (75)  we  have 

p«  =  p  {a^f^  +  ^««V  +  y*a«/) ; 

pp"  +  p''=-  ^^  (aBC/^«  +  i8CA^«»  +  yABi»y«). 
Also  from  (77)  we  have 

^  ABC 


•    • 


Aabc 

Now  substituting  these  values  in  (88),  and  replacing  A*  by  its 
value  given  in  (78),  we  have  after  all  reductions : 

whereK  =  a*(B  +  c  — a)^2;*  +  )3*(c  +  a— B);2*a?*  +  y*(A  +  B— c)«*y*, 

Now  every  term  in  (84)  is  positive  by  reason  of  its  form,  except 
K  ;  but  this  is  also  positive^  because  the  sum  of  any  two  of  the 
principal  moments  of  inertia  is  always  greater  than  the  third 
moment,  see  Art.  150 ;  hence  ^t  is  always  positive,  and  the  her- 
polhode  is  always  concave  towards  the  pole  of  the  curve,  and 
there  is  no  point  of  inflexion. 

Other  properties  of  the  herpolhode  might  be  investigated  by 
means  of  the  preceding  equations,  but  it  would  be  beyond  the 
scope  of  the  present  work  to  do  so,  as  they  do  not  represent  any 
important  kinetical  theorems. 

296.]  From  the  properties  of  the  polhode  and  the  herpolhode 
the  following  inferences  can  be  drawn  as  to  the  change  of 
position  of  the  instantaneous  pole,  and  consequently  of  the  in- 
stantaneous axis,  when  a  disturbing  external  couple  is  brought  to 
act  on  the  system. 

We  will  suppose  the  body  to  be  rotating  about  its  mean 
principal  axis,  and  to  be  acted  on  by  a  couple  of  given  moment, 
whereby  the  instantaneous  pole  is  moved  from  b  (say),  along 
one  of  the  dividing  ellipses  of  the  ellipsoid  ;  then  the  instan- 
taneous pole  will  travel  along  this  eUjpae  until  it  falls  into 
the  opposite  vertex  b',  aod^i^bod^^HHlitely  overturned ; 
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in  tbis  motion  the  instantaneous  pole  will  bave  completely  de« 
scribed  the  herpolhode  (71),  on  the  plane  of  rolling.  This  is  the 
greatest  derangement  which  a  body  having  one  point  fixed  can 
undergo ;  bat  this  complete  booleversement,  as  will  be  shewn 
hereafter,  requires  an  infinite  time. 

If  however  the  instantaneous  pole  is  moved  from  the  extremity 
of  the  mean  axis  of  the  ellipsoid  to  a  point  which  is  not  in  either 
of  the  dividing  ellipses,  then  the  following  consequences  will 
occur.  Let  the  ellipsoid  be  divided  into  four  districts  by  means 
of  the  planes  of  the  dividing  ellipses  ;  two  of  these  districts  will 
contain  the  vertices  a  and  a!  of  the  ellipsoid,  and  two  will  con- 
tain the  vertices  c  and  (/;  which  are  respectively  the  vertices  of 
the  axes  of  least  and  of  greatest  moment.  Now  if  the  instan- 
taneous pole  is  shifted  into  either  of  the  districts  which  contain  0 
or  (/,  the  polhode  will  be  a  closed  curve  towards  and  around  c  or 
(/,  and  the  instantaneous  pole  will  perform  a  complete  circuit  of 
this  curve,  and  will  periodically  return  to  its  first  position :  the 
more  nearly  too  to  c  the  instantaneous  pole  is  shifted  from  B,  the 
less  will  be  the  subsequent  motion  of  the  instantaneous  axis ;  and 
should  the  newly  impressed  couple  be  such  as  just  to  move  the 
pole  from  b  to  c,  the  instantaneous  axis  will  then  be  the  prin- 
cipal axis  of  greatest  moment,  and  will  become  permanent. 

But  if  the  instantaneous  pole  is  shifted  from  b  to  a  position 
within  the  districts  which  include  A  or  a',  the  polhode  then  be- 
comes a  closed  curve  towards  and  around  these  points,  a  complete 
circuit  of  which  the  instantaneous  pole  describes.  And  if  the 
instantaneous  rotation-axis  is  shifted,  so  as  to  coincide  with  the 
principal  axis  of  least  moment,  its  position  becomes  permanent. 

Now  these  several  results  depend  on  the  perpendicular  dis- 
tance between  the  invariable  plane  and  the  fixed  plane  parallel 
to  it,  on  which  the  momental  ellipsoid  rolls.  This  distance  is 
given  in  (60),  and  the  least  and  the  greatest  values  of  it  are  re- 
spectively^^ (^-)  andy^  (— j  :  to  adapt  these  mathematical  expres- 
sions to  the  image  of  the  present  Article,  I  shall  suppose  initially 
h^  =  B^2,  and  the  body  to  be  rotating  permanently  about  its  axis 
of  mean  moment.  Let  us  suppose  the  position  of  the  rotation- 
axis  to  be  shifted  by  the  action  of  a  new  couple,  whereby  h  be- 
comes hf  and  k  becomes  ^;  hereby  both  the  direction-cosines  of 
the  invariable  axis,  and  the  distance  of  the  plane  on  which  the 


^^.    m- 
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dlipeoid  TOII0  from  the  fixed  txnnt,  will  be  changed ;  no  chatige 
however  will  be  made  in  a,  b,  or  c,  or  in  the  magnitude  of  Um 
momental  ellipeoid,  or  in  the  poaition  of  the  principal  axes  of  the 
body  lelatiyely  to  the  body.  If  then  after  the  momentiun  haa 
been  impressed  bj  the  new  ooaple^ 

the  instantaneous  axis  will  move  along  the  plane  of  one  of  the 
dividing  ellipses^  and  ultimately  a  complete  booleversement  of 
•the  body  will  take  place.    If  however 

pg  is  greater  than  jz$ 

the  plane  on  which  the  ellipeoid  rolls  is  moved  to  a  greater  dia- 
tance  from  the  fixed  point ;  whereby  the  instantaneoos  pole  ia 
shifted  into  one  or  other  of  the  two  districts  of  the  BoxBuce  of 
the  momental  ellipeoid  in  which  is  a  or  a',  and  the  instantaneona 

pole  moves  in  a  closed  carve  about  a  or  a^    And  if  -pg  takea  the 

greatest  value  which  it  admits  oi^  viz.  -  >  the  rotation-axis  be- 

comes  the  principal  axis  of  least  moment  of  the  ellipeoid,  and  is 
permanent. 

Again,  if  r^  is  less  than  v^  * 

the  instantaneous  pole  is  shifted  into  one  or  other  of  the  dis- 
tricts which  contain  c  or  (f,  and  moves  in  a  closed  curve  about 

c  or  &.  And  if  the  impressed  couple  is  such  that  m  takes  the 
least  possible  value,  viz.  -  9  the  rotation-axis  becomes  the  prin- 
cipal axis  of  greatest  moment,  and  is  permanent. 

The  angles  tan-^  + J  -\ 1>  which  determine  the  poeiti< 

of  the  dividing  ellipses  may  be  taken  as  the  measures  of  the 
stability  of  rotation  of  the  body  relatively  to  the  axes  of  greatest 
and  least  moment.  Thus  the  larger  these  angles  are,  the  larger 
is  the  district  surrounding  the  axis  of  least  moment  within 
which,  if  the  instantaneous  pole  is,  the  centre  of  the  polhode  will 
be  A  or  a';  and  consequently  the  smaller  will  be  the  districts 
within  which  the  polhodes  will  have  c  or  C^  for  their  centres. 


on 
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And  ihofl  we  say  that  the  larger  these  angles  are,  the  more 
stable  is  the  body  relatively  to  the  axis  of  least  moment ;  and 
the  smaller  the  angles  are,  the  greater  is  the  stability  of  rotation 
relatively  to  the  axis  of  greatest  moment. 

Hence,  the  axes  of  greatest  and  of  least  moments  are  stable 
axes ;  and  the  axis  of  mean  moment  is  an  unstable  axis. 

As  however  a  given  conple  will  produce  a  less  deviation  with 
respect  to  oc  as  a  permanent  axis  than  with  respect  to  oa,  the 
stability  of  oc  lA  greater  than  that  of  oa. 

297.]  Hence  it  is  evident,  that  if  a  body  is  in  motion  with  one 
point  fixed,  and  is  not  under  the  action  of  any  external  force,  the 
principal  axes  at  the  point  are  the  only  stable  or  permanent  axes. 
If  therefore  the  body  rotates  permanently  about  an  axis  which  is 
not  a  principal  axis,  that  permanence  can  be  maintained  only  by 
the  action  of  an  external  force>  the  couple  due  to  which  is  equal 
to  and  neutralises  that  which  arises  from  the  centrifugal  force 
and  disturbs  the  position  of  the  instantaneous  axis.  HcDoe, 
if  l'^,  m^',  n^'  are  the  moments  of  the  components  of  this  couple 
about  the  coordinate  axes, 

l''=  (0  —  8)0)20)3,  M^'sr  (a  — 0)0)30)1,  N"=  (B  — a)oIiO)2; 

so  that  if  q'^  is  the  moment  of  the  couple, 

G"2  =  (c-B)2o)2«0)32  +  (a-C)2o)32o)i2  4.(B-a)2o)i2o)/.  (85) 

This  result  also  follows  from  the  circumstance  that  as  the  position 
of  the  instantaneous  axis  does  not  vary  with  the  time, 

rfo>| doa^  ^  doi^ ^  ^ 

and  the  preceding  values  follow  &om  equations  (27),  Art.  275. 

The  axes  about  which  g^'  is  a  minimum  have  been  called  by 
Mr.  Walton^  axes  of  greatest  or  least  reluctance,  and  are  indeed 
those  about  which  the  moment  of  the  centrifugal  couple  is  a 
maximum  or  a  minimum.  The  positions  of  these  axes,  as  deter- 
mined from  (85),  are  given  by  the  following  values: 

(1)0.1  =  0,     a,/=a.3«  =  ^,    o"=±(c-B)y 
(2)  0,,  =  0,      V  =  V  =  ^".    G"=  ±(A-C)^ 

a  2 

(8)  a>3  =  0,      a>i^  =  «,«  =  ^  ,    g"=  ± (b -a) y 
*  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  Vol.  VIL  p.  376. 
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80  that  there  are  six  such  axes,  two  being  in  each  principal  plane 
of  the  momental  ellipsoid^  and  bisecting  the  angles  between  the 
principal  axes  in  these  planes. 

298.]  As  the  preceding  theorems  have  been  derived  fit>m  pitH 
perties  of  the  momental  ellipsoid,  other  theorems  corresponding 
to  them  may  be  derived  from  the  reciprocal  ellipsoid,  which  is 
the  ellipsoid  of  gyration,  by  the  process  of  Reciprocation.  The 
following  are  due  to  Professor  Maccollagh  ^.  We  also  hereby 
obtain  another  image  of  the  motion  of  the  body. 

Let  a,  b,  che  the  principal  axes  of  gyration,  as  in  Art.  184, 
and  let  M  be  the  mass  of  the  body,  so  that  a  =  ua%  b  =  H&^i 
c  =  uc^ ;  then  the  equations  of  motion  (41)  are 


^'^+(**-«')«i«2  =  o; 


(86) 


d^ 
dt 

whence  if  F  and  h  are,  as  heretofore,  respectively  the  vis  viva 
and  the  moment  of  momentum  of  the  whole  body,  which  are 
constant,  ^    2^.2    2^^    2      ^  /aT^ 

a*V  +  **<-2'  +  ^*'»3*=5;  '       (88) 

and  the  equation  to  the  ellipsoid  of  gyration  is 

j+f:+5=i.  (89) 

Let  this  ellipsoid  be  constructed  at  the  given  point,  and  let  a 
line  be  drawn  from  the  centre  lying  along  the  instantaneous 
axis  at  the  time  t ;  let  the  plane  be  drawTi  perpendicular  to  this 
instantaneous  axis  and  touching  the  ellipsoid  ;  let  {x,  y,  z)  be  its 
point  of  contact,  r  be  the  distance  of  that  point  from  the  centre, 
and  p  be  the  length  of  the  perpendicular  from  the  centre  on  this 
tangent  plane ;  then 

—  =  -^  =  — =  —  =— =-;  (90) 

d^yJJ-^  6-602  ^^3  k  P(»>  i    ' 

h 


•    • 


0)  = 


*'     ^  =  i;a'  (^^) 


♦  See  Collected  Works  of  James  Maccullagh,  Dublin,  1880,  p.  329. 
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Hence 

(1)  If  a  tangent  plane  is  drawn  to  the  ellipsoid  of  gyration 
perpendicular  to  the  instantaneous  axis  the  angular  velocity 
varies  inversely  as  the  perpendicular  from  the  fixed  point  on  this 
tangent  plane,  and 

(2)  The  radius  vector  from  the  centre  to  the  point  of  contact 

of  the  plane  is  constant,  and  =  — - ;  we  will  call  this  quantity  r^. 

Also  fix)m  the  first  three  of  the  equalities  (90),  as  r  lies  along 

the  invariable  axis,  which  is  fixed  in  space,  it  follows  that  the 

point  of  contact  is  a  fixed  point  on  the  invariable  axis.     Let 

this  point  be  called  the  invariable  point,  r^  being  its  distance 

from  the  fixed  point.     Hence,  taking  the  value  of  jp^  which  is 

given  in  (60)  and  lies  along  the  same  line  as  Tq,  TqPq  =  ^^;  and 

hence 

(8)  The  ellipsoid  of  gyration  passes  always  through  a  fixed  point 

on  the  invariable  axis,  the  instantaneous  axis  being  perpendicular 

to  the  plane  which  touches  the  ellipsoid  at  that  point,  and  the 

angular  velocity  being  inversely  proportional  to  the  perpendicular 

from  the  centre  on  the  tangent  plane. 

Hence  the  distance  of  the  fixed  point  from  the  centre  cannot 
be  less  than  a  or  greater  than  c ;  that  is  A^  is  not  less  than  ud^  A^, 
and  not  greater  than  m  c^i^  ;  and  it  may  have  these  values  or  any 
value  intermediate  to  them. 

These  results  are  identical  with  those  previously  deduced  from 
the  properties  of  the  momental  ellipsoid. 

299.]  As  the  body  moves,  the  locus  of  the  points  on  its  surface 
which  pass  through  the  fixed  point  is  the  curve  of  intersection 
of  the  ellipsoid  and  the  sphere  whose  equations  are  respectively 


^2  +   j2  •^-    ^  -  -^^ 

A^ 


{92) 


mA2' 

A^ 

—7^  lying  within  the  limits  given  above ;  and  the  curve  is  conse- 

quently  a  sphero-conic. 

If  — ^  =  J2j  this  sphero-conic  becomes  a  plane  curve,  and  we 

have  the  two  circles  contained  in  the  cyclic  planes ;  which  cor- 
respond to  the  dividing  ellipses  in  the  preceding  illustration; 
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and  Mcoidnig  »b  ^  »  §»»*»  or  Ibbb  than  4*  and  within  its 

pcasiUe  fimiliy  we  haTe  doaed  emrea  aboat  the  vertices  a  and  0 
ia|KcliidTy  and  tkoe  doaed  carres  dcgeneiate  into  tiie  voticea 
A  a^  c  whfm  t^  =  xa^i^  andi*  =  vt^l^  leapectively. 
Aba  fima  (91X  if  #  ia  the  angle  between  r  and  i9, 


•coa# 

Aak  i&  aa  Aewm  in  Aitide  279^  tlie  eomponent  of  the  angnlar 
TcioeilT  alMnI  the  inTaiiaUe  axis  m  cooatant  throughout  the 


Tkt  critcna  aa  tp  stability  and  tba  measure  of  stability  may 
be  infetied  firem  thcae  expfensinwi  by  reasoning  eaactly  amdogona 
la  tiiat  ef  tbe  pieceding  aitideB^  and  it  is  not  neoeaaaiy  to 
lepcat  it« 

90(X]  Tbe  following  images  of  the  motion  of  the  body  also 
dseefre  attention. 

Sinee  one  point  of  the  body  is  fixed  erefy  other  point  in  it 
moYea  on  the  snrfiMe  of  a  sphere  whoee  radios  is  the  distance  of 
the  point  from  the  fixed  point»  and  the  position  of  any  point 
may  be  determined  by  reference  to  this  spherical  sorfiice ;  and  if 
ihe  pbe««  of  two  points  not  lying  in  the  same  central  radius 
veotixr  ^-ere  given*  the  position  of  the  body  would  be  determined. 
Tb^t^e  two  {Kants  might  be  taken  at  eqnal  distances  from  the 
fixeit  pinnt*  and  would  thus  be  on  the  same  spherical  surfiice ;  and 
if  they  were  joined  by  the  are  of  a  great  circle,  the  position  of 
ihet  ar\'  will  determine  the  position  of  the  body.  This  mode  of 
detenuinatii^n  is  convenient  for  astronomical  problems. 

AI^)  »ince  one  point  is  fixed,  a  line  drawn  frt>m  that  point  to 
anv  jHvint  in  the  Ixjdy  describes  a  cone  as  the  body  mo^es,  the 
vertex  of  the  cone  being  at  the  given  point.  Now  these  cones 
are  of  thive  ditferent  characters ;  (1)  a  line  may  be  fixed  in  the 
biHlv«  and  by  reasim  of  the  motion  of  the  body  may  move  in 
(iitace ;  (S)  »  li^^^  ^^y  ^  Hxed  in  space,  and  may  move  in  the 
IhhIv  in  couse^pience  of  the  motion  of  the  body ;  (3)  a  line  may 
move  Wth  in  the  body  and  in  space  :  the  principal  axes  of  the 
IhhIv  are  i^  the  fir^t  kind  ;  the  invariable  axis  is  of  the  second ; 
the  in*tantantHms  axis  of  rotation,  the  moment-axis  of  the  cen- 
IriiWal  o^nipW  and  its  rotation-axis  are  of  the  third  kind.  All 
thea^  linea  generate  cones  as  the  body  moves,  some  of  which  ar^ 
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fixed  in  the  body  and  othen  are  fixed  in  qiaee.  We  jHopoae  to 
inyestdgate  then,  and  espeeiaDj  those  whidi  {oesent  images  <^ 
the  motion  of  the  body  by  means  of  rolling  eones,  as  pointed  out 

in  Article  51. 

801.]  Let  US  first  consider  those  cones  whidi  are  generated  by 
the  instantaneous  axis,  both  in  the  body  and  in  space. 

As  to  the  former  the  equations  to  the  instantaneoos  axis  are 

-=i^  =  -.  (93) 

•i      •«      •^ 

But  from  (28)  and  (29),  eliminating  the  right-hand  members, 
we  have 

A(42-Ai2)a>^«  +  B(A«-Bi2)a>,«  +  c(i*-CiP)«3«  =  0,       (94) 

whence,  by  means  of  (93), 

A(42^AiP)«*+B(A«^BiP)y2  +  c(A*-"CP)^  =  0,       (95) 

which  is  the  equation  to  a  quadric  cone,  coaxial  with  the  mo- 
mental  ellipsoid,  and  having  its  internal  axis  coincident  with 
the  A-  or  the  c-axis  according  as  A'  is  less  than  or  greater  than 
B^.  If  i^  =Bi^y  the  cone  degenerates  into  two  planes,  which 
are  those  of  the  dividing  ellipses.  This  cone  is  evidently  that 
whose  vertex  is  at  the  fixed  point,  and  whose  director-curve  is 
the  polhode ;  hence  it  is  called  the  polhode  cone.  If  two  princi- 
pal moments  are  equal  the  cone  becomes  circular. 

The  cone  which  is  generated  by  the  instantaneous  axis,  and  is 
fixed  in  space,  is  that  which  has  the  fixed  point  for  its  vertex,  and 
the  herpolhode  for  its  director-curve.  The  form  of  it  may  be  a 
fluted  circular  cone,  having  ridges  and  furrows  on  its  surfiice 
which  correspond  to  the  undulations  of  the  herpolhode  and  con- 
verge to  the  vertex ;  or,  as  in  the  case  of  the  momental  ellipsoid, 
the  surface  may  be  always  concave  towards  its  axis.  The  equa- 
tion to  this  cone  is  transcendental  or  finite  according  to  the 
character  of  that  of  the  herpolhode.  This  cone  is  called  the  her- 
polhode cone.  If  A'  r=  B^^,  the  cone  has  a  convolution  ultimately 
terminating  in  the  line  of  the  invariable  axis. 

As  the  instantaneous  axis  lies  on  the  surface  of  each  of  these 
cones  along  the  line  of  their  tangency,  and  is  at  rest  for  the  in- 
stant of  contact,  the  motion  of  the  body  may  be  represented  by 
the  rolling,  without  sliding  or  slipping,  of  these  cones,  one  on 
the  other ;  and  as  they  have  a  common  fixed  vertex,  there  is  no 
sliding  along  the  common  generating  line  or  line  of  contact ;  co 
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is  the  angular  velocity  with  which  one  rolls  on  the  other ;  and 
^'  is  the  angular  velocity  at  the  time  t  of  the  projection  of  the 
instantaneous  axis  on  the  invariable  plane.  The  rolling  of  these 
cones  one  on  the  other  gives  a  perfect  representation  of  the 
motion  of  the  body, 

802.]  The  following  is  an  instance  in  which  motion  of  this 
kind  may  be  exhibited  by  means  of  a  rolling  cone. 

Suppose  the  centre  of  the  earth  to  be  at  rest,  and  not  to  be 
moving  in  its  elliptical  course  in  the  plane  of  the  ecliptic  about 
the  sun ;  but  let  the  earth  have  its  daily  rotation  about  its  own 
rotation-axis  ;  then  this  last  motion  is  not  affected  by  the  former 
supposition.  Now  this  axis  is  with  slight  variations  inclined  to 
the  normal  of  the  ecliptic  at  an  angle  23""  28^  which  is  called  the 
obliquity  of  the  ecKptic ;  and  it  is  found  by  observation  that  the 
earth's  rotation-axis,  while  retaining  the  same  principal  inclina- 
tion to  the  normal  of  the  ecliptic,  moves  backward,  that  is,  in  a 
direction  contrary  to  the  earth's  rotation,  annually  through  an 
angle  of  50*1^';  that  is,  the  earth's  axis  describes  a  circular  cone 
fixed  in  space,  whose  axis  is  the  normal  of  the  ecliptic  and  semi* 
vertical  angle  is  23''28^  This  cone  is  called  the  precessional 
cone.  Now  as,  by  the  preceding  Article,  there  can  be  no  change 
of  position  of  an  axis  in  space  without  a  change  of  position  of  it 
in  the  body,  it  follows  that  the  rotation-axis  of  the  earth  daily 
changes  its  position  in  the  'earth,  and  daily  describes  a  cone 
about  the  earth's  geometrical  axis  as  its  axis.  Hence  arises  a 
daily  variation  in  terrestrial  latitude,  and  the  determination  of 
this  variation  is  a  question  of  interest  and  importance.  It  takes 
the  form  of  two  cones  rolling  on  each  other,  one  being  fixed  in 
space,  and  the  other  fixed  in  the  earth  ;  and  the  latter  rolling 
outside  the  former,  as  the  precessional  motion  is  in  a  direction 
contrary  to  the  rotation  of  the  earth  ;  and  the  problem  is,  having 
given  one  cone  and  the  rolling  motion  of  the  other  on  it,  to  de- 
termine the  vertical  angle  of  the  other  cone. 

From  the  centre  of  the  earth,  as  a  centre,  describe  a  sphere 
whose  radius  is  the  earth's  polar  radius,  viz.  3949*6  miles,  inter- 
secting the  cones  in  circles.  Let  R  and  r  be  the  radii  of  these 
circles  on  their  chordal  planes.  Then,  as  the  annual  precession 
is  501'', 

arc  described  in  1  day  __  50-1 

27r  "■  365x360x60x60* 
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but  the  arc  described  in  1  day  =  girr,  and 

R  =  3949.6  X  sin  23^  28'  miles  ; 

501 X 39496 x sin 23^28^ x  1760 x 8  . 
•'•     '*"■  365x360x60x60  ^ 

=  .879518  feet  =  105542  inches  ; 

BO  that  the  instantaneous  rotation-pole  describes  daily  on  the 
earth's  surface  a  circle  whose  radius  is  10.554  inches,  and  whose 
centre  is  the  geometrical  pole.  The  circumference  of  this  circle 
is  5*52618  feet,  and  is  the  distance  through  which  the  instan- 
taneous pole  travels  in  a  day,  on  the  hypothesis  of  an  uniform 
precession  of  the  equinoxes,  and  of  an  uniform  diurnal  rotation 
of  the  earth  as  a  rigid  body.  See  Poinsot,  Thforie  de  Rotation, 
l)remiire  partie,  33. 

303.]  The  equation  to  the  cone  generated  in  the  body  by  the 
invariable  axis,  as  the  body  moves,  may  thus  be  found.  If 
i^i  y^  z)  is  &  point  in  the  invariable  axis,  the  equations  to  the  in- 


variable axis  are         x  y  z 


A  a)|      B  0)2       €0)3 


(96) 


whence,  by  substitution  in  (94),  we  have 

— -^ — ^+ — i^ — /  +  — ^ ^'  =  0,  (97) 

which  is  the  equation  to  a  quadric  cone  in  the  body,  coaxial  with 
the  momental  ellipsoid,  on  which  the  invariable  axis  in  its  motion 
lies.  If  ^^  =  bX*^,  the  cone  degenerates  into  two  planes  passing 
through  the  B-axis  of  the  ellipsoid ;  and  if  two  principal  axes 
are  equal,  the  cone  becomes  circular. 
As  (97)  may  be  put  into  the  form 

on  comparing  this  with  (92)  it  appears  that  the  curve  of  inter- 
section of  the  ellipsoid  of  gyration  wdth  the  concentric  sphere, 
which  passes  through  the  invariable  point  in  Maccullagh's  inter- 
pretation, lies  on  the  surface  of  this  cone ;  or,  in  other  words,  this 
curve  is  the  direction-curve  of  the  cone. 

304.]  Hence  also  we  derive  the  following  image  of  the  body's 
motion.  Let  the  instantaneous  angular  velocity  a>  at  the  time 
t  be  resolved  into  two  components,  the  axis  of  one  of  which  is  the 

t   PRICE,  VOL.  IV.  B  b 
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inTamble  axis,  mnd  the  axis  of  tlie  othar  is  in  the  inyamble 
plane.  Now  if  ^  is  the  angle  between  the  instantaneous  and  the 
inTariable  axes,  u  cos  $  is  the  former  component,  and  is,  by 
reason  of  (42),  Art.  279,  constant :  the  latter  component  is  it  sin  ^ ; 
about  the  axis  of  whidi  the  body  rotates  in  the  time  dt  through 
an  angle  m  sin  6df ;  and  thns  the  inTariable  axis  moves  over  a 
snrface  element  of  the  cone  (97) ;  and  as  tliis  resolntion  may  be 
continued,  so  will  the  inTariable  axis  describe  that  conical  sor- 
fiMce.  Also  the  axis  of  the  latter  ocMnponent  will  continaoosly 
change  its  position  in  the  body,  althongh  it  is  always  in  the  in- 
variable plane ;  and  as  it  is  always  perpendicular  to  a  generating 
line  of  the  cone  (97),  so  wiU  it  in  its  sncoessiTe  positions  generate 
a  cone  in  the  moTing  body  whidi  is  the  redjMxwal  of  (97) ;  and 
of  which  consequently  the  eqnati<m  is 

AX*  Bjr*  C2*      _  . 

and  this  is  evidently  a  cone  coaxial  with  (97),  having  the  same 
internal  axis,  and  whose  major  and  minor  external  axes  are 
respectively  the  minor  and  major  external  axes  of  (97).  If 
i*  =  bF, y  =0;  in  which  case  (99)  rejaeeents  two  straight 
lines. 

Now  in  the  motion  of  the  body  the  surface  of  the  cone  (97) 
always  contains  the  invariable  axis ;  and  the  surfik^  of  the  second 
cone  is  always  in  contact  with  the  invariable  plane.  Thus  the 
motion  of  the  body  may  be  represented  by  the  rolling  of  the 
cone  (99)  on  the  invariable  plane,  with  its  own  proper  angular 
velocity,  while  the  invariable  plane  turns  about  the  invariable 
axis  with  the  constant  angular  velocity  <o  cos  0.  Thus  the  cone 
rolls  on  a  plane  which  at  the  same  time  has  a  constant  revolving 
motion  of  its  own  and  slides  under  the  cone ;  and  the  cone  slides 
as  well  as  rolls,  and  consequently  is  called  the  rolling  and  sliding 
cone.  While  the  line  of  contact  describes  in  the  body  a  cone 
whose  equation  is  (99),  it  describes  in  space  the  invariable  plane. 

As  the  line  of  contact  of  this  cone  with  the  invariable  plane 
is  the  line  oh  of  Art.  291,  whose  equations  are  therein  given,  so 
the  amount  of  the  sliding  of  the  cone  is  measured  by  the  excess 
of  the  absolute  angular  velocity  of  the  body  about  the  invariable 
axis  over  that  of  the  component  of  the  angular  velocity  a>  about 
the  same  axis :  the  former  is  <f>\  as  given  in  (80),  Art.  293,  and 
the  latter  is  <o  cos  6,  as  given  in  (42),  Art.  279 ;  thus  the  sliding 
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on  the  invariable  plane  of  a  point  in  the  cone  at  a  distance  r 
from  the  fixed  point  varies  as 

where  R  is  the  radius  vector  of  the  momental  ellipsoid  which  lie» 
along  OH. 

305.]  This  mode  of  representing  the  motion,  by  the  rolling 
and  sliding  on  the  invariable  plane  of  a  cone  fixed  in  the  body 
may  also  be  considered  from  the  following  point  of  view.  Let 
us  investigate  the  equation  to  the  cone  which  is  the  envelope 
of  the  invariable  plane  ;  then  we  have  the  three  equations^ 

A  0)1  a?  -h  B  a)2.y  +  C  0)3;?  =  0,      \ 

Aa)i2  +Ba)22  +00)32  =*2^     [  (100) 

whence  diflPerentiating,  and  eliminating  coj,  0)2,  0)3  by  the  osual 

process  of  indeterminate  multipliers,  the  equation  to  the  envelope 

is  found  to  be 

A^2  B3,a      ^       e.^      ^^^  ^j^jjj 


which  is  the  equation  of  a  quadric  cone,  and  is  the  surface- 
envelope  of  the  invariable  plane.  This  cone  is  of  course  the 
same  as  (99).  The  equation  to  the  cone  which  is  reciprocal  to 
this,  and  is  generated  by  the  invariable  axis,  is  of  course  that 
given  in  (97).  Thus  the  motion  may  be  represented  by  the 
rolling  of  the  cone  (101)  on  the  invariable  plane ;  but  as  the  in- 
variable plane  has  also  an  uniform  rotation  about  the  invariable 
axis,  which  lies  in  the  surface  of  (97),  the  cone  has  an  uniform 
sliding  motion,  as  also  a  variable  rolling  motioix  on  the  invariable 
plane. 

806.]  The  rotation-axis  due  to  the  centrifugal  forces  also 
describes  a  cone  in  the  body,  and  in  space  describes  the  invari- 
able plane.  As  to  the  cone  described  in  the  body,  the  e<][uation8 
to  the  axis  are  those  to  ok,  see  Art.  291 , 

Ao)^  Bq)«  Co).  /i/\a\ 

^aj= — ^j^  =  — -zi  (102) 


B  — C  C  — A*'         A— B 

whence  eliminating  0)^,  Wg^  ^3  ^7  means  of  (94),  we  have 
(/.^-A>P)i?f^'  +(F_bA^)  ^  +  (A«-c^)i^'=0.  (108) 

B  b  a 
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which  is  the  equation  to  a  cone  of  the  fourth  order ;  and 
the  two  planes  of  the  dividing  ellipse,  when  A^  =  b^. 

As  the  rotation-axis  of  the  centrifugal  forces,  see  Art.  291,  is 
always  perpendicular  to  the  invariable  axis,  it  Ues  in  the  invari- 
able plane,  and  the  invariable  plane  is  consequently  the  surface 
generated  by  it  and  fixed  in  space. 

307.]  The  following  are  certain  properties  of  the  principal  axes 
of  the  momenta!  ellipsoid  in  reference  to  the  invariable  axis  and 
the  in>'ariable  plane. 

Let  B},  R2I B3  be  the  principal  semi-axes  of  the  ellipsoid,  and 
let  Rq,  R^,  Ro  be  the  radii  vectores  to  the  fixed  plane  of  rolling 
which  lie  along  the  principal  axes  ;  then  i£  a,  6,  c  are  the  prin- 
cipal radii  of  gyration,  we  have  from  Art.  184 

a«Ri«  =  4«Ra«  =  c^R^*  =  ^* ;  (104) 

and  from  (59)  we  have 

a^a>,R^s=  4^«aR6  =  c^cojR^  =  -^i  (105) 

and  if  A,  fi,  v  are  the  direction-angles  of  the  invariable  axis  with 

reference  to  the  principal  axes, 

coeX      cosu      cos  1^       M 

a-<Dj      6^0)^        ^«3       A 
henco  M/t^(/ 

(k,  cos  a.)*  +  (Rj  cos  Ix)-  +  (Rj  cos  Iff  —  — ^- 

= A*  by  (60); 

that  i8,  the  sum  of  the  squares  of  the  projections  of  the  principal 
axes  of  the  momental  ellipsoid  on  the  invariable  axis  is  equal  to 
the  square  of  the  perj>endicular  from  the  fixed  point  on  the  fixed 
plane  of  rolling. 


Also  from  (105) 

L        L        1. 


;2 


also 


R,«    ^    R,^    ^    R,^    ""    M*^/' 

1 


1  1  1  r^ 


a*R^-     b*^f,^     c*R,^      ^8 
where  r  is  the  central  radius  vector  of  the  instantaneous  pole. 

808.]  We  proceed  now  to  the  investigation  of  the  problem 
which  has  been  stated  in  Art.  282,  viz.,  to  the  determination  of 
#11  a>2, 0)3  as  functions  of  the  time,  and  consequently  to  the  values 
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of  By  0  and  yjf  in  terms  of  ^,  as  given  in  (50)  and  (52)  of  that 
Article. 

Let  equations  (41)  be  severally  multiplied  by  ~  >  —  i  — ,  and 

ABC 

added;  then 

_  (c-b)(a-c)(b-a)  . 

~  ABC »1<*2<»3-  (i^; 

But  since  a>-  =  a)i*  +  Wg*  +  Wg^,  the  left-hand  member  =  «  — ; 
therefore  rfco  _  (c-b)(a-c)(b~a)  ,      . 

Now  0)^,  0)2,  a>3  may  be  expressed  in  terms  of  co  by  means  of  the 

three  equations  »     .        2    .       2  2 

^  (jii{^    +   a>2^  +  a>3^  =  0)^, 

Aa>i2  +  Ba)^^  +  00)32  =  >P,    [  (108) 


o)i     +    0)2^  +  0)3-^  =  0)%    \ 

AO)!^  4.  60)2^  +  00)3^   =  ^,      ( 


whence 

(a-C)(b-a)0)i2=  ~{bCO)2-(b  +  c)F  +  /*2},    > 
(B-A)(C-B)0)22=-{CA0)2-(c  +  A)>t2  +  >i2},    (  (109) 

(C_b)(a-C)o)32  =   -{ABO)a-(A  +  B)*2  +  A2};  ) 

and  substituting  in  (107),  the  right-hand  member  is  expressed 
in  terms  of  the  single  variable  o).  These  expressions  may  be  put 
into  a  more  convenient  form  by  the  following  substitutions.    Let 


BC  CA  *  AB 

then 


(Ill) 


(a  — c)(b  — a)^  ^^      (c— a)(b— a) 

'-a^  ==  -  (33ij^(<-^-^3^)  =  C^Ziy^)  ('-^-''3^)  5 

then  substituting  these  in  (107),  we  have 

which,  when  integrated,  gives  a>  in  terms  of  t ;  but  being  an 
elliptic  function  must  be  dealt  with  as  such ;  unless  in  certain 
cases  the  initial  circumstances  or  the  constitution  of  the  body 
reduce  it  to  an  algebraical  or  a  circular  or  a  logarithmic  fimction. 
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Now  6^,  ^2^  ^3^  ^^  *^®  ^^^  ^f  *^®  expression  in  the  right- 
hand  member  of  (112) ;  and  are  all  essentially  positive,  as  may 
thus  be  shewn ;  thus  if  we  take  ^i*,  and  replace  A*  and  ^  by  their 
Talaes  given  in  (108), 

^  BC 

which  is  positive,  as  a,  b,  c  are  all  positive  quantities,  and  b  +  c  ib 
always  greater  than  a.  Similarly  0^^  and  0^^  may  be  shewn  to 
be  positive  quantities. 

As  to  the  order  of  magnitude  of  ^i*,  0^^,  6^,  the  following  are 
their  differences,  viz. 

hence^  bearing  in  mind  that  c>  b  >  a,  that  a  ^ ~ A*  is  never  posi- 
tive, that  c>l^— ^^  is  never  negative,  and  bP— A*  is  positive  or 
negative  according  as  the  polhode  is  a  closed  curve  about  the 
vertex  a  or  the  vertex  c,  that  is  according  to  the  initial  circum- 
stances of  motion  and  the  constitution  of  the  body,  it  follows 
that  0^  is  the  greatest  of  the  three  quantities  and  that  6^  or  ^3*  is 
the  least,  the  former  or  the  latter  being  the  case  according  as  the 
polhode  is  closed  round  the  vertex  c  or  the  vertex  A  of  the  mo- 
mental  ellipsoid.  If  ^1c^  —  h^^  that  is  if  the  polhode  is  one  of  the 
dividing  ellipses,  B^  =  By,  and  the  two  lesser  roots  of  the  right- 
hand  member  of  (112)  are  equal. 

It  appears  also  from  (112)  that  of  the  three  factors  w*— ^^^ 
0)^  —  ^2^,  0)2—^3^,  one  must  be  negative  and  two  positive,  or  all  three 
must  be  negative :  that  is  cd^  must  be  less  than  B^  and  greater  than 
either  B^  or  B^^  or  od^  must  be  less  than  the  least  of  0^  and  ^3^. 
These  latter  values  are  excluded  by  the  values  of  w^^  and  0)3^ 
which  are  given  in  (111) ;  so  that  cd^  can  never  be  greater  than 
^2*,  or  less  than  the  greater  of  B^  and  Q^. 

Thus  0^  and  the  greater  of  B^  and  B,^  will  be  the  limits  of  o)* 
corresponding  to  the  time  occupied  in  the  motion  of  the  in- 
stantaneous axis  through  one  quarter  of  a  polhode,  which  is  a 
closed  curve  ;  and  if  t  is  the  time  through  the  complete  polhode, 
and  B^  is  greater  than  B^^ 


=4/ 


*J  torfo) 


*.  { -  (a>^  -  «i*)(^*  -  &i)  (o.^  -  ^3*)  }  * 


(114) 
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309.]  To  simplify  (112)  let  us  suppose  0i  to  be  greater  than 
^3;  so  that  the  corresponding  polhode  is  a  closed  curve  about  the 
vertex  c :  and  let  the  following  substitution  be  made ;  viz. 

0)2  =  0^^c6&  uf  +  e^{Bia  uf ;  (115) 

then  0)  =  ^1  when  u  =  90°,  and  =  6^  when  w  =  0  ;  and 

.".    0)  rfo)  =  —  [0^ — 6^)  sin  u  cos  u  du, 
and  (112)  becomes 

J  =  -  {e,'^e,^-^{e,^^e,^)(^uf}^.  (ii6) 

Let      {e,^-e,')^  =  j  -  ^{j,P^A^)  I*  =  «.«,  and 

Q^-e^ _  _  B-ACF-^2 


^2^-^3^""  C-BA>12-A« 


—  1^   » 


so  that,  as  ^2  ^  greater  than  ^3,  k  is  less  than  imity ;  then 

du 
«^^  =  {1-K2(8inz.)2>i' 

and  if  the  limits  of  integration  are  such  that  1^  =  0  when  2$  =  0, 
and  t^  corresponds  to  ^, 

^0    {1— ic2(sin«)*}* 

and  this  is  an  elliptic  function  of  the  first  order  ;  so  that  if  t  is 
the  time  in  which  the  instantaneous  axis  moves  through  the 
complete  circuit  of  a  closed  polhode, 

_4  r^  du 

^^  nj^  {l-ic2  (sin  1^)2}*' 

Now  introducing  the  ordinary  notation  of  elliptic  functions,  we 
have  u  =  am(«^),  1  — ^^(sini^)^  =  {Aam(«^)}2,  so  that 

dJi  =  ^^"^  (^^) ' 
and  hence  from  (111)  we  have 

and  thus  these  angular  velocities  are  expressed  in  terms  of/. 


(118) 


COS  0  =  ^^  =  }  =^^^^^=^n*  ^^^ 
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Hence  also 
a3  =  8m4,8intf  =  -p  =  {-5^-^}  ^^ 

,    •    ^      B<«>2      (B(c>i*— A*))*8inain(«<) 

={ 

which  assign  6  and  0 ;  and  hence  also 

d>^  ^   Aa)i*  +  Ba>2^    ,  __      c  — b  +  (b  — A){sinam(«^)}*       ,^ 
^"^  A* 0)1* +  B* 0)2*     ""  a(c— b)  +  c(b— A){Binam(«^)}*    ' 

which  assigns  the  precessional  velocity  in  the  plane  of  («,y)  in 
terms  of  U 

But  what  angle  does  u  represent  ?  It  has  been  introdaced  into 
the  investigation,  as  a  subsidiary  angle  to  simplify  expressions,  by 
the  equation  (115) :  its  geometrical  meaning  may  thus  be  shewn. 

Let  the  closed  polhode  about  the  vertex  c  be  projected  on  the 
plane  of  (a?,y) ;  then  the  projection  is  the  ellipse  whose  equation 
is  (65),  Art.  285,  and  is 

A(c-.A)a?2  +  B(c-B)/  =       ^2      m/ ; 

and  u  is  evidently  the  eccentric  angle  of  this  ellipse ;  for  since  by 
(56),  Art.  283,  a?^        /        m/ 


0)/^       o)o^         k^ 


'1  "'2 

and  from  (118), 

.  a(c-a)  a(c— a)  F 

(eo8w)=2  =  -)^ — ^'o),2  =  -A- — -J  — -a?^, 

.  b(c-b)  b(c-b)  k^ 

cJc^  —  h^ 

.-.      A(C-A)a72  +  B(c-B)/  =   T^ m/, 

which  is  the  equation  to  the  preceding  ellipse;  consequently 
u  =  am(«^)  is  the  eccentric  angle  of  the  ellipse,  which  is  the 
projection  of  the  polhode  on  the  principal  plane  (a,  b)  of  the 
momental  ellipsoid. 

310.]  It  is  thus  evident  that  o)^  is  a  periodic  function,  of  which 
the  maximum  value  is  d./,  and  the  minimum  is  the  greater  of 
0^  and  ^3^ ;  the  former  or  latter  being  the  case  according  as  the 
polhodes  are  closed  curves  about  the  vertex  c  or  about  the  vertex 
A  of  the  momental  ellipsoid. 
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.  It  will  also  be  observed  that  (118)  is  an  equation  of  the  same 
form  as  (43),  Art.  245,  which  determines  the  time  of  motion  of  a 
heavy  body  about  a  fixed  horizontal  axis. 

Also  since  o)  varies  as  r^  see  (58),  Art.  288,  where  r  is  the 
radius  vector  of  the  momental  ellipsoid  which  lies  along  the 
instantaneous  axis,  the  critical  values  of  o)  and  r  are  simultaneous. 
Also  it  follows  from  Art.  289  that  the  critical  values  of  the  radii 
vectores  of  the  herpolhode  are  simultaneous  with  those  of  the 
radii  vectores  of  the  polhode.  Hence  the  ang^ular  velocity  of  the 
body  is  a  maximum  when  the  instantaneous  axis  lies  along  a 
ridge  of  the  herpolhode  cone,  and  is  a  minimum  when  it  lies 
along  a  trough  or  furrow. 

311.]  I  have  chosen  the  preceding  process  for  expressing  the 
coordinates  of  position  in  terms  of  ^,  because  it  follows  directly 
from  the  equations  of  motion,  and  leads  to  values  of  0)^,  a>2)  ^^  ^^ 
terms  of  which  ^,  </>,  \/r,  and  consequently  the  place  of  the  body, 
are  given.  The  results,  however,  admit  of  the  following  inter- 
pretation by  means  of  the  polhode  and  herpolhode  curves. 

Let  (a7,y,  z)  be  the  instantaneous  pole  at  the  time  ^,  so  that  its 
locus  on  the  surface  of  the  ellipsoid  is  the  polhode.  Then  from 
(56)  we  have 

then,  substituting  in  (108),  we  have 

which  are  the  equations  to  the  polhode,  r  being  the  radius  vector. 
Hence  also  (112)  becomes 

which  assigns  the  relation  between  r  and  t.  If,  then,  t  is  the 
time  in  which  the  instantaneous  axis  describes  the  complete  cir- 
cuit of  the  polhode  cone,  and  r^  and  r^  are  the  maximum  and 
minimum  values  of  r,  then 


(119) 


T  =  4 


Ui-p-&")(''-^')('^-^")r 
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(1)  When  sin  (^0  =  0 ;  thafc  k  when  B^  =  0,  and  wlien  6^  =  ir. 
In  both  castt  the  axis  of  unequal  moment  is  Tertical,  in  the 
fonner  caae  the  centre  of  gravity  being  above  the  fixed  point, 
and  in  the  latter  case  below  it.  In  both  cases  «i^  =  Mj  =  0, 
a>3  =  <o  =  »,  the  rotation-axis  is  vertical,  being  a  principal  per- 
manent axis,  and  the  angular  velocity  <^  the  body  is  constant. 

(2)  When  ^a«  cos  B^-cna+mA^  =  0,  (186) 

this  condition  depending  on  the  constitation  of  the  body,  and  the 
initial  circumstances  of  rotation.  This  equation  being  a  quad- 
ratic in  terms  of  a,  which  is  the  angular  velocity  of  pvaeeision, 
has  two  roots  and  gives  the  following  values  for  a,  viz«, 

2ao cos  ^0  =  c n±{f?%^^4tiLkmg  cos  0^^.  (187) 

Now  these  roots  are  real  and  unequal,  or  aie  equal,  or  ace  im^ 
possible  according  as  c^a^  is  greater  than,  equal  to,  or  lass 
than  4AAm^coB  6^ ;  in  order,  therefore,  if  k  coe  ^^  is  a  yunA^ 
tive  quantity,  that  motion  may  be  possiUe  witiii  inrariabk  in* 
clination,  ^n^  must  not  be  less  than  4AAm^ eo§0^  and  U 

cAi*  =  ^Ahma  cos  0^  a  has  only  one  value,  viz*,  ^,  -     If 

A  cos  ^0  is  n^ative,  there  are  always  two  real  rwimm  4/t  4ii  otm 
of  which  is  positive  and  the  other  is  negative,  uyi  tJbis  U  always 
the  case  when  0^  is  greater  than  OCT. 

If  a  veiy  large  angular  velocity  is  initially  giv^n  tp  ii^  h^Ay 
about  its  axis  of  unequal  moment,  so  that  n  is  r^  lar^  in  ^imi^ 
parison  of  the  other  constants,  we  may  expand  itm  f^^imi  iu 
(187),  and  obtain  the  following  values  of  a ;  viz« 

2Aacoe^„=c«±c«{l-lfi^2i:iL|* 

=  C«±C«{1 ^__8J 

=  2c«,  or  =  ^^^"'^^^; 


Q%  mgh 

a  = rr-  f   or  =  --2—  ; 

A  cos  ^0  Ctt 


thus  there  are  two  values  of  a,  of  which  the  {ormiir  ii  vtiry  tariM 
and  the  latter  is  very  small. 

326.]  If  cos  ^0  =  0,  that  is,  if  tf o  =  SCT,  (186)  shews  ihftt 

there  is  only  one  value  of  a,  viz.  — ^:  in  this  case  thp  axb 

en 
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of  greatest  moment  is  horizontal,  and  reyolves  uniformly  ivith 
that  angular  velocity  in  the  horizontal  plane  which  passeB 
through  the  fixed  point :  and  since  a  has  the  same  sign  as  n,  the 
direction  of  rotation  of  the  axis  is  the  same  as  that  of  the  body 
about  its  axis  of  greatest  moment.  As  the  processional  velocity 
varies  inversely  as  »,  it  becomes  very  small  if  n  is  large;  conse- 
quently if  a  rapid  rotation  is  given  to  the  body  about  its  axis  of 
unequal  moment,  that  axis  revolves  with  a  slow  angular  velocity 
in  the  horizontal  plane. 

Now  this  is  a  remarkable  ease,  and  seems  at  first  sigbt  in- 
consistent with  the  principles  of  mechanics.  A  heavy  body  is 
rotating  about  a  fixed  point  which  is  not  its  centre  of  gravily, 
and  the  line  joining  the  fixed  point  and  the  centre  of  gravity 
moves  in  a  horizontal  plane  with  a  constant  angular  velocity 
about  the  fixed  point,  so  that  the  weight  of  the  body  apparently 
is  without  effect  on  the  axis.  Let  us  then  consider  the  question 
in  the  light  of  first  principles,  and  apart  from  the  equations  of 
motion. 

Let  us  take  the  notation  which  has  been  employed  in  the  pre- 
ceding articles  ;  so  that  n  is  the  initial  angular  velocity  of  the 
body  about  its  axis  of  greatest  tnoment  which  is  horizontal ;  and 
as  no  moment  of  a  force,  either  impressed  or  centrifugal,  acts  to 
change  this  angular  velocity,  it  is  constant  throughout  the 
motion.  As  this  axis  is  horizontal,  the  plane  in  which  the 
other  two  principal  axes  at  the  fixed  point  lie  is  vertical :  let  the 
axis  of  a)|  in  this  plane  be  inclined  at  an  angle  <^  to  the  hori- 
zontal plane,  the  line  of  intersection  of  these  two  planes  being 

the  line  of  nodes ;  then  ^  is  the  angular  velocity  of  this  line  of 

nodes  about  the  vertical  through  the  fixed  point.  Let  n^  and  n^ 
be  the  initial  values  of  co^  and  cog.  As  the  axis  of  greatest  mo- 
ment and  the  line  of  nodes  are  both  in  the  same  horizontal  plane 
and  are  at  right  angles  to  each  other,  there  is  no  angular  velocity 
of  the  body  about  the  lines  of  nodes,  and  consequently, 

(o^cosi^-f  a)2COs(90°  +  </))  =  0; 
.*.     (Oj  cos  <^  —  (1)2  sin  <^  =  0. 
Also,  as  rotation  about  the  vertical  is  due  to  co^  and  cog  only, 

dylf 

•^  =a)^8m<^-fa>2Cos^; 
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and  therefore  , ,  di 

^  =  «»»+«»'•  (190) 

As  the  only  forces  acting  on  the  body  are  the  reaction  at  the 
fixed  point  and  gravity,  and  as  no  work  is  done  by  either  of  these 
forces,  the  vis  viva  is  constant :  there&re 

.-.from  (190),       ^  =  V  +  V  =  a'  (8ay); 

and  thus  the  angular  velocity  of  the  revolving  line  of  nodes  in 
the  horizontal  plane  is  constant.    Hence  if  i/r  =  0  when  ^  =  0, 

Hencealflo  #=«; 

at 

that  is,  the  angular  velocity  of  the  right  ascension  is  constant, 
and  is  the  same  as  that  of  the  body  about  its  axis  of  unequal 
moment ;  and  if  0  =  0  when  ^  =:  0,  as  may  be  the  case,  since 
the  position  of  the  axes  of  f  and  ?;  in  the  vertical  plane  is  inde- 
terminate, <l>  ^nt. 
Hence,  then,        co^  =:  a  sin  tity       co^  =  a  cosn^. 

The  constants  a  and  n  are  not  independent.  This  is  evident, 
for  the  relation  of  these  quantities  to  each  other  must  change 
with  the  mass  of  the  body  and  the  distance  of  its  centre  of 
gravity  from  the  fixed  point.  This  relation  may  be  determined 
from  the  equations  of  motion,  of  which  the  solution  is 

(Oi  =  asinft^,      a)g  =  acosnty       0)3  =  »  ; 

substituting  these  in  either 

A  --TT^  +(C  — AjcOgCOg  =  mffAcOB<l>f 
or  A  -—  — (C  — AJCOgCOj  =  —piSf^SUKJ), 

we  have  co«  =  m^A ; 

thus  the  product  of  a  and  n  is  constant,  each  varying  inversely 
as  the  other.     The  same  result  as  is  given  by  (186). 

827.]  Another  special  case  which  deserves  consideration  is  that 
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wherein  (1)  A  =  B ;  (2)  the  inclination  of  the  c-axis  to  the  yerr 

tical  is  constant  throughout  the  motion,  so  that  6  =  6^;  (3)  there 

is  no  motion  in  right  ascension,  so  that  0  is  constant.     This  is 

the  case  of  the  ordinary  compound  conical  pendulum. 

Since  a  =  b,  and  the  centre  of  gravity  is  in  the  c-azis,  0)3  s  n. 

do 
Also  since  0  is  constant,  ^  =  0,  and  consequently 

0)2  cos  0  —  a>2  sin  <^  =  0. 

Also  since  ^  is  constant  and  the  position  of  the  A-axis  in  the 

.    plane  of  (f,  rj)  is  arbitrary,  we  may  so  take  it  that  <^  =  0 ;  hence 

from  the  preceding  condition,  a>]  =  0  throughout  the  motion, 

and  -zp  =  0.     Hence  from  the  equations  of  motion  (138), 

(c— A)«a)j  =  mpAemOQi 

..=^^-      (191) 


'2 


(c— a)» 


Also  since  .    ^  dyjr  .    ^  , 

sm  ^0  ^  =  0)1  sm  <^  +  0)2  cos  0, 

...     ^  =  j^.  (192) 

at       (c— a)»  ^       ^ 

which  gives  the  constant  angular  velocity  about  the  vertical 
through  the  fixed  point  with  which  the  vertical  plane  contain- 
ing the  c-axis  revolves,  and  thus  determines  the  motion  in 
azimuth. 

Also  since  (f)  is  constant,  ^  =  0 ;  and  consequently  from  (147) 

^  dyU      ma  A  co3$n 

«  =  cos  ^0  -^  =  -^ r— ^ ; 

"  dt         (c— a)« 

.-.     w  =  J-L_Pj  =0)3,  (193) 

which  gives  the  angular  velocity  of  the  body  about  the  c-axis, 
and  assigns  the  relation  between  n  and  $q,  which  the  conditions 
of  the  problem  require. 

From  (192)  and  (193)  we  have 

dyjf  __       (        niffA        "ii 
dt   "  -((c-a)cos^o)    ' 

and  consequently  the  periodic  time,  or  the  time  of  a  complete 
revolution  in  azimuth,  is 


*» 
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Henoe  S^  must  he  less  or  greats  tlian  90^,  according  as  c  is 
greater  or  less  than  ▲. 

In  the  case  of  a  particle  m  placed  at  the  end  of  a  thin  rod  at 
a  distance  i  from  the  fixed  point,  c  will  be  very  small  in  com- 
parison of  A  and  may  be  neglected  in  the  preceding  expressions^ 
and  A  =z  mh^ ;  and  if  a  is  the  angle  between  the  rod  and  the 
vertical  taken  downwards,  then 

■T7  =  (^r^ — )  ,and  the  periodic  time  =  27r( \  .     (195) 

This  is  the  case  of  the  simple  conical  pendulam. 

Hence  if  /  is  the  distance  along  the  oaxis  from  the  fixed  point 
at  which  a  particle,  whose  mass  is  equal  to  that  of  the  moving 
body,  has  to  be  placed,  so  that  the  periodic  times  in  azimuth  of 
the  moving  body  and  of  the  particle  should  be  the  same,  then 
from  (194)  and  (195)  we  have 

/  =  — r-  =  —7,  if  c  is  omitted. 

The  angular  velocity  of  the  body  and  the  position  of  the  rota- 
tion-axis may  thus  be  found ; 

...     0.'  =  ,      Y         . 
(o— a)cos^q 

Thus  a>  is  equal  to  the  velocity  in  azimuth  ;  and  as 

-^  =  0,     -^  =  sm^o,     —  =  cosdo> 

it  follows  that  the  vertical  line  through  the  fixed  point  is  the 
axis  of  rotation  of  the  body. 

328.]  Many  machines  have  been  devised  for  the  purpose  of 
exhibiting  the  phaenomena  which  are  expressed  in  the  preceding 
equations ;  the  construction  of  some  is  so  curious  that  they  are 
for  the  most  part  found  only  in  collections  of  mechanical  appa- 
ratus; others  are  so  simple  in  form  that  they  are  the  toys  of 
children.  Of  the  latter  kind  is  the  common  spinning-top,  of  the 
several  motions  of  which  the  preceding  Articles  give  explana- 
tions, provided  that  the  point  of  its  peg  continues  in  the  same 
place,  and  the  friction  of  the  point  is  neglected.  Of  the  former 
kind  is,  in  the  first  place,  Bohnenberger's  machine,  which  we 
have  already  described  in  Art.  28  ;  it  is  delineated  in  Fig.  8,  and 
the  first  account  of  it  was  given  in  1817  in  the  Tiibinger  Bl'dtter 
flir  Naturwissenschafb,  Tome  III ;  it  is  also  described  in  Gilbert's 
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Aimalen,  Bande  60,  Leipzig,  1819.  The  rotatdng  body  in  the 
middle  is  in  onr  figure  a  sphere,  bat  any  other  body  may  be  sub- 
stituted for  that ;  and  if  the  centre  of  gravity  of  it  coincides 
with  the  centre  of  the  three  several  rings,  then,  according  to  the 
notation  in  the  preceding  Articles,  i  =  0.  Let  us  suppose  the 
central  body  whether  it  is  a  sphere^  an  oblate  spheroid,  a  cone,  a 
cylinder^  or  any  other  body  such  that  a  =  B,  which  rotates  about 
the  axis  aa^,  to  be  capable  of  removal  from  the  ring  aba^b^;  and 
to  it  when  so  removed  let  a  rapid  rotation  be  given  by  means  of 
a  suitable  machine ;  let  it  be  replaced  with  its  pivots  in  the  holes 
at  A  and  a^  ;  then  the  construction  of  the  machine  allows  the 
several  movements  consequent  on  the  rotation  of  the  body  to  be 
exhibited,  when  A  =  0 ;  for  throughout,  the  centre  of  gravity  will 
remain  in  the  centre  of  the  rings,  and  be  unmoved.  And  if  the 
pivots  at  B  and  b^  are  listened  so  that  no  rotation  takes  place 
about  the  axis  bb',  the  inclination  of  the  axis  aa^  to  the  vertical 
cc'  is  constant  throughout :  this  is  the  case  wherein  6  =  ^^  and 
A  =  0,  &c.    Thus,  if  the  central  body  is  a  sphere  of  radius  a, 

A  =  B  =  C  =— r£ — > 

15 

and  therefore,  from  (191),  o  =  0,  and  o  =  00 ;  and  therefore  the 
equatorial  plane  of  the  sphere  always  intersects  the  horizontal 
plane  along  the  same  line ;  and  no  rotation  can  be  given  to  the 
sphere  whereby  its  axis  will  describe  a  conical  surface  about  the 
vertical  c  c'. 

Another  machine  of  the  latter  kind  is  that  devised  by  Fessel, 
which  is  described  in  Poggendorff  *8  Annalen,  Bande  90,  Leipzig, 
1853,  and  which  is  delineated  in  Fig.  37.  Q  is  a  heavy  fixed 
stand,  the  vertical  shaft  of  which  is  a  cylinder  bored  smoothly, 
in  which  works  a  vertical  rod  cc',  as  far  as  possible  without 
friction,  carrying  at  its  upper  end  a  small  frame  bb'.  In  bb'  a 
horizontal  axis  works,  at  right  angles  to  which  is  a  small  cylinder 
D,  with  a  tightening  screw  h,  through  which  passes  a  long  rod 
gg',  to  one  end  of  which  is  aflixed  a  large  ring  a  a',  and  along 
which  slides  a  small  cylinder  carrying  a  weight  w,  which  is  ca- 
pable of  being  fixed  at  any  point  of  the  rod  ;  and  so  that  it  may 
act  as  a  counterpoise  to  the  ring,  or  to  the  ring  and  any  weight 
attached  to  it.  An  axis  a  a'  works  on  pivots  in  the  ring,  in  the 
same  straight  line  with  gg';  to  a  a'  a  disc,  or  sphere,  or  cone, 
or  any  other  body  can  be  attached,  and  thus  can  rotate  about 
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A  A^  as  its  axis ;  to  the  body  thus  attached  to  A  a^  a  rapid  rotation 
can  be  given,  either  by  means  of  a  string  woand  ronnd  a  a'', 
or  by  a  machine  contrived  for  the  purpose  when  a  a'  and  its 
attached  body  are  applied  to  it.  It  is  evident  that  the  counter- 
poise w  can  be  so  adjusted  that  the  centre  of  g^vity  of  the  rod, 
the  ring,  the  attached  body^  and  the  counterpoise,  should  be 
in  the  axis  bb';  or  at  any  point  on  either  side  of  it ;  that  is, 
h  may  be  positive,  or  be  equal  to  0,  or  may  be  negative.  Also 
by  fixing  bb'  in  the  arm  of  c(/  which  carries  it,  the  inclination 
of  the  rod  og'  to  the  vertical  may  be  made  constant,  that  is, 
6  may  be  equal  to  Oq  throughout  the  motion.  When  the  coun- 
terpoise is  so  adjusted  that  the  centre  of  gravity  of  the  rod  QQ^ 
and  its  appendages  is  in  C(/,  then  ^  =  0,  or,  what  is  equivalent, 
mg  =  0. 

If  the  counterpoise  is  adjusted  so  that  the  centre  of  gravity  of 
the  rod  gg'^  of  the  ring,  and  of  w,  without  a  a'  and  its  attached 
body,  is  in  bb',  then  the  weight  of  the  body  will  produce  its  full 
efiect,  and  the  results  indicated  in  the  foregoing  Articles  will  be 
exhibited. 

329.]  In  application  of  the  general  equations  of  rotatory  mo- 
tion we  may  here  insert  another  problem  which  is  of  great  in- 
terest and  importance,  although  perhaps  it  more  properly  comes 
into  the  following  Chapter. 

When  a  body  has  motion  of  both  translation  and  rotation, 
the  investigation  into  these  several  motions  may  be  conducted 
separately,  by  virtue  of  those  fundamental  theorems  which  have 
been  proved  in  Section  2  of  Chap.  Ill,  and  the  rotation  may  be 
considered  relative  to  the  centre  of  gravity  and  an  axis  passing 
through  it ;  just  as  if  the  centre  of  gravity  was  a  fixed  point  and 
had  no  motion  of  translation.  This  is  precisely  what  I  propose 
to  do  now :  I  propose  to  consider  the  rotatory  phaenomena  of  the 
earth,  having  its  centre  of  gravity  fixed  at  least  hypothetically, 
under  the  action  of  the  attracting  forces  of  the  sun  and  the 
moon  ;  I  shall  indeed  consider  it  as  merely  a  mathematical  pro- 
blem ;  but  it  will  have  its  application  to  these  three  bodies : 
and  as  the  resulting  differential  equations  will  not  admit  of  in- 
tegration exactly  in  their  general  form,  I  shall  make  those  hy- 
potheses as  to  small  quantities  which  are  given  to  us  by  the 
circumstances  of  these  bodies.  Our  inquiry  too  will  be  general, 
and  will  include  the  action  of  all  bodies  by  which  the  rotation 
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of  the  earth  is  affected ;  that  is,  of  not  only  the  son  and  th^ 
moon,  if  there  are  others  whose  inflaenee  affects  the  earth's 
motion  of  rotation.  The  law  of  action  of  these  bodies  on  the 
earth  is  of  course  that  of  gravitation.  The  attraction  Taries 
directly  as  the  product  of  the  masses,  and  inverselj  as  the  square 
of  the  distance. 

Let  m  be  the  mass  of  the  body  whose  action  on  the  earth  we 
are  considering ;  let  the  centre  of  gravity  of  the  earth  be  the 
origin,  and  let  the  central  principal  axes  of  the  earth  be,  as 
heretofore,  the  axes  of  i^rjfC;  the  C-^xis  being  the  geometrical 
polar  axis ;  and  let  A,  b,  0  be  the  central  principal  moments  of 
the  earth  relative  to  these  axes  respectively ;  let  dm'  be  a  mass- 
element  of  the  earth,  of  which  the  density  is  p,  and  let  its  plaoe 
be  (f,  7j,  C)i  then  p  is  a  fimction  of  these  coordinates ;  let  (4^,5^,  0) 
be  the  centre  of  gravity  of  i» ;  /  =  the  distance  of  {x,y,  z)  from 
(f,  T7,  a  \  <^d  1^^  ^  he  the  distance  oim  from  the  centre  of  gravity 
of  the  earth  ;  and  let  the  attraction  which  two  unit-particles  at 
an  unit-distance  exert  on  each  other  be  the  unit  of  attraction, 
and  be  unity ;  then 

Now,  for  two  reasons,  we  consider  the  attraction  of  m  on  the 
earth  to  be  the  same  as  if  i»  were  condensed  into  a  particle  of 
mass  m  at  its  centre  of  gravity;  (1)  because  the  distance  be- 
tween 7n  and  the  earth  is  supposed  to  be  very  great,  and  con- 
sequently the  theorem  proved  in  Art.  223,  Vol.  Ill,  is  applicable 
to  its  action ;  (2)  because  the  bounding  surface  of  m  is  nearly 
spherical,  and  m  is  supposed  to  consist  of  a  series  of  concentric 
spherical  shells,  the  attraction  of  each  of  which  on  an  external 
particle  dmf  is  the  same  as  if  it  were  condensed  into  its  centre 
of  gravity. 

Let  X,  Y,  z  be,  relatively  to  the  earth's  principal  axes,  the  axial 
components  of  the  attraction  of  m  on  the  earth  ;  then 


="/// 


x  =  ;«///(^:ilk4IM^ 


Y  =  ^  . . ,  (y-v)p'^^'^vd< 


-Iff 


/ 


3 


z  =  «zr/"r(izL0p'^^'^'7'^<:. 


(197) 


/" 
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(198) 


the  integrations  in  each  e(][uation  being  such  that  all  the  ele- 
ments of  the  earth  are  included. 

As  the  distance  of  the  centre  of  m  from  the  centre  of  the 
earth  is  very  great  in  compaiison  with  the  mean  radins  of  the 
earth,  and  consequently  with  the  coordinates  of  any  element  of 
the  earth,  oven  when  m  is  the  moon;  so  the  quantities  under 
the  signs  of  integration  in  the  right-hand  members  of  the  pre- 
ceding equations  may  be  expressed  as  series  of  terms  rapidly 

(    n    C 
converging  in  powers  of  -  >  - » -  ;  the  greatest  value  of  either  of 

these  quantities  is,  in  the  case  of  the  moon,  ;  and  in  the 

case  of  the  sun,  ^^qq^  ;  in  the  following  expansion  therefore  I 

shall  omit  all  powers  of  these  quantities  above  the  second. 

For  the  effect  of  subsequent  terms  in  the  series,  the  student 
may  consult  a  Memoir,  having  for  its  title,  *'  Th^orie  du  mouve- 
ment  de  la  Terre  autour  de  son  Centre  de  Gravity,"  by  M.  J.  A. 
Serret ;  and  contained  in  Vol.  V  of  "  Annales  de  TObservatoire 
Imperial  de  Paris,"  1859.  He  will  there  find  the  mode  of  calcu- 
lating the  terms  which  arise  on  the  hypothesis,  that  the  oblate- 
ness  of  the  northern  and  southern  hemispheres  of  the  earth  is 
difierent ;  and  on  the  hypothesis,  that  the  earth  is  not  symme- 
trical relatively  to  the  polar  axis  of  figure. 

Now,  from  (196), 

;^  =  {(»-f)^  +  (^-'»)»  +  (^-m-* 


1  + 


r* 


+  ^  (£i±£|±fO'| ;        (199) 
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let  us  sabfltiltate  tbii  Talue  it,  (198) ;  then,  sinoe  tlie  oentie  of 
giavity  of  the  eurth  is  the  origin,  and  the  oebtiBl  prineipel  axes 
aie  the  coordiiiate  nam, 

fffp^didndc^ffjpndidndC^fffpCd^dndc^Oi  (200) 
fJJpvCdidfidC^fJJpC€d€dndC^f^^^  (201) 

and  oonaeqaently,  omittibig  all  powen  of  email  qnantitieB  above 
the  eeeond,  (108)  beoome 

L  =  8ai(o-B)^fx 

M=8ti(A-o)-Ji  .  (202) 

K=8tl(B-A)S^ 

With  legaid  to  the  last  two  terms  of  (199)  which  do  not  appear 
in  these  equations,  having  been  omitted  on  acooont  of  the  small* 
ness  of  the  qnaniities,  I  wonld  observe,  that  tbey  disappear  of 
themselves  in  the  integration,  if  the  earth  is  sapposed  to  be 
qrmmetrieal  in  the  distribution  of  its  elements  in  the  northern 
and  southern  hemispheres,  and  with  respect  to  its  polar  axis 
of  figure.  So  that  under  this  hypothesis  the  equations  (202) 
are  much  more  approximate  than  they  appear  to  be  at  first 
sight. 

Since  ->  ->  -  are  the  direction-cosines  of  the  line  joining  the 

centres  of  the  earth  and  the  attracting  body,  it  appears  tbat 
L,  H,  and  N  vary  directly  as  the  mass  of  the  attracting  body, 
and  inversely  as  the  cube  of  the  distance  of  its  centre  from  the 
centre  of  the  earth.  Hence,  if  we  calculate,  from  a  synoptic 
table  of  the  elements  of  the  moon  and  of  the  planets,  this  quan- 
tity, it  will  at  once  be  seen  that  the  sun  and  the  moon  are  the 
only  bodies  which  produce  any  sensible  effect  on  the  rotation  of 
the  earth  ;  the  effect  of  the  sun  is  due  to  its  very  large  mass ; 
and  the  effect  of  the  moon,  which  is  much  greater,  to  its  nearer 
distance. 

880.]  Equations  (202)  admit  of  further  simplification ;  and 
let  us  first  consider  them  with  respect  to  the  sun. 

Let  ni^  the  mean  angular  velocity  of  the  earth  about  the 
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son ;  let  E  ss  the  mass  of  the  earth ;  then,  as  the  eccentricity 

of  the  earth's  orbit  is  very  small,  r  may  be  taken  as  the  mean 

distance  of  the  earth  from  the  sun ;  and,  equating  the  earth's 

periodic  time  in  terms  of  v(  with  that  given  in  Vol.  Ill,  Art.  404, 

(154),  we  have  n  o     4 

^  =  ^;  (208) 

y  according   to   Encke,  quoted  by  sir  John 


^^^  m  ""  889551 


Herschel ;  and  this  quantity  being  small  may  be  neglected,  so 

that 

(204) 


m 


=  «'«; 


and  therefore  for  the  action  of  the  sun,  the  equations  (202)  be- 
come «^    » 

L  =  3«'»(c-B)f.\ 


zx 


\ 


(205) 


Again,  let  us  consider  (202)  with  respect  to  the  moon ;  and 
let  all  the  quantities  which  refer  to  the  sun  receive  an  accent, 
and  thus  refer  to  the  moon. 

Let  fC'  be  the  mean  angular  velocity  of  the  moon  about  the 
earth ;  then,  if  we  neglect  the  eccentricity  of  the  moon's  orbit, 
and  take  /  to  be  the  mean  distance,  by  the  same  theorem  as 
that  which  we  have  just  now  applied  to  the  sun, 

2w         2w/* 


n 


// 


(m!  +  E)i ' 


(206) 


but  —,  =  81.84  nearly,  =  e  (eay) ;  so  that 


/3 


/'2 


and  sabstltuting  this  value  in  (202)  we  have 


(207) 


rr-l 


L   = 


m'  = 


3  a 

l  +  « 
3«"2 


(C-B) 
(A-C) 


/'I   ' 


l  +  e 

„'-  3^rB  A^^. 


(208) 
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and  the  eqnatibnB  of  rotation  of  the  earth  become 


+  ^  "»"» -— T"  {"H"  +  (Tm)^  } ' 


— ?  J 

dt  ^     B 

da>o      B-— A 
*  +  -— -0) 


(209) 


The  complete  integration  of  these  equations  is  bejond  the 
power  of  analysis ;  and  we  are  obliged  to  have  reconrse  to 
methods  of  approximation,  taking  advantage  of  those  circum- 
stances as  to  small  quantities  which  the  relations  of  the  sun, 
earth,  and  moon  ofi%r  to  us :  these  we  proceed  to  explain. 

881.]  In  the  first  place,  geodetic  measurements  shew  that  the 
figure  of  the  earth  is  nearly  that  of  a  solid  of  revolution,  whose 
axis  is  the  polar  axis  of  figure ;  and  as  there  is  no  reason  to 
suppose  any  great  want  of  symmetry  in  the  distribution  of  the 
material  elementB  in  the  interior  of  the  earth,  we  may  sappoee 
the  two  principal  moments  in  the  plane  of  the  equator,  and  con- 
sequently all  the  moments  of  inertia  in  that  plane,  to  be  equal ; 
thus,  B  =  A ;  and  this  equality  exists  whatever  are  the  positions 
of  the  axes  of  x  and  y  in  the  plane  of  the  equator. 

I  may  moreover  observe,  that  the  most  profound  calculations'^, 
based  on  the  hypothesis  of  an  unsymmetrical  distribution  of 
material  within  the  earth,  lead  to  the  conclusion  that  (03  is  con- 
stant to  a  first  approximation,  and  that  consequently  b  =  a  ;  this 
result  follows  &om  the  fact  that  the  action  of  the  sun  and  moon 
is  very  small  in  comparison  of  the  actual  vis  viva  of  the  earth. 

Observations  made  with  the  pendulum  are  in  accordance  with 
direct  measurement,  and  shew  the  earth  to  be  a  solid  of  revolu- 
tion, whose  polar  axis  is  shorter  than  the  equatorial ;  and  that 
its  figure  is  approximately  an  oblate  spheroid  ;  and  thus  c,  which 
is  the  central  principal  moment  relative  to  the  axis  of  revolution, 
is  the  greatest  of  all  moments.  Now,  putting  b  =  a  in  (209),  it 
is  plain  that  c  and  a  enter  into  the  equations  of  motion  only  in 

the  form :  the  value  of  this  quantity  cannot  be  determined 

by  direct  observation,  because  we  are  ignorant  of  the   law  of 
density  of  the  matter  of  the  earth,  and  we  are  obliged  to  have 

•  See  the  Memoir  of  Serret  quoted  above ;  also  Le  Verrier,  Annales  de 
rObservatoire  Imperial  de  Paris,  Tome  II. 
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recourse  to  indirect  methods.    The  observed  values  of  precession 

and  nutation  give  it  a  value  of  nearly  ot^^*  which  is  beyond 

doubt  almost  correct ;  also  a  hypothesis  of  Laplace,  discussed  in 
the  M^nique  Celeste,  Livre  XI,  gives  a  result  nearly  identical ; 
this  value  we  shall  take.  Since  the  physical  constitution  of  the 
earth  enters  into  the  equations  of  motion  only  by  means  of  these 
quantities,  it  is  evident  that  the  phaenomena  of  precession  and 
nutation  would  be  the  same,  whatever  change  took  place  in  the 

C  — A 

earth,  so  long  as  the  ratio was  unaltered. 

Again,  the  actual  axis  of  rotation  of  the  earth  is  almost  fixed 
in  it,  and  is  almost  identical  with  the  axis  of  figure ;  that  is,  the 
poles  of  the  earth  are  almost  fixed  points  on  its  sur&ce.  Were 
they  not  so,  geographical  latitudes  would  vary  from  time  to  time; 
whereas  no  variation  has  been  indicated  by  observation,  so  far  as 
I  know.  Moreover,  as  the  true  rotation-axis  of  the  earth  in  all 
its  positions  nearly  coincides  with  the  axis  of  figure,  the  true 
angular  velocity  a>,  which  is  the  resultant  of  m^,  a>2,  cd,,  is  nearly 
equal  to  caj,  which  is  the  angular  velocity  about  the  earth's  axis 
of  figure,  and  is  constant ;  and  thus  oi^  and  w^  are  very  small 
quantities.  Thus,  if  we  image  the  actual  rotation  of  the  earth 
by  the  rolling  of  one  cone  on  another,  that  cone  which  the 
earth's  axis  describes  in  itself  has  a  very  small  vertical  angle, 
the  cone  fixed  in  space  having  a  vertical  angle  a  little  greater 
than  46°  55'.     See  Art.  302. 

This  is  the  information  which  observation  gives  as  to  the  cir- 
cumstances of  the  constitution  and  the  figure  of  the  earth,  and 
as  to  the  approximate  invariability  of  its  angular  velocity,  and  of 
the  position  of  its  rotation-axis. 

Under  these  circumstances  the  equations  of  motion  become 


dt 

C  — A 

+ 

A 

rfcog 

C  — A 

dt 

A 

d(0^ 

«2«3  =  ^ 


<«a'*i  = 


dt  =«' 


0,3  =  n,  (211) 


from  the  third  of  these 

*  See  the  Memoirs  of  Serret  and  Le  Verrier. 
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if «  is  the  ang^ular  velocity  of  the  earth  about  its  polar  axis  of 
figure. 
Also,  for  convenience  of  expression,  let 

c— A 

then  the  first  two  of  (210)  become 


-  +  o»a) 


(212) 


and  from  these  equations  all  the  phaenomena  of  the  rotation  are 
to  be  deduced. 

Equations  (210)  shew  that  the  action  of  both  the  sun  and  the 
moon  on  the  earth  is  due  to  the  physical  constitution  of  the 
earth  itself.    If  c  =  a,  that  is,  if  all  the  principal  central  moments 

of  the  earth  were  equal,  -^r^  =  -rr  =  -jf  =  0 ;  and  thus  the 

angular  velocity  would  be  constant,  and  the  earth's  rotation-axis 
would  be  fixed  in  itself,  and  would  be  absolutely  fixed  in  space ; 
the  protuberant  matter  at  the  earth's  equator,  which  causes  the 
inequality  of  the  central  principal  moments,  is  thus  the  indirect 
cause  of  the  peculiar  motion  of  the  earth's  rotation-axis,  which 
we  are  about  to  investigate. 

332.]  The  arrangement  of  the  bodies  which  is  convenient  for 
our  system  of  symbols  and  equations  is  exhibited  in  Kg.  38. 

o  is  the  centre  of  the  earth ;  and  the  plane  xoy  is  the  fixed 
plane  of  the  ecliptic;  ox  being  the  line  of  the  vernal  equinox  when 
^  =  0.  About  o  as  a  centre  a  sphere  is  described  whose  radius 
is  equal  to  unity ;  and  the  several  curved  lines  of  the  figure  are 
the  intersections  of  the  surfece  of  this  sphere  by  various  planes 
and  lines  drawn  through  o,  and  all  refer  to  the  configuration  of 
the  system  at  the  time  i ;  yx's  is  the  plane  of  the  earth's  equator, 
so  that  ON  is  the  line  of  the  vernal  equinox,  and  xoN  is  the  pre- 
cession ;  oz  is  the  earth's  polar  axis  about  which  the  angular 
velocity  is  n,  and  o^  and  oy  are  the  earth's  principal  axes  in  the 
plane  of  the  equator,  o^  being  so  chosen  that  it  coincides  at 
the  same  time  with  ox,  os,  and  on  ;  os  is  the  radius  vector  of 
the  sun,  which  is  always  in  the  plane  of  the  ecliptic  ;  om  is  the 
radius  vector  of  the  moon,  mn'i  being  the  plane  of  the  moon's 
orbit ;  ON^  is  the  line  of  intersection  of  that  plane  with  the  plane 
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of  the  ecliptic,  and  is  the  line  of  the  moon's  nodes ;  oi  is  the 
line  of  intersection  of  the  plane  of  the  moon's  orbit  with  the 
plane  of  the  earth's  equator.  Let  i  be  the  angle  of  inclination 
of  the  plane  of  the  moon's  orbit  to  the  ecliptic ;  then  i  is  nearly 
constant,  and  has  a  mean  valne  of  S""  8^48^^;  we  shall  take  it  to 
be  constant.  Now  the  line  of  nodes  of  the  moon  revolves  in  the 
plane  of  the  ecliptic,  and  performs  a  complete  revelation  in  about 
6793  days.  Thus  ON^  revolves  about  oz;  let  )3  be  its  angular 
velocity ;  then,  if  «  =  1,  we  have  approximately, 
,_      1  ,,_      1  1 

*  ""  365.25  '     *  ""  27.82 '     ^  ""  6793 ' 
so  that  p  is  much  less  than  the  other  quantities ;  the  small  fi»c- 
tion  a  is  also  a  &ctor  of  all  the  terms  into  which  these  quantities 
enter. 

As  the  angular  motion  of  the  line  of  equinoxes  is  very  small, 
the  angle  xon  is  very  small  compared  with  nox,  or  xos ;  so 
that  approximately  Nos  =  xos  =  nft ;  and  Noa;  =znt  We  shall 
also  in  calculating  small  terms  neglect  variations  of  0.  From 
this  arrangement  we  have 


-=  cosa;os  =     cos«^  cos  n't  +  sin  nt  sin  nft  cos  0. 

r 

^  =  cosmos  =  —  sin»  ^  COS  »'^  +  co8»  ^  sin  «'^  COS  0, 

-=cos2:os=  — sinw^^sind; 

r 


(213) 


which  are  thus  expressed  in  terms  of  t  and  of  constants. 

Again,  as  to  the  moon ;  let  us  in  the  first  place  refer  it  to  the 

ecliptic ;  then,  if  ^^o  ^  ^^  longitude  of  the  moon's  node  at  the 

vernal  equinox,  that  is,  when  ^  =  0,  non'  =  ^'^j  +  jS^  =  ^',  say ; 

and  if  ^^q  is  the  moon's  right  ascension  at  the  vernal  equinox, 

n'om  =s  ^'o  +  «"^  =  ^',  say ;  then,  as  t  is  very  small,  n'om  and  its 

projection  on  the  plane  of  the  ecliptic  may  be  considered  to  be 

equal;  so  that  the  longitude  of  M  is  <^^  +  V^^;  and,  if  we  replace 

sin  i  by  t,  cos  moz  =  %  sin  if/ ; 

of 

-J =cosa?OM= {sin(<^'  +  ^')cos^  +  isin^^'sin^}  sin»^  +  cos(<^'+ ^')cosii^, 

^=cos^OM=  {8in(<^'  +  V^')coe^  +  i8in^'sin^}cos«^— cos(^'  +  ^')8inn^,  V(2] 

-J  =cos;?OM=asin</>^cosd— sin(<^^  +  ^^)sind; 
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and  as  ^'  +  ^'=  ^'0  +  V^'o  +  (i3  +  ^'0^»  these  quantities  arc  ex- 
pressed in  terms  of  t,  and  of  known  quantities ;  they  are  to  be 
snbstituted  in  the  equations  (212);  which  are  then  to  be  in- 
teg^ted. 

The  linear  form  of  the  equations  (212)  shews  that  the  effects 
of  the  action  of  the  sun  and  the  moon  may  be  calculated  sepa- 
rately ;  and  that  the  whole  effect  is  the  sum  of  the  two  separate 
effects.  We  shall  consequently  calculate  each  by  itself.  Instead 
of  determining  a>i  and  oog  by  means  of  these  equations,  it  will  be 
more  convenient  to  calculate  6  and  ^  directly,  as  the  position 
of  the  earth  will  hereby  be  determined  with  reference  to  fixed 
lines. 

The  equations  which  connect  these  angles  with  the  principal 
angular  velocities  are  given  in  Art.  64 ;  and  are 

—  =  cd^cosip^io^sm^, 

sm^^  =  a>^sm</>  +  a>2Oos0. 

333.]  Our  object  in  this  inquiry  is  not  to  calculate  accurately 
the  motion  of  the  earth's  rotation-axis,  and  the  earth's  angular 
velocity  which  determines  the  length  of  a  day;  but  to  trace 
roughly,  and  to  indicate  in  their  salient  points,  the  results  of  the 
action  of  the  sun  and  moon.  We  shall  therefore  retain  only  the 
larger  quantities,  and  small  quantities  of  the  first  order ;  and  we 
shall  only  notice  the  kind  of  change  which  is  produced,  with  a 
view  rather  to  the  general  effect  of  such  action  than  to  numerical 
calculations. 

We  will  first  consider  the  terms  in  (212)  which  refer  to  the 
sun,  and  which  will  be  replaced  by  their  values  in  (213). 

Now  the  earth's  axis  is  inclined  to  the  normal  of  the  ecliptic 
at  an  angle  which  is  nearly  constant ;  let  i  be  its  mean  value, 
which  is  about  23°27'32";  this  angle  being  that  between  the 
earth's  equator  and  the  ecliptic  is  called  the  obliquity  of  the 
ecliptic.  It  is  the  mean  value  of  0  according  to  our  arrange- 
ment, and  we  shall  replace  ^  by  it  in  terms  invohnng  small 
quantities.  Also,  as  the  earth  rotates  uniformly  about  its  polar 
axis  with  the  angular  velocity  «,  and  as  the  angular  velocity  of 
ON  is  very  small,  <t>  =  nt,  omitting  small  quantities ;  and  thus 
the  equations  of  the  last  Article  become 
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de 

.      df  .  (215) 

Sin  i-—-  zx(i)^eiiint-\-ai2COBni;) 

.'.   ^  =C08«r-^— Biii»f-^  ^«(a>jSinff^  +  a>2C0SM^) 

=  co8«<^-8iii«<^*-«9ini^;  (216) 

8iai^  =  Bin«<^»+co9«^^  +  „^;  (217) 

substituting  for  -^  and  -^7^  their  values  given  in  (212),  taking 
only  the  terms  which  depend  on  the  sun's  action^  we  have 

^  +(l+a)»sini  -^  +3a«'2(sin«'^)«sinicosi  =  0;  (218) 

sini  --i  —  (1  +  a)7t  -T-  — 3a»'2sin»'^cos»'^sini  =  0.   (219) 

Integrating  (218)  we  have 

do      ,.       \     .       .      Sanf^  .              /.     sin2«'^\      ^    /nft/>\ 
^7  +(l  +  a)wsini>/f+  — ^sinicosi(^ — 7-j  =  0;  (220) 

no  constant  being  added,  because  if  no  disturbing  force  acts,  that 

is,  if  «'=0, 37  =  0 ;  and  >lr  =  0,  when  ^  =  0.     Substitute  for  -57 
at  at 

in  (219),  and  we  have 

^V  .  n  .    \2  2/  8a(l+a)«'2»cosi 

+  ^  {(l  +  o)«co8i  +  2«'}8in2»'^;(221) 

3a«'*cosi^     8o»'(l+o)«cosi  +  2ii'  •   «  /^ 
^  2(l  +  a)a  4      (l  +  o)2n2-4ii'« 

+  c'sin{(l  +  o)ii^+y};    (222) 
where  c'^  and  y  are  constants  introduced  in  integ^tion;   but 

since  >/r  =  0  when  ^  =  0,  and   -^  is  independent  of  i  when 

«'=  0,  c'=  0,  and  y  =  0,  ^ 

Also,  in  the  coefficient  of  sin2ii'^  we  may  omit  -y  >  on  accoxmt 
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C  — A 


of  its  emallneBS ;  and^  since  a  = 


^"^  (228) 


l+o"    c    ' 
and  thus  (222)  becomes 

8«'*eosic— A^     8«'cosic— A  .    ^  ,.       /oo^x 
^ ^ _,+  ___-em2«<.      (224) 

Replacing  ^  in  (220)  by  this  valae  we  have  an  identity ;  whicb 
sbews  that  the  tenns  herein  retained  destroy  each  other  in  the 
variation  of  Oy  although  they  give  a  finite  result  in  the  value  of 
\lr.  We  must  therefore  replace  ^  by  the  value  which  it  has  before 
small  terms  are  omitted ;  that  is,  we  must  substitute  for  ^  the 
value  given  in  (222),  putting  however  (/=  0 ;  then  (220)  becomes 

-^-.^——s,n2nt;  (225) 

...     fl  =  i  +  8^£^co82«'<;  (226) 

where  i  is  the  constant  of  integration  and  is  the  mean  value  of  6. 
Equations  (224)  and  (226)  exhibit  the  effects  of  the  sun's 
action  on  the  rotation  of  the  earth.  ^  is  the  angle  through 
which  the  line  of  equinoxes,  on  in  Pig.  38,  moves  in  the  time  ^, 
and  is  called  the  Solar  Precession  of  the  equinoxes ;  (224)  shews 
that  it  consists  of  two  terms,  from  the  former  of  which  it  ap- 
pears that  yfr  increases  directly  as  the  time  ;  and  from  the  latter, 
that  this  continual  motion  is  accompanied  by  a  periodical  vaxia- 

tion,  of  which  the  periodic  time  is  —  >  that  is,  is  half  a  year. 

This  periodical  quantity  is  called  the  Solar  Nutation  of  the 
Earth's  Axis  in  Longitude,  or,  the  Nutation  of  the  Equinoxes. 
Thus,  the  line  of  equinoxes  is  sometimes  a  little  in  advance  of, 
and  sometimes  a  little  behind,  its  mean  place ;  and  coincides 
with  its  mean  place  every  half  year ;  but  as  the  coefficient  of 
this  periodical  part  is  very  small,  so  does  the  term  scarcely  ever 
acquire  a  seosible  magnitude. 

From  (226)  it  appears  that  $  has  a  mean  value  i ;  but  that 
the  earth's  axis  has  a  small  oscillatory  motion,  depending  on  the 
second  term  of  which  the  period  is  also  half  a  year ;  and  this 
second  term  is  always  very  small  because  its  coefficient  is  small. 
It  is  called  the  Solar  Nutation  of  the  Earth's  Axis  in  Latitude, 
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or,  the  Nutation  of  the  Obliquity.  Thus,  the  mean  rotation-axis 
of  the  earth  would  have  a  very  slow  progpressive  motion  in  space, 
inclined  at  a  constant  angle  i  to  the  normal  of  the  ecliptic,  if  it 
were  disturbed  by  only  the  sun's  action. 

884.]  The  effect  of  the  moon  on  the  rotation  of  the  earth  is 
expressed  by  the  latter  terms  in  the  right-hand  members  of  (212) ; 
these  we  now  proceed  to  inquire  into,  and  by  a  process  similar  to 
that  by  which  we  have  investigated  tiie  action  of  the  sun. 

For  abridgment  of  notation  let  the  moon's  longitude  =  ii+vt; 
so  that 

f*  =  *'o  +  V^o;    P  =  P  +  n''l  (227) 

and  let  us  replace  ^  by  i ;  (214)  become 

^  .  \ 

-r=  {sin(/yi+y^)cosi  +  isin(^'Q  +  >i"^)8ini}sin»^+cos(fA  +  i^^)cosii^,  j 

y  =  {sin(/yi  +  z;^)co8i  +  fsin(</)'o  +  »"^)8ini}cos«^— cos(/yi  +  y^)sin«/,  >  (228) 

/       . 

-J  =  i8in(<^'o  +  »"^)cosi— an(|yt  +  if^)sini; 

as  i  is  a  small  angle,  the  squares  and  higher  powers  of  it  will  be 
omitted.  Substituting  these  quantities  in  (212)  and  in  (216), 
we  have 

^=-(l  +  a)«sini  -J-  +  -y— ^{sm(M+i'^)cosi  +  ism(<^o  +  '»  ^)s^^^J 

/I  .    \     •      ^^      3an'^^  (      sin2i,-  ^,     ,     .^> 

=  -(l  +  a)«8mi-^  +  y:^\ 4~{l-co82(fA  +  rO} 


1C082I 

+ 


(cos{Vr'o  +  i3^}-cos{2^'o  +  V^'o+(^  +  2ii'')0)|;(229) 


2 

and  substituting  in  (217), 

.      ^V     /I       ^    ^^  .  3a«"2Csini  .   o/   _l   y\ 
sini^  =  (l  +  a)^^  +  -3^|-2-sm2(^  +  .0 

''"^''(8in{>/r',  +  ^^}-sin{2*'o+V^'o+(/3  +  20^})  }•  (280) 


'      2 
From  (229)  we  have 
do         „.    X  _._...  8a«''«(      sin2i^^     Bm2{fi  +  vi) 
di 


„       ,     .      .      8a«''*C      sin2i/.     sin2(/yi  +  i^^)x 
ico82i.8in(Vr^o  +  j30      Bin{2<f>^,-^Vr^o-^y■^2^^^}xj^y3^^ 

E  e  d 
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Now  etibstitiiting  this  in  (230),  we  have 

^V  .  /I  ,    X2  2.1          3a»"2(i  +  a)«cosi 
^+(l  +  a^V= i^^ 1 

^3a»''2  C(l  +  o)»C08i  +  2i;   .   o/   ^    yx 
^UTl  '^v 8"^2(f^  +  ^0 

(l  +  a)«C082i  +  )3c08i.  .    ...  ^ -.V 

'^- o^  ' ^^- »sm(Vro  +  ^^) 

2^sini  ^    "         ^ 

-: 2(^  +  2>)Bini  tBm{2i>o^roHP^innt}\;  (282) 

3a«"^cosl      ^      3a«"2f    (1 +a)«cosi  +  2j;      .    «/    .     ^\ 
^  2(l  +  tf)(l+a)»         1+^  (4j;{(l  +  a)2«2-4y2}  V'*        / 

(l-^a)nco82n-ffcosI  .^g^^/^/   .  ^^) 
^2i38ini{(l  +  a)2»2-^2}»^VV^af  P  ; 

(l+a)«COB2l  +  ()3  +  2»'0cO8l  .  .    ro^/         ./    .  /o  .  o   //\yi)      /oaQ\ 

the  constants  being  omitted  for  the  same  reason   as  they  are 
omitted  in  (222). 

Now  p  is  very  small  compared  with  »",  and  thus  i;  may  be  re- 

placed  by  »";  and  the  sqoares  and  higher  powers  of  —  may  be 

omitted ;  so  that  after  all  reductions  (233)  becomes 

3a»"^cosi      ^  3a«"co8i         .    ^r.,       .,      /^       //x^i 

3a«''*cos2i  .  .    / ,,    ,  ^  .V 

+  2-MU.)(l  +  a)8ini^^^^^^"^^^^ 

-^    n^''''w?'^w     t8in{2i^^o  +  V^^o  +  0  +  20^}-  (234) 
4»(l  +  a)(l+^)8mi        ^    ^o-rro     va-  /j    v       / 

If  we  substitute  this  value  for  yjr  in  (231)  it  leads  to  an  identity, 
and  thus  it  appears  that  the  terms  which  are  herein  retained 
cancel  each  other  in  the  variation  of  ^ ;  we  must  therefore  replace 
yjr  in  (231)  by  its  more  approximate  value,  which  is  given  in 
33) ;  and  we  have 

(le  3an"2         f-sini   .    o/    .    .v      cosi  .  .    .,,    ,  . .. 

.¥  =  (l-H.)(l4-a)4~2-  sm2(;x  +  .0--2-^sm(Vro  +  ^0 

+  ^'i8in{2^'o  +  V^'o  +  (/3  +  2^'0^l|;  (235) 
3a»"2 


cos  I  . 
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where  i  is  the  mean  value  of  6,  and  is  the  constant  introduced  in 
integration. 

In  (234)  and  (236)  the  last  terms  which  involve  the  angle 
2<^'o  +  V^'o  +  0  +  2»")^  are  to  be  omitted,  because  of  the  small- 
ness  of  the  coeflScient  in  which  t  is  a  factor ;  the  next  preceding 
terms  in  each  however  must  be  retained,  because  ^,  which  is  a 
very  small  quantity,  is  in  the  denominator  of  the  coeflScient, 
and  this  brings  it  into  importance^  although  it  contains  ^  as  a 

fector ;  thus,  if  we  replace  y—  by  its  value,  given  in  (228),  we 

have  from  (234)  and  (236), 
,  3«"2cosic— A  ,  .    3»'^cosi  c^A  f  .    «,   ,        ,      ,        ,^ 

4»"cos2i  ♦    .    ,,,      ^^. )     ,^_^. 

+  «"cos  I  ^  COS  ( >/r'o  +  i30 1.  (288) 

On  comparing  these  values  with  (224)  and  (226),  which  express 
the  sun's  action,  it  is  evident  that  they  produce  effects  on  the 
earth's  axis  of  precisely  the  same  kind ;  so  that  what  has  there 
been  said  of  solar  precession  and  nutation,  may  here,  mutatis 
mutandis,  be  said  of  lunar  precession  and  nutation;  but  the 
effect  of  the  terms  in  these  latter  expressions  is  much  greater 
than  that  of  those  in  the  former,  because  n^^  is  much  greater 
than  n\ 

335.]  The  whole  precession  and  nutation  is  the  sum  of  the 
two  separate  effects ;  but  before  we  add,  we  must  make  a  re- 
mark or  two  on  the  signs  of  our  quantities.  We  have  taken  all 
the  angular  velocities  to  be  positive ;  that  is,  we  have  supposed 
the  bodies  to  revolve  from  the  axis  of  x  towards  that  of  Y  in 
Fig.  38 ;  and  this  hypothesis  is  in  accordance  with  the  conven- 
tion of  signs  which  has  been  adopted  throughout  the  volume ; 
it  is  not  however  necessarily  that  of  the  actual  motion  of  the 
earth  and  moon,  of  the  moon's  line  of  nodes,  and  of  the  apparent 
motion  of  the  sun :  let  ox  be  east  on  the  ecliptic,  and  let  oz  be 
the  normal  to  the  ecliptic  towards  the  north :  now  all  the  bodies 
revolve  in  their  orbits,  as  well  as  about  their  axes,  from  west  to 
east ;  so  that  the  signs  of  n  and  of  n^^  are  to  be  changed ;  that 
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of  %'  is  correct,  because  the  son's  motion  is  apparent  only,  beings 
due  to  the  actual  motion  of  the  earth.  The  line  of  the  moon's 
nodes  also  retrogrades,  that  is,  goes  from  east  to  west,  so  tiutt 
the  sign  of  /)  is  correct. 

Also  let  J2  l>o  the  longitude  of  the  moon's  line  of  nodes  at 
the  time ;  let  Q  and  ([  be  the  longitudes  of  the  son  and  moon 
respectively*;  then 

Si  ^ylf'o-^pt,  Q^n%  ([  =*'o  +  ^'o  +  (/3-0^;  (289) 
so  that  for  the  whole  precession  and  nutation  we  have 

3C08IC-A/   ,2        «''*N 

.g^gi::^{,t''"w^o    4Bing^J^sin2([-i»-sin20};(24O) 
4»        c     ((l+tf)8m2i)3       ^      l  +  e  ^J»\       / 

8  c— A  (w'^^cosi  i        ^       n^'sini       ^^      w'sini       ^^)     ,„... 

the  terms  involving  nf^  and  nf  arise  from  the  action  of  the  moon 
and  sun  respectively. 

The  second  of  these  equations  shews  that  the  earth's  aids  is 
inclined  to  the  normal  of  the  ecliptic  at  an  angle  which  is  nearly 
constant ;  yet  that  there  are  small  variations  of  the  angle  which 
are  expressed  by  the  latter  terms  of  (241) ;  these  terms  are 
periodic,  and  are  very  small  because  their  coefficients  are  small ; 
they  depend  on  the  longitude  of  the  moon's  ascending  node  on 
the  ecliptic,  on  the  longitude  of  the  sun,  and  on  the  longitude  of 
the  moon ;  they  constitute  the  luni-solar  nutation  in  latitude 
or  in  obliquity. 

Equation  (240)  shews  that  the  line  of  equinoxes  has  a  general 
retrograde  motion  along  the  ecliptic,  with  an  angular  velocity 

8  cos  I  C  — A/    ,«  «"2  X  _  /ft^ftx 

this  quantity  is  called  the  luni-solar  precession  of  the  equinoxes ; 
yet  that  this  retrograde  motion  is  not  uniform,  but  is  subject  to 
slight  variations,  which  are  periodic,  and  are  expressed  by  the 
last  three  terms  of  the  right-hand  member  of  (240) ;  that  these 
periodical  quantities  are  very  small,  because  their  coefficients 
are  small :  they  likewise  depend  on  the  longitude  of  the  moon's 
line  of  nodes,  and  on  the  longitudes  of  the  sun  and  the  moon ; 
and  they  constitute  the  luni-solar  nutation  in  longitude. 

*  It  will  be  observed  that  no  distinction  has  been  made  between  true 
and  mean  lonj^itude,  true  and  mean  ecliptic,  &c. ;  our  calculations  have 
not  been  earned  far  enough  for  such  accurate  positions. 
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The  motion  therefore  of  the  earth's  axis  in  space  will  be  well 
represented  by  the  Fig.  36 ;  in  which  o  is  the  centre  of  the  earth 
and  is  supposed  to  be  fixed,  and  the  radius  of  the  sphere  is 
unity.    The  axis  whose  motion  is  defined  by  the  equations 

^  =  1,        1^  =  *^,  (248) 

may  be  called  the  mean  axis  of  the  earthy  i  and  "^t  being  re- 
spectively the  mean  obliquity  and  the  mean  precession.  And 
the  axis  which  is  defined  by  the  complete  expressions  (240)  and 
(241)  will  be  the  true  axis.  Let  cob  =  i ;  then  the  circle  RS 
wiU  be  that  along  which  the  mean  axis  will  intersect  the  sur&ce 
of  the  sphere ;  and  if  oq  is  the  mean  axis  at  the  time  t,  and  op 
is  the  true  axis,  the  angle  poq  will  be  small ;  and  as  t  varies  OP 
will  be  sometimes  before,  and  sometimes  behind  o  q ;  and  some- 
times nearer  to,  and  sometimes  fiffther  from  the  pole  of  the 
ecliptic.  Thus,  the  true  axis  of  the  earth  will  intersect  the 
sphere  in  a  wavy  line  contained  between  two  parallels  of  lati- 
tude of  the  sphere  at  distances  from  bs,  determined  by  the 
greatest  positive  and  negative  values  of  the  periodic  terms  of  0 
given  in  (241). 

The  motion  of  the  true  axis  relatively  to  the  mean  axis  may, 
as  to  its  principal  and  its  most  important  terms,  be  exhibited 
in  the  following  way.  Suppose  the  point  of  intersection  of  the 
mean  axis  with  the  sphere  to  be  an  origin,  at  which  two  axes 
originate,  say  of  ^  and  ri,  in  the  plane  touching  the  sphere ;  that 
of  77  being  a  tangent  to  the  parallel  along  which  the  mean  axis 
moves,  and  the  ^-axis  being  perpendicular  to  it,  and  thus  being 
a  tangent  to  the  meridian  through  the  place  of  the  mean  axis. 
Now  the  most  important  periodic  terms  in  (240)  and  (241)  are 
those  which  depend  on  the  longitude  of  the  moon's  ascending 
node,  on  account  of  the  smallness  of  )3,  as  we  have  before  observed; 
let  these  principal  terms  in  the  directions  of  the  two  axes  of  ( 
and  ri  be  represented  by  f  and  17,  so  that 

^       8  c— A«"*cosi  i        ^ 
8  c— Aii"*cos2i  f    .    ^ 

which  is  the  equation  to  an  ellipse  whose  axes  are  in  the  ratio 
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of  COS  I  to  COS  2 1,  and  of  which  that  directed  towards  the  pole  of 
the  ecliptic  is  the  greatest ;  and  thus  it  follows  that  so  &r  as 
the  most  important  terms  affect  the  motion,  the  tme  axis  de« 
scribes  a  small  ellipse  on  the  snrfaee  of  the  sphere  relatively  to 
the  mean  axis  which  passes  through  the  centre  of  the  ellipse. 
This  ellipse  is  caUed  the  Ellipse  of  Nutation. 

In  the  preceding  image  of  the  motion  of  the  earth's  axis,  we 
have  assumed  the  earth's  centre  to  be  fixed,  and  the  radios  of 
the  sphere,  to  whose  surface  we  have  referred  the  motion  of  the 
axis,  has  also  been  assumed  to  be  unity.  The  earth's  centre  how- 
ever is  not  fixed ;  yet  the  image  is  a  correct  representation  of  the 
facts,  because  we  refer  the  motion  of  the  earth's  axis  to  the 
sidereal  vault,  of  which  we  may  say  the  radius  is  so  great  that,  in 
comparison  of  it,  the  distance  through  which  the  earth's  centre 
moves  is  infinitesimal.  Thus,  the  mean  axis  describes  a  circle 
about  the  pole  of  the  ecliptic,  the  angular  radius  of  which  circle 
is  23^27^32^^;  and  the  true  axis  describes  a  wavy  line  symmetri- 
cally situated  with  reference  to  this  circle ;  and  if  the  mean  axis 
is  considered  fixed,  the  true  axis  describes  an  ellipse  on  the 
sidereal  vault,  the  centre  of  which  is  the  place  where  it  is  pierced 
by  the  mean  axis. 

The  periodic  time  in  which  the  mean  pole  describes  its  circle 

27r 

is  — ;  and  the  true  pole  will  describe  its  ellipse  about  the  mean 

pole  in  the  same  time  as  that  in  which  the  moon's  line  of  nodes 
describes  a  complete  revolution. 

The  value   of  the   annual  luni-solar   precession  is  found   as 

follows :  3  cos  I  c- A  .  ,,        7l''^  x 

^  =  -7i ( ^    +  1 ) 

„          c— A  ri  (  ,  «"2      )  n 

=  3cosi \  1  +  ,,       X  /2  f  o  ; 

so  that  the  annual  luni-solar  precession 

=  3  cos  I \\-\-  J- r-TH  \  180  . 

Now  if  we  take  the  epoch  to  be  Jan.  1, 1850*  1  =  23"  27' 32", 

c-A  _    I        n'  1  n''     365-25         ,  .,  _^ 

c         306      n      365-25        n'       27-32 

*  See  the  Memoir  of  M.  Serret  in  Vol.  V  of"  Annales  de  I'Observatoire 
Imperial  de  Paris,"  page  321. 
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and  therefore  •.''2 

1  +  7T-^W2  =  8-15764; 

also  cos  23' 27' 32"=    .91735; 

therefore  the  annual  lani-solar  precession 

_  ^91735        315^764 

"  ^02^  ^  "36525"^  Xl80x60x6(r, 

=  5(y'.3828.  (245) 

The  observed  valae  of  the  luni-solar  precession  is  B(y'«37140 ; 
so  that  our  result  is  very  nearly  correct,  although  it  is  only  ap- 
proximate. I  may^  in  passing  remark,  that  the  coefficients  of 
sin  SI  and  of  cos  SI  in  (240)  and  (241)  respectively,  are  — 17''«251, 
and  +y«223  ;  the  former  being  the  largest  value  of  the  prin- 
cipal term  of  the  nutation  of  the  equinoxes,  and  the  latter  being 
the  largest  value  of  the  principal  term  of  the  nutation  of  the 
obliquity.  Also  the  mean  axis  describes  a  complete  circle  in  the 
heavens  in  25724  years. 

336.]  Of  the  problem  of  precession  and  nutation  an  approx- 
imate solution  has  also  been  given  by  M.  Foinsot  in  the  Addi- 
tions to  the  "  Connaissance  des  Temps"  for  1868.  The  principal 
terms  only  are  found  by  it ;  but  it  exhibits  the  problem  in  such 
an  elementary  form,  and  dissects  the  results  of  the  action  of  the 
sun  and  moon  into  the  several  phaenomena  so  distinctly,  that 
it  is  peculiarly  fitted  for  a  didactic  treatise.  We  shall  employ 
the  symbols  of  the  preceding  Articles,  and  shall  make  use  of 
the  couples  of  the  impressed  momenta  which  have  been  therein 
determined. 

We  consider  all  quantities  at  the  time  ^,  and  investigate  the 
effects  which  accrue  during  the  infinitesimal  time  dt  If  »  is 
the  angular  velocity  of  the  earth  about  its  rotation-axis,  and 
6  is  the  moment  of  the  effective  couple,  and  c  is  the  moment  of 
inertia  relative  to  that  axis  ;  then 

G  =  »c.  (246) 

Let  L  and  M  be  the  moments  of  the  impressed  couples  relative  to 
the  axes  of  x  and  y  in  the  plane  of  the  earth's  equator  ;  as  the 

*  On  this  subject  see  the  Memoir  entitled  ''  Namemff  conBtans  Nuta- 
tionis  ex  ascensionibus  rectis  stellsB  polaris  in  Specul&  Dorpatensi  anms 
1822  ad  1838  observatis  deductus,"  by  C.  F.  Peters,  and  contained  in 
"  Memoires  de  TAcad^mie  Imp§riale  des  Sciences  de  Saint  P^tersbourff, 
6®  serie,  premiere  partie,  Sciences  mathdmatiqaes  et  physiques,  Tome  III, 
Saint  Petersbourg,  1844." 
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which  are  two  values  always  real,  one  being  positive  and  the 
other  negative.  These  points  are  situated  at  equal  distances 
firom  the  original  centre  of  percussion ;  and  the  distance  is  equal 
to  the  radius  of  gyration  of  the  body  about  an  axis  passing 
through  the  centre  of  percussion,  and  parallel  to  the  spontane- 
ous axis.  These  points  have-  been  named  by  Poinsot  centres  of 
greatest  conversion.  On  comparing  the  values  of  as  which  assign 
these  centres  with  those  which  assign  the  centres  of  greatest 
reflexion,  it  is  evident  that  these  bear  the  same  relation  to  the 
centre  of  percussion  as  those  do  to  the  spontaneous  centre.  So 
that  the  centres  of  greatest  conversion  in  a  body  become  the 
centres  of  greatest  reflexion,  and  vice  versa,  if  the  centre  of  per- 
cussion and  the  spontaneous  centre  are  interchanged. 

If  in  the  value  for  n'  given  in  (63)  we  substitute  for  x  the 
value  given  in  (67)  with  the  upper  sign, 

n'=-^{(A2  +  >P)*->i};  (68) 

which  is  negative,  and  thus  indicates  that  for  this  centre  of  con- 
version the  angular  velocity  of  the  body  is  in  a  direction  the 
contrary  of  what  it  was  before  the  impact. 
If  we  take  the  lower  sign  in  (67), 

n'=^{(A*+^)*  +  ^},  (69) 

which  is  positive ;  and  this  shews  that  the  direction  of  the  an- 
gular velocity  for  this  centre  of  greatest  convereion  is  the  same 
as  that  of  the  body  before  impact. 

If  the  angular  velocity  of  the  body  after  impact  is  the  same  as 
before  impact,  but  in  an  opposite  direction,  then  xi'=  —a;  and 

•••  «'  =  f  ±^(^"-8*')*;  (70) 

which  gives  possible  values  only,  provided  that  V^  is  not  less 
than  8A*.  These  two  points  have  been  called  by  Poinsot  centres 
of  perfect  conversion. 

If  the  angular  velocity  after  impact  is  to  have  a  given  value ; 
say,  if  the  angular  velocity  after  impact  =  n  times  the  angular 
velocity  before  impact,  it  is  only  necessary  to  equate  the  value  of 
ti  given  in  (63)  to  ^a,  and  the  resulting  quadratic  equation  will 
give  the  positions  of  the  corresponding  points  of  impact,  and  will, 
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br  Alt  Bfttore  of  its  looti^  aln  wamgM  fte  Innitai  ct'potnkiStj  of 

I  mar  in  eondiaon  olMsve,  tint  m  Ak  Manoir  I1J  M.  !^^ 
m  geometrieBl  cuMimclioii  is  girea  wheioby  the  ■enend  eentns 
wtsy  bo  dfitcnmiiod. 

858.]  Let  IB  aour  eomadg  m  poLlem  of  tiic  OMUB  kind,  thoogh 
flomevliat  lev  spodal,  in  wUdi  Ae  eonditioiL  (10),  Axi.  841, 
neco—iiy  for  the  rnttenrm  of  m  gpontnneoog  arii^ io  «ho  flstiafied; 
tlwt^  namdj,  in  wbidi  the  line  of  aetion  of  the  impolnTe  hbm  h 
panllel  to  m  eenfanl  ptineipnl  aadi^  aKhoogh  it  does  not^  as  in  the 
problem  jnst  JiaciMHwi,  lie  in  m  eentnl  prindpnl  phme. 

Let  the  line  of  the  Uow  be  pnnlld  to  the  eentnl  prineipal 
0X18  of  z ;  and  let  the  point  of  impaet  be  ('01  Jq)  in  die  principal 
plane  of  (x,jf);  let  q  =s  the  momentom  of  the  blow;  and  let  all 
these  ciicomstanoee  be  delineated  in  Fig.  42 ;  wherein  o,  the 
mMit -centre,  is  the  origin,  g«,  ojr,  Qi  are  the  three  central  prin- 
cipal axes,  relative  to  which  the  moments  of  inertia  of  the  hody 
are  A,  B,  c  respectiTely,  and  the  oonesponding  xadii  of  gyiaticm 
are  serenllT  a,  6^  e.  Let  c  be  the  point  (a^,  jj  in  the  plane 
{^39)9  whereat  the  blow,  whose  moment  is  q,  strikes  the  body; 
the  point  c  will  be  called  the  centre  of  impobdon.    Now,  in  this 

<»«'  x  =  Y  =  0;  z  =  q;  (71) 

n,=  ^o,  ^="-^''         ^  =  0-  (72) 

Let  the  mass  of  the  body  =  si,  and  let  d?,  jr,  r  be  the  corrent 
coordinates  of  the  spontaneous  axis ;  then  its  equations,  which 
are  given  in  (8),  Art.  841,  become 

^+7^^0+^**0  =  0;  (73) 

which  are  the  equations  to  a  line  in  the  plane  of  («,  y).  Let  a 
and  B  be  replaced  respectively  by  their  equivalents  ma^  and  ml^, 
then  the  equation  to  the  spontaneous  axis  in  the  plane  of  (x,  y) 
becomes  ^4*       f,^ 

which  is  the  line  ef  in  Fig.  42 :  thus  the  body  by  reason  of  the 
blow  Q  begins  to  revolve  about  a  line  which  is  in  the  central 
principal  plane  perpendicular  to  the  line  of  blow. 
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Let  CG  be  produced,  and  cut  the  Bpontaneoos  axis  in  the  point 
o ;  of  which  let  the  coordinates  be  x\^jf^ ;  then 

which  give  the  coordinates  of  o  in  terms  of  those  of  c. 

Since  a?,  y  and  ar^,  jr^  are  symmetrically  involved  in  (74),  it 
follows  that  the  points  to  which  they  correspond  are  thus  far 
at  least  reciprocal.  And  as  c  is  called  the  centre  of  impulsion, 
o  is  called  the  spontaneous  centre.  Thus,  if  o  is  the  centre  of 
impulsion,  c  is  the  spontaneous  centre  through  which  the  spon- 
taneous axis  passes ;  and  vice  versH. 

Let  h  and  h'  be  the  distances  of  c  and  of  o  respectively  fiom 
g;  then  ^2^^2j^yi^ 

••.    f^f^'-"V"/\A  (76) 

^^^  aV  +  *V  =  ^-^-  (7'') 

354.]  Let  as  interpret  these  results  by  means  of  the  central 
momental  ellipsoid.     The  equation  to  that  ellipsoid  is 

where  ft  is  undetermined.  Let  a,  b,  c  be  replaced  by  ma^^  mb^, 
mc^  respectively ;  and,  for  the  sake  of  simplification,  let  fi=f«fl*i^ ; 
then  the  equation  becomes 

and  thus  the  trace  of  this  on  the  plane  of  (x,  y)  is  the  ellipse 

which  we  will  call  the  central  ellipse.  The  ^  and  the  t^- 
principal  semi-axes  of  this  ellipse  are  evidently  b  and  a  respect- 
ively; and  the  moments  of  inertia  about  these  axes  are  a  and  B  ; 
which  are  respectively  equal  to  ma'  and  mV^ ;  so  that 

A  =  ma^  =  p  5  B  =  ml^  =  —^ ; 

and  consequently  the  moments  of  inertia  are  inversely  propor- 
tional to  the  square  of  the  corresponding  radii  vectores  of  the 
ellipse.  If  K  is  the  moment  of  inertia  about  a  radius  vector  r  of 
this  ellipse,  ^       ^aH^  ,^^, 

Gg  a 
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Let  (f,  77)  be  the  point  p  where  this  ellipse  is  intersected  by 
the  line  G  c  ;  see  Fig.  43 ;  and  let  the  radios  vector  QV=r;  then 

and  conseqaently  from  (76), 

^A' =  £2^1,2  ^r^;  (80) 

.".      GCXG0  =  GP2;  (81) 

and  thus,  if  the  central  ellipse  is  described,  the  spontaneous 
centre  which  is  relative  to  a  given  centre  of  impulsion  can  be 
determined  immediately.  Of  this  theorem,  (28),  Art.  344,  is 
evidently  a  particular  case. 

Hence,  if  c  is  a  focus  of  the  ellipse,  the  spontaneous  axis  is  the 
farther  directrix. 

Again,  draw  the  diameter  g  d  which  is  conjugate  to  G  p ;  its 
equation  is  ^^  +  §  =  0;  (82) 

and  the  spontaneous  axis  is  evidently  parallel  to  this  line.  Thus, 
if  through  o  we  draw  0  s  parallel  to  G  d,  or  to  the  tangent  of  the 
central  ellipse  at  p,  o  s  is  the  spontaneous  axis. 

Similarly,  if  through  c  the  line  c  t  is  drawn  parallel  to  G  d  and 
OS,  CT  is  the  spontaneous  axis  relative  to  o  as  a  centre  of  im- 
pulsion. 

If  c  is  at  P,  0  is  at  p';  and  c  t  and  o  s  are  tangents  to  the 
central  ellipse  at  p  and  p'  respectively.  In  this  case  p  p'  is  the 
shortest  possible  distance  along  the  line  c  g  o,  between  the  centre 
of  impulsion  and  the  spontaneous  centre.  Thus  of  all  minima 
distances  between  these  centres,  a  a'  is  the  least  and  B  b'  is  the 
greatest. 

355.]  The  spontaneous  axis  and  spontaneous  centre,  which 
are  relative  to  a  given  centre  of  impulsion,  give  rise  to  many 
interesting  theorems. 

(1)  The  equation  to  the  spontaneous  axis,  in  reference  to  a 
given  centre  of  impulsion  (x^,  y^),  being 

^•^    "*■   fl^   "     ' 
it  is  evident  that,  if  a  series  of  spontaneous  axes  pass  through 
the  same  point  (x'^y  y^^,  all  the  corresponding  centres  of  impul- 
sion lie  along  the  straight  line 

5«+#  =  l.  (83) 


xx' 


a" 
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This  line  is  parallel  to  G  D,  which  is  conjugate  to  the  diameter 
G  o  p'  of  the  central  ellipse :  and  thus  all  the  centres  lie  along  the 
line  c  T,  which  is  the  spontaneous  axis  relative  to  o  as  a  centre 
of  impulsion. 

Similarly,  of  centres  of  impulsion  lying  in  the  line  o  s,  the 
corresponding  spontaneous  axes  pass  through  the  point  c. 

Thus,  wherever  in  o  s  the  centre  of  impulsion  is,  the  place  of 
c  is  the  same  ;  and  wherever  in  c  t  the  centre  of  impulsion  is,  the 
place  of  o  is  the  same. 

(2)  Let  us  suppose  the  centre  of  impulsion  to  move  on  a  given 
curve  ;  then  the  spontaneous  axis  will  envelope  another  curve,  of 
which  the  equation  may  be  found. 

Thus  suppose  the  centre  of  impulsion  to  move  on  the  circle 

«^o'+V  =  '^;  (84) 

then  the  equation  to  the  spontaneous  axis  is 

^o+?Jo=l;  (86) 

let  these  be  differentiated,  on  the  supposition  that  Wq  and  y^ 
vary ;  then  the  envelope  of  the  last  is 

w^hich  is  the  equation  to  an  ellipse,  coaxial  and  concentric  with 
the  central  ellipse. 

(3)  Or,  again,  the  curve  may  be  given,  all  the  tangents  to 
which  are  to  be  spontaneous  axes ;  and  it  may  be  required  to 
determine  the  locus  of  the  corresponding  centres  of  impulsion. 

Thus,  if  the  spontaneous  axes  all  touch  the  circle  a;2+^=r*, 
the  locus  of  the  corresponding  centres  of  impulsion  is  the  ellipse 


a^      ^  __  1 


Indeed  these  reciprocal  properties  give  rise  to  a  complete  system 
of  duality,  to  a  great  extent  similar  to  that  of  polar  lines  and 
their  reciprocals.  This  however  is  not  the  occasion  for  a  further 
development  of  it. 

(4)  Or,  again,  since  the  coordinates  to  the  centre  of  impul- 
sion and  to  the  spontaneous  centre  are  related  by  the  equations 
(75),  if  the  locus  of  one  centre  is  given,  that  of  the  other  can  be 
found. 

Thus,  suppose  the  centre  of  impulsion  to  move  along  the 
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ellipse  -7^  +  ^  =  1,  then  the  locos  of  the  spontaneous  ceatre 

is  also  the  same  ellipse. 

If  the  centre  of  impulsion  moves  along  a  straight  Hne,  then 
the  locus  of  the  spontaneous  centre  is  an  ellipse.  Let  the  equa- 
tion to  the  straight  line  be  put  into  the  form 

^  +  f^=l;  (87) 

where  Xq  and  ^q  are  any  constants.  Then  the  locus  of  the 
spontaneous  centres  is 

which  is  evidently  an  ellipse  similar,  and  similarly  situated,  to 

the  central  ellipse ;  whose  centre  is  at  ( — ^  >  —  ^j,  and  which 

passes  through  the  origin.  The  form  of  the  equation  to  the 
straight  line  which  I  have  taken  shews  that  the  line  is  the  spon- 
taneous axis  to  a  centre  of  impulsion  situated  at  (— ^o>  ^9o)' 

856.]  Let  thus  much  suffice  for  the  circumstances  of  the 
spontaneous  axis  of  the  body  in  its  relation  to  the  centre  of 
impulsion ;  and  let  us  investigate  other  incidents  of  its  motion 
at  the  first  instant. 

Let  a  be  the  angular  velocity  about  the  spontaneous  axes; 
then,  from  (72), 


a2  =  a  2 


+».'  =  |{^+f}>   ■  (89) 


o  =  -i 


mp 
if  p  is  the  length  of  the  perpendicular  from  the  mass-centre  on 
the  spontaneous  axis. 

The  velocity  of  the  mass-centre  is  evidently  Sl  . 

m 
Also,  since  the  length  of  the  perpendicular  from  c  (xQ^y^)  on 
the  spontaneous  axis       ^2^  ^  +  J^^  2  ^  ^2^2 

therefore  the  velocity  at  the  centre  of  impulsion  at  the  first 
instant  after  the  blow 

867.]  If  the  body  impinges  against  a  fixed  obstacle,  or  indeed 
against  any  mass  at  its  centre  of  impulsion  c  in  the  plane  of  the 
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central  principal  axes  of  x  and  y,  the  momentum  of  the  blow 
will  be  Q :  let  n8  inquire  what  will  be  the  momentum  at  any 
other  point  of  impact  in  the  same  plane,  say  at  R,  which  is 
(^}  y)i  with  a  view  to  a  £Eu:ther  inquiry  of  the  position  of  the 
point  when  the  momentum  is  a  maximum. 

Let  c  be  as  heretofore  (•z^o'^o)'  ^^^  ^^^  ^  ^  (^'J^)>  ^^-44; 
and  let  the  momentum  of  the  blow  given  at  R  be  p  ;  let  o^  be 
the  spontaneous  centre  relative  to  k,  and  let  o'u  be  its  spon- 
taneous axi3.  Join  RC,  and  produce  it  to  meet  o^u  in  u.  Re- 
solve Q  into  two  parallel  forces,  p  and  p^,  acting  at  u  and  R,  with 
lines  of  action  parallel  to  that  of  Q ;  so  that  by  the  laws  of  com- 
position of  parallel  forces, 

P  +  P'    =<l,  (92) 

P  X  UR=  QXUC,  (98) 

P'X  UR=  QXCR.  (94) 

As  o^u  is  the  spontaneous  axis  relative  to  R  as  centre  of  impul- 
sion, whatever  in  o^u  is  the  point  at  which  a  blow  is  given,  R 
remains  at  rest ;  so  that  p^  impressed  at  u  produces  no  effect  on 
R ;  and  consequently  P  is  the  whole  effect  at  R ;  and  p  is  determ- 
ined by  (93):  we  have  therefore  to  find  UR  and  uc. 
The  equations  to  uo^and  CR  are  respectively 

£(y-yo)  +  »?(^o-«)+yo«-»ay  =  0; 
and  if  u  is  (f,  rj), 

which  is  the  momentum  of  the  blow  with  which  the  body  would 
strike  any  obstacle  at  the  point  (a?,  y)  in  the  central  principal 
plane  of  (a?,  y). 

358.]  Certain  particular  values  of  p  deserve  mention,    p  =  0, 

if  a^a?«o+*'yj^o+«'*'  =  0;  (9'') 

that  is,  when  the  obstacle  is  at  any  point  on  the  spontaneous  axi& 
And  P  =  <l,  when 

a2aj«  +  5«/-a«a?o»-J*yoy  =  <>;  (98) 

that  is,  when  the  obstacle  is  at  any  point  on  the  ellipse,  similar 
and  similarly  placed  to  the  central  ellipse,  of  which  the  line  oc 
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is  a  diameter,  and  of  which,  of  course,  the  centre  is  at  the  middle 
point  of  GC.  The  points  o  and  c  are  on  this  ellipse ;  and  con- 
sequently at  both  these  points  P  =  Q. 

The  case]  also  in  which  p  has  a  given  value,  say  nQ,  deserves 
consideration ;  of  course  it  gives  a  locus  of  centres  of  percussion^ 
which  is  generally  an  ellipse;  and  in  certain  cases  becomes  a 
point;  and  in  certain  other  cases  is  imaginary.  The  sabject 
however  does  not  offer  any  particular  difficulty :  and  the  student 
can  easily  work  it  out  for  himself. 

Also,  if  the  body  were  originally  put  into  motion  by  the 
blow  Q  at  o,  so  that  it  has  a  motion  of  translation  only,  then 
«?o=yo=0'and         ^  qg&g 

Let  us  also  investigate  the  value  of  p^,  and  consider  certain 
particular  values  of  it :  from  (92)  or  (94), 

"^-^ aV  +  ^/  +  a«d« (^^> 

Hence  p'=  0,  when 

a^x^  +  h^y^ — a^  xXq  —  l^yy^  =  0 ; 

that  is,  when  the  point  of  impact  is  on  the  ellipse  given  in  (98), 
in  which  ease  p  =  Q.  Hence  p'=  0,  if  the  obstacle  is  at  the 
mass-centre  or  at  the  centre  of  impulsion. 

Also  p'=  Q,  when 

a^xxQ  +  l/^yy^  +  aH^  =  0 ; 
that  is,  when  the  obstacle  is  at  a  point  on  the  spontaneous  axis, 
in  which  case  p  =  0. 

We  might  also  investigate  the  locus  of  the  place  of  the  obstacle 
when  p'=  wq,  say;  but  as  the  problem  presents  no  particular 
difficulty,  the  reader  may  work  it  out  for  himself. 

If  the  centre  of  impulsion  is  at  the  mass-centre,  ^r^  =yjj  =  0; 

359.]  But  at  what  points  is  p  a  maximum  ?    In  this  case 

,      (^.)=(^)  =  «- 

And  hence  we  have 

x,{a'x^  +  Sy  +  a^^)  -  2x{a^xar,  +  V^yy^  +  ««i*)  =  0,  ^ 

which  give  —  =  -^ ;  (103) 
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whence  it  follows  that  the  place  of  the  obstacle,  when  p  has  a 
critical  value,  is  on  the  line  GC,  If  we  substitute  in  either  of 
(102)  from  (103),  we  have 

(a2a?^2  +  J2^^2)a?2+2fl2i2^^_^2j2^^2  ^  0,  (104) 

{a^  +  lW)f  +  2«'*Voy-«'*Vo'  =  0 ;  (105) 
which  are  quadratic  equations  in  terms  of  x  and  y  respectively ; 
and  thus  give  two  positions  of  a  point  of  impact  for  which  P 
has  a  critical  value.  Let  these  be  called  centres  of  greatest 
percussion ;  and  let  r  be  their  distance  from  the  mass-centre ; 
then  r^  =  Qfi-\-if^\  also  h^  =  ss^-^-y^]  and 

r=-  =  ^;  (106) 

so  that  (102)  give 

(a2  V  +  iVo^)^  +  2fl**'^r-a242A2  -  q  ;  (107) 

therefore,  substituting  from  {^7), 

r2  +  2AV^AA'=0;  (108) 

.-.     r=  ^h'±{Jif^^hhrji)  (109) 

thus  the  two  centres  of  greatest  percussion  are  equally  dis- 
tant from  the  spontaneous  centre  o.  Let  v  and  v^  be  these 
centres ;  Fig.  45  ;  then 

OV  =  OV'rr  (oGXOc)*;  (HO) 

and  the  distance  is  a  mean  proportional  between  the  distances  of 
the  centre  of  impulsion  and  of  the  mass-centre  from  the  spon- 
taneous centre. 

Let  T  and  t'  be  the  corresponding  momenta:  then  making 
the  above  substitutions  in  (96), 

therefore  x  =  S^:±(i^;  (112) 

2  h 

of  which  T,  which  acts  at  the  centre  v,  is  positive^  and  is  greater 
than  Q ;  t',  which  acts  at  the  centre  v',  is  negative,  and  thus  m 
gives  a  blow  against  an  obstacle  at  V  in  a  direction  opposite  to  that 
in  which  it  strikes  the  obstacle  at  v;  and  thus,  as  the  obstacle  at 
V  must  be  on  the  upper  or  positive  side  of  the  plane  of  (iP,y),  that 
at  v'  must  be  on  the  lower  or  negative  side.     On  applying  the 
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criteria  for  a  maYirnnTn  or  minimum  to  these  values  of  P,  viz^  T 
and  T^,  it  will  be  found  that  t  is  a  maximum^  and  that  l^  is  m 
minimum ;  but  as  T^  is  negative,  it  is  a  negative  maximnm,  so 
that  both  centres  may  be  called  centres  of  greatest  pereoasion. 

If  the  point  of  application  of  the  blow  q,  by  which  the 
body  is  originally  put  into  motion,  is  the  mass-centre,  so  that 
Xq=  yQ=.  0,  and  the  body  has  only  motion  of  transktioii ;  then, 
from  (99),  ^  g^y 

and  the  maximum  value  corresponds  toa!  =  0,jr  =  0;  in  which 
case  P  =  Q ;  and  thus  the  mass-centre  is  the  centre  of  greatest 
percussion. 

If  p  =  5,  then 

»  a«««  +  «V  =  «'^(*-i);  (116) 

which  represents  an  ellipse  concentric,  coaxial,  and  similar  to 
the  central  ellipse ;  and  therefore  the  intensity  of  a  blow  against 
an  obstacle  is  the  same  for  all  points  on  this  ellipse.  If  «  =  2, 
the  ellipse  is  the  central  ellipse. 

360.]  Again,  if  the  body  is  put  into  motion  by  a  couple  whose 
axis  is  perpendicular  to  the  axis  of  z,  so  that  the  spontaneous  axis 
passes  through  the  mass-centre,  and  the  body  has  only  rotation 
about  that  axis  which  is  in  the  plane  of  (^,  J^),  the  momentum  of  a 
blow  P  at  the  point  (a?,  j<)  in  the  plane  of  (ic,y)  may  be  determined 
in  the  following  manner,  which  is  independent  of  the  preceding 
process : 

Let  L  and  m  be  the  components  of  the  moment  of  the  impressed 
couple  about  the  axes  of  x  and  y  respectively ;  then  we  have 

x  =  Y  =  z  =  0;  \ 

L  M  _     [  (116) 

and  the  equation  to  the  spontaneous  axis  is,  see  (8),  Art.  341, 

'i-^  =  0.  (117) 

Since  the  point  of  application  of  p  is  (Xyy),  the  equation  to 
the  corresponding  spontaneous  axis  is 

a^x^  +  b^yrj-^a^b^  =  0;  (118) 

the  perpendicular  distance  on  which  from  the  point  (xyy) 

(fl^ar^  +  iV)*     " 
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Let  ns  suppose  the  eonple  of  impulsion,  of  which  the  axial  com- 
ponents are  l  and  m,  to  be  replaced  by  a  eonple  whose  forces 
are  p  at  (iv,y)f  and  —  p  at  the  point  of  intersection  of  the  spon- 
taneous axis  with  the  perpendicular  on  it  firom  (^,  y) ;  then 
the  moment  of  that  couple 

^,-2^±!^ll±^,  (120) 

and  the  x-  and  the  ^-direction-cosines  of  its  axis  are 

*!^L_      and  -^^^.  (121) 

And  (120)  is  to  be  equal  to  the  couple  of  which  l  and  M  are 
the  axial  components ;  hence 

This  quantity  might  also  be  deduced  from  the  general  expression 
of  p,  given  in  (96).  For  when  the  body  is  put  into  motion  by  a 
couple,  that  couple  is  equivalent  to  a  force  =  0  acting  at  an 
infinite  distance ;  so  that  in  the  numerator  a?^  =  ^q  =  ao,  and 
consequently  a^b^  must  be  omitted ;  and  thus 

but      q,yQ  =  the  moment  of  the  couple  about  the  axis  of  a;  =  L, 
and-QiPo= y  =  M; 

Now  since  ~p  acts  at  a  point  on  the  spontaneous  axis  which 
corresponds  to  the  centre  (a?,y),  — p  produces  no  effect  at  (a?,y) ; 
so  that  p,  which  is  given  in  (122),  is  the  momentum  of  the 
whole  blow  given  by  the  body  on  the  obstacle. 
When  p  thus  determined  is  a  maximum, 

whence  we  nave 

L (aV  +  5V  +  «***)  =  2y  {hb'y-ua'^x}  ;  J       ^       ^ 
.'.     hx  +  ujf=zO;  (124) 

aV+4V  =  «***.  (125) 
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Thus,  the  point  {x,  y)  which  gives  the  greatest  peiciiflsion^  is 
in  the  central  ellipse,  at  the  points  in  which  the  plane  of  the 
couple  of  impulsion  passing  through  the  mass-centre  interBectB 
it.    And  the  greatest  value  of  p 

the  two  signs  corresponding  to  the  two  extremities  of  the 
diameter  of  the  central  ellipse,  which  coincides  with  the  plane 
of  the  couple  passing  through  the  mass-centre ;  at  which  points 
the  two  values  of  P  are  equal,  but  as  they  have  opposite  signs, 
they  act  in  opposite  directions. 

361.]  In  continuation  of  Art.  359  let  us  investigate  the  nature 
of  the  blow,  when  the  body  strikes  against  a  moveable  mass  at 
the  point  (^,y). 

Let  p  be  the  perpendicular  distance  from  (x,y)  to  the  spon- 
taneous axis ;  so  that 

and  let  a  be  the  angular  velocity  of  the  body  about  the  spon- 
taneous axis  due  to  the  blow  of  impulsion ;  then,  from  (89), 

and  consequently  if  v  is  the  velocity  of  the  point  (x,  y)  which  is 
due  to  the  blow  of  impulsion, 

r  =  n/?  =  -^  — ^        .y^ (129) 

Hence,  if  v  is  the  momentum  of  the  blow  which  the  body  is 
capable  of  at  the  point  (a?,  y), 

_     a^xx^-^l^yy^^a^b'^ 
^    a^a^-\-b'^y^  +  a^b^ 

^^a^x''-\-b^y'  +  a^b^'  ^^^ 

Let  M  be  the  mass  which,  moving  with  the  velocity  t?,  would 
produce  on  the  obstacle  at  (a?,  y)  a  blow  of  this  momentum  ;  then 

Also,  let  m'  be  the  mass  of  a  particle  which,  mo\dng  with  the 
velocity  of  the  spontaneous  centre  {x\y')  corresponding  to  (a?,  y), 
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would  prodace  against  an  obstacle  placed  there  a  blow  whose 
momentum  is  equal  to  that  of  the  body.     Then 

by  reason  of  (75).  And  thus  masses  are  assigned,  which  are 
fractions  of  w,  and  which,  moving  with  the  velocities  of  any 
point  and  of  its  corresponding  spontaneous  centre,  would  have 
momenta  equal  to  those  of  the  blows  which  the  body  would  give 
to  obstacles  placed  at  those  points. 

362.]  The  values  of  these  masses  thus  determined  may  be 
conveniently  put  into  another  form :  let  r  and  /  be  the  distances 
of  M  and  M^  from  the  mass-centre;  and  let  b  be  the  radius 
vector  of  the  central  ellipse  which  coincides  with  the  line  join- 
ing M  and  M^:  then,  as  the  places  of  m  and  m^  are  reciprocal  as  a 
centre  of  impulsion   and  a  spontaneous  centre,  r /=  d^ ;   and 

from  (77),  ^2^2^ 

a^x^-\-b^y^  =  —V-  J      so  that 

ffir                  ,       fiHT 
M  =  > ,  IT  = ->  > 


In  reference  to  these  masses  let  it  be  observed,  that 

(1)  m-|-m'=  m  ;  so  that  the  sum  of  the  two  is  equal  to  that 
of  the  whole  moving  body. 

(2)  Mf  =  m'/;  so  that  the  mass-centre  of  M  and  m'  coincides 
with  that  of  m. 

(3)  M(a?*+/)  +  M'(a7'2+/2)  =^62;  so  that  the  radius  of 
gyration  of  the  masses  about  any  axis  passing  through  their 
mass-centre  and  perpendicular  to  the  line  joining  them  is  equal 
to  the  radius  vector  of  the  central  ellipse  which  coincides  with 
that  line. 

In  these  respects  therefore  the  body  may  be  equivalently 
replaced  by  a  straight,  inflexible,  and  immaterial  bar,  having 
masses  m  and  m'  at  its  two  ends,  which  are  determined  by  equa- 
tions (133) :  this  bar  will  not  only  at  its  two  ends,  but  at  any 
point  in  its  length,  strike  an  obstacle  with  a  blow  of  the  same 
momentum  as  the  body. 
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From  (181)  it  appears,  that  M  =  m,  only  when  0  =  jr  =  0 ; 
that  is,  the  mass-centre  is  the  only  point  at  which  the  body  will 
strike  an  obstacle  as  if  it  were  a  mass  equal  to  its  own  mass  ; 
and  in  this  case  P  =  Q. 

If  the  centre  of  percussion  is  the  point  of  impact,  p  =  q ;  bat 

and  from  (91),  q  yl+A' 

Wt      h 

so  that  the  momentum  is  produced  by  a  mass  smaller  than  «r, 
moving  with  a  greater  velocity.  Although  therefore  against  a 
fixed  obstacle  the  momentum  of  the  blow  p  is  the  same,  whether 
the  obstacle  be  at  the  mass-centre  or  at  the  centre  of  percuBsion ; 
yet  against  a  particle  of  finite  mass,  say  m\  the  effects  will  be 
different.  These  we  proceed  to  investigate ;  and  we  shaU  deter- 
mine both  the  velocity  of  m'  after  impact  from  the  body,  as  well 
as  the  velocity  of  the  impinging  point  of  the  body  after  impact 
on  m\ 

863.]  Let  V  and  v'  be  the  velocities  of  the  body  and  of  «' 
after  collision  at  the  point  (a?,  y) ;  let  ^  =  the  elasticity ;  and 
let  us  suppose  m'  to  be  at  rest  when  the  impact  takes  place ; 
then,  from  Art.  263,  Vol.  Ill, 

^•"^  ^^2j2  {m  +  n/)a:^b^^m'{d^x'-^l^y^)   '    ^^^ 

{l^e)^{a^xx,-^h^yy,^aH^) 

If  we  equate  to  zero  the  x-  and  jr-differentials  of  v',  the  point 
will  be  determined  at  which  7n^  must  be  struck  so  that  it  may 
move  after  collision  with  the  greatest  velocity :  this  process  gives 

-  =  - ;  (137) 

which  shews  that  the  point  of  greatest  percussion  is  in  the  line 
joining  the  mass-centre  and  the  centre  of  impulsion.  If  r  is 
the  distance  of  the  required  point  from  the  mass-centre,  then, 
as  in  Article  359, 

r  =  -h'±  h'^^-hh'{l  +  £,)|*.  (138) 

Thus  there  are  two  points  at  which  a  body  impinging  on  a 
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particle  m'  will  caase  it  to  move  after  collision  with  a  maximum 
velocity;  these  points  are  equidistant  from  the  spontaneous 
centre  which  corresponds  to  the  centre  of  impulsion,  and  that 
on  the  positive  side  of  the  spontaneous  centre  lies  farther  from  it 
than  the  mass-centre.  These  two  points  are  the  centres  of  great- 
est percussion  when  «»'  =  oc  ;  that  is,  when  the  mass  of  the  par- 
ticle against  which  the  body  impinges  is  infinitely  great,  and  is 
thus  equivalent  to  a  fixed  obstacla 
And  corresponding  to  these  distances, 

of  which  values  one  is  positive  and  the  other  is  negative :  the 
former  shews  that  the  particle  fi!  will  move  with  a  velocity 
whose  direction  is  the  same  as  that  of  Q;  the  latter,  which  cor- 
responds to  the  point  of  percussion  on  the  side  of  the  spontaneous 
axis  away  from  the  mass-centre,  gives  a  velocity  of  ni  in  the 
opposite  direction. 

In  a  similar  way  may  the  point  be  determined,  at  which,  if 
the  body  impinges  on  m\  the  velocity  of  the  point  of  impact 
after  collision  will  be  a  maximum ;  for  if  we  take  the  a?-  and  y^ 
partial  differentials  of  (135),  and  equate  them  to  zero,  the  points 
will  be  determined  by  means  of  these  two  equations. 

364.]  Now  at  the  instant  when  the  body  has  impinged  against 
a  fixed  obstacle  at  the  point  (a?,  y)y  that  point  of  the  body  is  at 
rest;  yet  there  remains  the  momentum  p^  which  is  given  in 
(100),  whose  point  of  application  is  u,  see  Fig.  44:  as  u  however 
is  a  point  in  o^s,  which  is  the  spontaneous  axis  relative  to  B 
as  a  centre  of  impulsion  at  which  p  acts,  y'  produces  no  effect 
on  R ;  and  thus  the  motion  of  the  body  at  that  instant  is  due  to 
the  force  p'  only  applied  at  u ;  and  consequently  the  spontaneous 
axis  passes  through  R.  u,  which  must  now  be  considered  as  a 
centre  of  impulsion,  is,  from  Art.  357, 

^  d^x^  +  b'^y^—a^xx^^b^yyQ  '     a^o^  +  ff^y^-^d^xxQ'-b'^yyQ  ^^  ^ 
the  spontaneous  axis  corresponding  to  which  is 

+  a«ar»  +  i  V  -  «^^«o  -  ^^99q  =  0.     (141) 
Now  the   momentum  of  the  blow  of  impulsion,  namely  p^  is 
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given  in  (100) ;  and  consequently  if  i/  =  the  velocity  of  the 
mass-centre, 

m"  m         a'a^  +  V^y^JfaH^         '  ^       ^ 

And  if  a'  =  the  angular  velocity  about  the  spontaneous  axis 
through  R  due  to  p',  and  if  ;?  =  the  perpendicular  distance  from 
the  centre  of  gravity  on  that  line, 

mpa'^  p',  (148) 

If  the  point  («,y)  lies  on  the  line  joining  the  mass-centre  and  the 
original  centre  of  impulsion,  these  expressions  become  much 
simplified  ;  because^  in  that  case, 

thus  the  equation  to  the  spontaneous  axis  through  R  becomes 
«'(«?-^o)f+*'(y~yo)^  =«'^  +  *V-«'^^o-«Vyo;  (144) 

{a\x^x,f  +  b^{y--y,f}^'  ^      ^ 

a  particular  case  of  this  last  simplification  is  that  in  which 
the  obstacle  is  placed  at  a  centre  of  greatest  percussion ;  see 
Art.  359. 

Questions  exactly  analogous  to  those  which  I  have  alluded  to 
in  Art.  359  arise  out  of  the  preceding  values  of  u^  and  n',  and 
give  points  which  may  be  called  points  of  greatest  reflexion  and 
of  greatest  conversion. 

365.]  Thus  as  to  u'\  the  problem  may  be  to  determine  the 
place  of  a  fixed  obstacle,  or  of  a  particle  of  given  mass,  so  that 
it  may  be  a  maximum ;  or  the  place  of  a  fixed  obstacle,  so  that 
it  may  have  a  given  value ;  say,  be  equal  to  the  original  value  of 
the  velocity  of  the  mass-centre  but  in  an  opposite  direction ;  or 
to  find  the  place  of  the  obstacle,  so  that  ?/  may  be  equal  to  0. 

As  to  critical  values  of  w'  I  would  observe,  that 

p'       Q  —  P 
?*  =  —  = }  by  reason  of  (92) ; 


;?  = 
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80  that  whatever  values  of  x  and  y  give  critical  valaes  for  p,  also 
give  critical  values  for  p^  and  for  u^ :  these  values  have  been 
already  investigated  in  Art  359,  and  give  what  are  therein  called 
centres  of  greatest  percussion ;  these  centres  then  are  also  centres 
of  greatest  reflexion.  Also,  since  there  are  two  such  centres,  we 
have  also  two  critical  values  of  u\ 

""^  ^   m  W 

The  latter  of  these  is  positive,  and  is  evidently  greater  than  —  * 

which  is  the  original  value  of  the  velocity  of  the  mass-centre : 
this  is  paradoxical :  it  seems  contrary  to  the  first  principles  of 
mechanics  that  a  body  should  strike  against  a  fixed  obstacle,  and 
after  impact  rebound  with  the  velocity  of  the  mass-centre  greater 
than  that  velocity  before  impact.  But  consider  this  in  reference 
to  Fig.  45  ;  v  and  V'  in  it  are  the  centres  of  greatest  percussion, 
and  consequently  of  greatest  reflexion  ;  and  u  ^  corresponds  to  the 
point  v',  so  that  when  the  obstacle  is  placed  at  that  point,  and 
the  body  impinges  against  it,  the  velocity  of  G  after  the  impact 
is  greater  than  before.  The  body  moves  by  the  blow  Q,  which  is 
given  at  c,  from  below  to  above  the  paper ;  and  rotates  about 
the  axis  o  s ;  if  however  it  impinges  against  the  obstacle  at  v^, 
that  angular  velocity  becomes  modified,  and  OS,  which  was  at  rest 
before  the  impact,  moves  in  the  direction  cq,  and  the  velocity 
of  G  is  increased.  We  must  not  however  hence  infer  that  the 
momentum  of  the  body  is  increased ;  for  that  would  be  contrary 
to  the  principles  of  mechanics ;  but  some  of  the  momentum, 
which  is  due  to  the  angular  velocity,  by  means  of  the  obstacle 
becomes  momentum  of  translation ;  and  hence  it  is  that  the 
velocity  of  the  mass-centre  is  after  impact  greater  than  it  was 
before.  Thus,  a  ball  from  a  rifled  gun,  having  velocity  both  of 
translation  of  its  mass-centre  and  of  rotation  about  an  axis 
through  that  centre,  may  have  its  velocity  of  translation  in- 
creased by  meeting  with  an  obstacle,  and  thus  may  be  carried 
farther  than  if  it  never  met  with  such  an  obstacle.  This  is  one 
of  the  peculiar  and  surprising  £EictB  of  ricochet  practice, 

366.]  If  «*'=—  —  >  the  velocity  of  the  mass-centre  wiU  be 

PRICE,  VOL.  IV.  H  h 
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after  impact  the  eune  ms  h  va£  ht&n  but  in  an  cppodte  dine- 
tion;  then 

which  is  the  equation  to  an  dilipee  similar  to  the  oentral  eDipte, 
and  amilarlv  situated ;  the  pointa  which  gire  this  Tahie  of  a' are 
called  points  of  perfect  reflexion ;  and  the  ellipse  (148)  is  adkd 
the  ellipse  of  perfect  reflexion. 

Again,  as  to  fi' ;  it  is  a  fbnction  of  x  and  jr,  and  the  Tallies 
of  those  quantities  may  be  foond  which  will  give  to  n^  a  critical 
Talae.  Also,  those  maj  be  foond  which  will  assign  a  point  on 
which,  when  the  body  impinges,  the  angular  Telocity  after  im- 
pact ^-ill  have  a  given  valoe ;  say,  be  equal  to  that  before  impact, 
and  in  an  opposite  direction.  Points  which  give  these  Tallies  to 
A^  are  called  respectively,  points  of  maximum  conversion,  points 
of  given  conversion,  and  points  of  perfect  conversion. 

Thus,  iffl'  =  0,  1^=0;  and 

HO  that  for  all  points  on  the  ellipse  given  by  (98),  t  =  q,  p'  =  o, 
u'  =0,  A^  =  0 ;  that  is,  if  the  obstacle  is  on  that  ellipse,  the 
Ixxly  impingcH  on  it  with  a  momentum  equal  to  that  of  original 
impulsion  :  the  mass-centre  of  the  body  is  brought  to  rest,  and 
there  is  also  no  angular  velocity ;  in  fact  the  body  is  brought  to  rest. 

If  n'  =  -  -"^  (.^'^'>' +  f  ^o'l*,   see  (89),  so  that  the  angukr  ve- 

Irxdty  after  the  impact  is  equal  to,  but  of  contrary  direction  to, 
tliat  before  imj)aet,  then,  if  we  take  the  particular  case  given  in 
(146),  we  have 

whicrh  ^ives  an  equation  of  the  fourth  degree  in  terms  of  :r  and 
,y ;  all  i)ointH  on  the  curve  expressed  by  which  are  points  of 
pcrfe(?t  conversion. 

To  (Ictermine  the  points  for  which  n'  has  a  critical  value,  the 
X-  and  ^-partial  differentials  of  (143)  or  of  (146)  must  be  equated 
to  zero :  in  the  general  case  however  they  lead  to  results  so  much 
comj)licat(?d  that  it  is  useless  to  insert  them. 

367.]  In  the  i)receding  Articles,  see  Art.  349,  (49)  and  (50), 
and  Art.  362,  (133),  it  has  been  shewn,  that  a  body  may  be 
cfiuivalently  rei)laced  ])y  two  particles  of  definite  and  determinate 
masHes  at  the  ends  of  an  immaterial  rigid  and  straight  bar,  so 
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far  as  the  effects  of  momentum  communicated  to  the  body  by  a 
blow,  and  the  effects  of  impact  of  the  body  on  a  fixed  obstacle 
are  concerned.  This  property  is  of  considerable  use  in  the  solu- 
tion of  another  problem  :  A  body  of  given  mass  moving  with  a 
given  velocity  impinges  on  a  given  body  at  a  given  point,  it  is 
required  to  determine  the  motion  of  the  bodies  at  the  instant 
after  impact. 

I  will  assume  the  line  of  motion  of  the  moving  mass  to  be 
in  a  central  principal  plane  and  to  be  parallel  to  a  principal 
axis  of  the  body  on  which  it  impinges.  Let  m  be  the  mass  of 
the  latter  body,  ;»'=  the  impinging  mass,  of  which  let  the  velo- 
city at  the  point  of  impact  be  v' ;  let  the  line  of  motion  of  m'  be 
in  the  central  principal  plane  of  (a?,  y)^  and  be  parallel  to  the 
axis  of  ^ ;  let  c,  see  Fig.  46,  the  point  of  impact,  be  in  the  axis 
of  a?  at  a  distance  =  x  from  the  mass-centre  g  ;  and  let  k  be 
the  radias  of  gyration  of  the  body  about  the  axis  or,  which  is 
perpendicular  to  the  line  of  action  of  the  blow.     Let  o  be  the 

spontaneous  centre  reciprocal  to  c  ;  so  that  o  G  =  —  •      Now  in 

Art.  362  we  have  shewn,  that  so  far  as  concerns  blows  given  by 
it,  the  body  m  may  be  replaced  equivalently  by  two  masses 
M  and  m',  which  are  therein  assigned,  of  which  the  former  is 
placed  at  c,  and  the  latter  at  o ;  and  that  as  o  is  a  centre  re- 
ciprocal to  c,  the  mass  M^  placed  at  o  neither  affects  nor  is 
affected  by  the  blow  given  at  c ;  so  that  as  far  as  the  momentum 
of  a  blow  at  c  is  concerned,  the  effect  of  the  body  will  be  the  same 
as  that  of  the  mass  m  placed  there:  all  this  is  explained  in 
Art.  362.  The  problem  then  which  is  proposed  for  solution  is 
this ;  m'  moving  with  a  velocity  xf  impinges  on  M  at  rest :  it  is 
required  to  determine  the  motion  of  M  and  m!  after  collision. 
The  principles  of  Art.  263,  Vol.  Ill,  are  sufficient  for  the 
purpose,  and  may  be  applied  as  follows: 

Let  V  =  the  velocity  of  M  after  impact ;  v'=  the  velocity  of 
m'  after  impact ;  and  let  e  =  the  elasticity.     Then,  since 

V  =  (i±i)^f±^4|.' ;  (151) 

v'=^:i^+^h£^;  (152) 

H  h  ^ 
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thus  the  momentnm  of  m  after  impact  =  x  v 

and  this  is  the  momentnm  of  the  body  at  the  point  c,  and  is  that 
which  has  hitherto  been  denoted  by  Q. 

The  momentum  imparted  to  the  body  decreases  as  x  increases ; 
and  vanishes  when  a;  =  x  ;  and  the  greatest  valne  is  that  which 
corresponds  to  a?  =  0. 

If  the  bodies  are  perfectly  inelastic,  ^  =  0 ;  in  which  case  the 
momentum  imparted  to  the  body 

Suppose  now  that  m'  and  v'  are  variables,  with  the  condition 
of  their  product  being  constant ;  that  is,  the  momentnm  of  the 
impinging  ball  is  constant,  although  its  mass  and  velocity  vary ; 

say.  t»V  =  Mot'o;  (155) 

and  suppose  moreover  that,  whatever  is  the  distance  from  a  at 
which  m'  impinges,  the  momentum  imparted  to  the  body  is 
the  same  ;  say,  =  m  v^ ;  then, 

and  consequently  m'  (Jr  +  x^)  is  constant,  =  w^V^^  say  ; 

...    -'  =  ^.;  (156) 

t;'  =  eoJ>_(^t_^).  (157) 

in  which  equations  m'  and  v^  arc  expressed  as  ftmctions  of  x^  and 
are  thus  determinable  for  any  distance  from  the  mass-centre  of 
the  point  of  impact. 

Thus,  if  a  hammer  is  to  be  constructed  and  used,  so  that  the 
same  quantity  of  momentum  is  to  be  imparted  to  a  body  whoso 
mass  is  w,  whatever  is  the  distance  of  the  point  of  impact  from 
the  mass-centre,  the  momentum  of  the  blow  of  the  hammer 
being  always  the  same,  then  the  mass  of  the  hammer  and  the 
velocity  of  the  blow  are  given  by  (156)  and  (157). 

368.]  The  following  are  examples  in  which  these  principles  are 
further  applied, 

Ex.  1.  Two  uniform  rods  ab  and  bc,  having  a  joint  at  B, 
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are  placed  in  the  same  straight  line,  ab  is  struck  at  a  by  a 
blow  whose  momentum  is  Q,  in  a  line  perpendicular  to  ab, 
it  is  required  to  determine  the  subsequent  motion  of  a  b 
and  B  c. 

Let  m  and  m'  be  the  masses,  and  2a  and  2a'  the  lengths 
of  the  rods ;  and  let  g  and  g'  be  their  respective  mass^centres. 
Let  V  and  v'  be  the  velocities  of  translation  of  the  mass-centres, 
and  A  and  a'  the  angular  velocities :  let  x  be  the  reaction  at  b, 
which  is  at  right  angles  to  the  rods.  Let  o  and  o^  be  the  instan- 
taneous centres,  and  let  o  o  =  a?,  g'o'  =  af, 

.-.    iFn  =  v,    afci'=^V,    (a— a?)a  =  (fl'+a^)!!';  also 
wv  =  Q  +  x, 


maa 

-5-  =  Q-x; 


a?  =  -=-  >  a?  = 


(158) 


8'  •'~«tt'  +  2»i' 

7?  =  qT  — :;;;; —  =  2,  if  «  =  wi  and  a  =  a  ; 
A        oa        ni 

Displacement  of  a  _  (a  +  a?)  ri  __  2  («»  +  wi')  __      .^     _    , 
Displacement  of  c  ""  (a— a?')  n'  ""        m        "~    '  "" 

Ex.  2.  Three  uniform  and  equal  thin  rods  ab,  bg,  cd  are 
ari-anged  as  three  sides  of  a  square  having  joints  at  B  and  c :  the 
end  A  is  struck  in  the  plane  of  the  rods  and  at  right  angles  to 
A  B  by  a  blow  whose  momentum  is  Q.  It  is  required  to  compare 
the  angular  velocities  of  a  b  and  c  D,  and  the  displacements  of 
A  and  D. 

Let  m  be  the  mass,  and  2  a  the  length  of  each  rod ;  let  g 
and  g'  be  the  mass-centres  of  a  b  and  c  d  respectively,  g  o  =  a?, 
G^o^=  x';  and  let  T and  T^  be  the  reactions  at  Band  c  respectively. 

Then  (1)  as  to  a  b, 

;WV  =  Q  +  T,  .-.      T=  ^(v-yj 


man  m  /       an< 


(169) 


na?=  V. 
(2)  as  to  b  c, 

T— t'  =  w?  (a— a?)n  =  «»(a  +  fl?')n', 

the  displacements  of  B  and  c  being  equal  and  in  the  same 
direction. 
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(8)  as  to  C  D, 


at! 


T— t'_v       ,     ati 

=  i ig =(a— «)Q  =  (a  +  a^o'; 

17a      n'      1 
•'•    "  =  -21'      0  =  7' 
Displacement  of  a  _^  {a  +  x)a  _  -■  q 
Displacement  of  d  ~  (a — a?')  a' "~ 

If  B  c  were  a  thin  string  whose  mass  might  be  neglected,  then 
t'=t:  5a  ,      a  n'      1 

"^="9'     ^^=8'     :s=3^ 

Displacement  of  A  _ 
Displacement  of  d  ~ 

Ex.  3.  An  uniform  rod,  moving  parallel  to  itself  with  a 
velocity  v,  impinges  on  a  smooth  plane  which  is  perpendicular 
to  the  line  of  motion  of  the  rod,  the  rod  being  inclined  at  an 
angle  to  the  line  of  motion.  Determine  the  initial  circum- 
stances. 

Let  m  be  the  mass  and  2a  the  length  of  the  rod  ;  then  if  n  is 
the  initial  angular  velocity,  Vq  the  initial  velocity  of  the  mass- 
centre,  Bq  the  momentum  of  the  impact,  and  a  the  angle  between 
the  rod  and  the  normal  to  the  plane,  the  equations  of  motion  are 

wa^n  .  .  , 

m  v  =  Rq  +  w  Vq  ;    — --  -  =  a  Rq  sm  a ;  v^  =  a  sin  a  n,  whence   n,  r^ 

and  Vq  may  be  found. 

369.]  Ex.  4.  A  heavy  spherical  billiard  ball  on  a  rough  hori- 
zontal table  is  struck  by  a  cue  at  a  given  point  with  a  blow  of 
given  intensity  in  a  given  direction  ;  it  is  required  to  determine 
the  resulting  motion  of  the  ball. 

Let  a  =  the  radius,  m  =  the  mass  of  the  ball ;  Q  =  the  mo- 
mentum of  the  blow ;  a  =  the  angle  at  which  its  line  of  action 
is  inclined  to  the  plane  of  the  table. 

Let  the  horizontal  plane  which  passes  through  the  centre  of 
the  ball  and  is  parallel  to  that  of  the  table  be  the  plane  of(x,y)  ; 
and  let  the  line  in  it  parallel  to  the  vertical  plane  which  con- 
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tains  the  line  of  Q  be  the  axis  of  a? ;  let  ^  =  the  horizontal  dis- 
tance from  the  centre  of  the  ball  to  the  vertical  plane  which 
contains  the  line  of  blow ;  and  let  k  be  the  perpendicular  distance 
on  the  line  of  blow  from  the  point  where  h  meets  the  vertical 
plane  containing  that  line. 

Let  FcosjS  and  Fsin)3  be  the  components  parallel  to  the 
axes  of  X  and  y  respectively  of  the  friction  against  the  table 
which  is  brought  into  action  by  the  blow ;  let  a^,  Oj,  A3  be  the 
resulting  angular  velocities  about  axes  through  the  centre  of  the 
ball  which  are  parallel  to  the  coordinate  axes ;  and  let  u^ ,  Vq 
be  the  resulting  expressed  velocities  of  the  centre  of  the  ball, 
parallel  to  the  coordinate  axes.  Then  the  equations  of  transla- 
tion parallel  to  the  axes  of  x  and  y  are 

uuq  =  q  cos  a— F  cos  )3, 
mvq  =  — F  sin  )3 

and  if  a  is  the  moment  of  inertia  of  the  ball  about  an  axis 
through  its  centre, 

An^  =  —  Q^sina— aFsin)9, 

AHg  =        q^  +  <ZFC0Sj3, 

AOj  =  ^qAcoscu 
If  R  =  the  pressure  of  the  ball  on  the  table,  due  to  the  blow, 

R  =  qsina; 

since  the  line  of  action  of  R  passes  through  the  centre  of  the  ball, 
it  produces  no  effect  on  Q^^  Q^^  or  o^. 

Thus  the  axial  components  of  the  velocity  of  the  point  of 
contact  of  the  ball  with  the  plane  are  u^—aci^y  rQ  +  aA^;  con- 
sequently, if  ^  ^  K-««2)^  +  K  +  «^)^> 

as  ^  is  the  angle  at  which  the  initial  path  of  the  point  of  contact 
is  inclined  to  the  axis  of  ^, 

cosj3  sin)3  1 


■\ 


«o-aQg       fo  +  aOi       »' 


(161) 


and  since  the  friction  acts  as  a  retarding  force  along  the  line  of 
motion  of  the  point  of  contact,  its  line  of  action  is  thus  de- 
termined ;  and  the  friction  is  known  in  terms  of  the  pressure  R, 
so  that  the  four  unknown  quantities  i^q'  ^o>  ^>  ^  ^^^  involved  in. 
four  independent  equations,  and  may  be  determined  without 
difficulty ;  and  thus  the  initial  motion  of  the  ball  will  be  de- 
termined.    Applications  of  these  results  will  be  made  hereafter. 
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870.]  Ex.  5.  A  body  m  rests  on  a  prop  and  is  stmck  hy  a 
blow  whose  momentum  is  Q,  the  line  of  motion  of  the  Uow 
being  in  a  central  principal  plane,  and  parallel  to  one  cential 
principal  axis ;  and  the  line  of  reaction  of  the  prop  being  in 
the  same  principal  plane,  and  parallel  to  the  line  ct  the  blow. 

Let  OGR  be  a  central  principal  axis  of  the  body  whose  mass 
is  vtj  and  mass-centre  is  o.  Let  c  be  the  prop  and  k  the 
point  of  application  of  the  blow  whose  momentum  is  q,  and  of 
which  QR  is  the  Hac  of  action ;  this  line  of  motion  bein^  in  the 
central  principal  plane  XQz:  see  Fig.  47.  It  is  evident  that  if 
R  coincides  with  c,  that  is,  if  the  blow  is  given  at  the  prop,  the 
momentmn  of  the  pressure  borne  by  the  prop  =  q;  suppose  how- 
ever that  the  point  of  impact  of  the  blow  is  R,  where  ge  =  dr ;  let 
p  =  the  momentum  borne  by  c,  and  let  p'  be  that  applied  at  o, 
which  is  the  spontaneous  centre  reciprocal  to  c,  both  these  being 
due  to  Q ;  then  the  pressure  p^  does  not  affect  the  pressure  at  c, 
which  is  a  point  reciprocal  to  o,  so  that  p  is  the  whole  pressure 
on  the  prop. 

Let  G  c  =  A ;    and  consequently  g  o  =  y ;  then  as  P  and  p' 
are  the  components  of  q,  q  =  p  — p'; 
and  p(yi  +  _^.)  =q(_+^). 

which  assigns  the  pressure  borne  by  the  prop.  If  a?  =  ^,  p  =  q  ; 
that  is,  the  blow  is  applied  at  the  prop,  and  the  pressure 
borne  by  the  prop  is  equal  to  the  momentum  of  the  blow.     If 

a:  = ji  that  is,  if  the  blow  is  struck  at  o,  the  spontaneous 

centre  relative  to  c,  p  =  0. 

p  increases  as  x  increases,  and  p  is  greater  than  q  when  x  is 
greater  than  h :  it  follows  therefore  that  by  means  of  an  inter- 
vening body  m^  a  blow  of  given  momentum  can  produce  a  pres- 
sure of  any  intensity  on  a  given  prop.     If  a?=  »,  p=  oc. 

If  however  the  blow  is  caused  by  a  hammer  of  mass  m\  and 
impinging  with  a  velocity  v'  on  a  point  whose  distance  from  the 
mass-centre  is  x ;  then,  from  (154), 
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and  therefore       p  =  .,^  ,  ,o... — .     /\a2  .     r^)  '  (164) 

If  in  this  expression  m'  and  v'  have,  for  a  distance  a?,  the  values 
found  for  them  in  (156)  and  (157),  then  the  momentum  of  the 
blow  of  the  hammer  is  always  the  same,  and  the  momentum 
borne  by  the  prop  is  given  by  (162),  and  may  consequently  be 
of  any  magnitude  whatever, 
p  is  a  maximum  in  (164)  when 

X  =  ^V±  {V^  +  ^^'*«  )* ,  (165) 

where  go  =  A'=  y ;  which  gives  two  points  equidistant  from  o. 

Thus  iim  -=•  m'  \  and  h  =  A'=  ^, 

a?  =  (-l±3*)it. 

Similarly  may  the  points  of  impact  be  determined,  so  that  the 
momentum  of  the  pressure  borne  by  the  obstacle  may  be  of  a 
given  value. 

I  cannot  conclude  this  subject,  in  which  I  have  borrowed 
largely  from  the  Memoirs  of  Poinsot,  contained  in  Vols.  II  and 
IV  of  the  second  series  of  Liouville's  Journal,  without  alluding 
to  a  remark  which  he  makes  of  the  process  by  which  the  cir- 
cumstances of  motion  of  a  rigid  system  having  a  fixed  axis  or  a 
fixed  point  may  be  deduced  from  those  of  a  similar  free  system. 
He  considers  a  fixed  point  to  be  a  particle  of  a  certain  definite 
mass,  introduces  this  mass  and  its  incidents  into  all  the  equa- 
tions of  motion,  and  in  the  final  results  makes  this  mass  infinite ; 
and  this  particle  of  infinite  mass  he  considers  to  be  a  fixed 
point ;  on  which,  of  course,  as  to  translation,  a  finite  force  has 
no  efiect ;  but  for  an  axis  passing  through  that  point  the 
moment  of  inertia  of  the  body  is  finite,  and  consequently  the 
impressed  couples  will  produce  their  own  rotatory  eiTects. 


Section  2. — Motion  of  a  free  invariable  system  under  the  action  of 

finite  accelerating  forces, 

371.]  "We  now  come  to  the  most  general  case  of  absolute 
motion  of  a  body,  or  of  any  system  or  systems  of  material  parti- 
cles under  the  action  of  finite  forces.  Many  processes  have 
been  devised  for  the  purpose,  and  several  of  them  are  especially 
adapted  to  particular  classes  of  problems.     All  however  are 


»f  iw/i4i<Hi  M»  dcrivtd  CraM,  «  ae 
«|M»(M/iw  in  whieb  w«  ban  cqaoaei  ika  ift* 
U  «(r(f)j'  UtMw  tA  tlu  mthtiam  ti  fmU^m  «f  ■ 

MM<«  t"  'rtJiKr  KDiJ  derived  [sneaiai;  ki 

•  AMiiiUiii  >fi  rintformity  of  | 
th«i  fin-itKiaUuMMM  of  the  j^robleon  i 
nund  •lfit|>ln  alomfiita.  We  •hall  indeed  tifce  tW  £»■■  irtaA 
limm  pfiiMfiitNii  utlniit  or,  in  viiiae  of  tic  tkcna^Ba  piwni  h 
Mwll/m  >f  of  Ctu^.  Ill;  we  ilidl  eoand«r  tht  MKiCiiM  «f  taH>- 

I  Uli"it  tif  UiK  itiNM-oentn,  by  nwumiay  aD  the  InnaB  to  aM  isa 
|riirllii|»,  wliow>  niBM  i«  aqnal  to  the  whole  hmm  of  tbe  BMnif 

,  •)'»lfiii,  [ilwHil  llinrein ;  and  in  our  infiturr  isto  the  raUiia 
of  i)i«  NyaiAiu,  wa  itliall  Bfmuiiui  the  maes-centra  ta  be  a  fiwl 
|nilril|  Hiiil  tliK  body  ur  iiiut«rial  nystem  to  rotate  abont  aa  aii> 
IMMwIritf  tlii'mitfli  ihiil  point.  Thus  the  motion  of  the  systMti  in 
ftli<i  llrHl'  |dntw  dfiwndM  i>n  thn  two  following  g-roupe  of  equations: 


-';.')-'('-S)!=»- 


(186) 


'■"{•(.'-W-^-'i'-'^}\  =  0.   '[         (16') 

If  u  i*  (h«  niMK  of  th«  wliolu  nioving^  s)-stem,  (f.  ^.  i)  is  dw 
(Jaoo  of  tho  mnMMWntn  at  the  tinM  (,  and  if  (<^,  y*!  <0  *"  ^ 
fUncv  of  M  rplativrly  to  a  tyKktm  of  coordinate  axes  oc^i^dins' 
ai  tJi«  nuuB-wntft,  and  paiaUol  t»  the  ongiaal  ayata^  «f  ^^; 
tb«ft,  by  tiie  tbeonma  of  Seetktt  2,  Cbap.  11^  tfiM*  teb  ^ 


A* 


(M^ 
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'•^k("-S-)-^(^-^^)H'^' 


,.«,|/(x-^)-«'(z-^)|=0, 


(169) 


By  reason  of  the  former  of  these  last  two  groups,  the  motion  of 
translation  of  the  body  is  reduced  to  that  of  a  single  material 
particle  whose  mass  is  M ;  and  to  this  motion  all  that  has  been 
said  in  Vol.  Ill  is  applicable.  The  second  group  reduces  the 
motion  of  rotation  to  that  of  a  body  rotating  about  an  axis 
passing  through  a  fixed  point  of  it ;  and  consequently  to  this 
motion  all  that  has  been  said  in  the  preceding  Chapter  is 
applicable.  The  problem  therefore  requires  two  processes  in 
combination,  each  of  which  has  been  separately  discussed ;  and 
little  else  remains  than  to  illustrate  the  combination  by  means 
of  particular  examples.  Indeed  I  have  already  anticipated  the 
process  in  the  investigation  of  the  phaenomena  of  terrestrial 
precession  and  nutation  in  the  preceding  Chapter ;  because  we 
have  assumed  the  centre  of  the  earth  to  be  fixed,  whereas  it 
has  a  motion  of  translation  in  space. 

In  investigating  the  motion  of  rotation  of  the  body  about  the 
point  which  is  assumed  to  be  fixed,  we  may  use  the  simplifica- 
tions and  substitutions  of  the  last  and  preceding  Chapters. 
Thus,  if  cojc,  (jdyy  o),  are  the  angfular  velocities  at  the  time  t  about 
any  three  coordinate  axes  originating  at  the  fixed  point,  (169) 
become  (54),  of  Art.  156 ;  which  however  it  is  unnecessary  to 
repeat  in  this  place  as  we  shall  employ  simplified  forms  of  them. 
We  shall  investigate  the  angular  velocities  of  the  body  at  the 
time  t  relatively  to  the  three  principal  axes  of  the  body ;  and  the 
equations  for  determining  these  are 

A-^  +  (c- 3)0)20)3=  L, 


B-^^  +  (a-C)o)30)i  =  M, 

c-rf +  (b-a)o)iO)2  =  n;; 


(170) 


dt 

because  hereby  (theoretically  at  least)  the  angular  velocity  of 
the  body,  and  the  position  of  the  instantaneous  rotation-axis 
relatively  to  the  principal  axes,  may  be  determined  at  the  time 
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i ;  and  thence  we  may  determme,  ae  in  the  preceding  Chapter, 
the  motion  of  the  body  in  reference  to  fixed  axes,  by  means  of 
the  three  connecting  angles  0,  <{>,  V'- 

And  if  the  position  of  the  rotation-axis  which  passes  throngh 
the  masB-ceatie  of  the  body  is  invariable  relatively  to  the  body, 
then  the  rotation  ia  determined  by  the  simple  equation, 

d<ii_  moment  of  impressed  forces  /i7i\ 

di  moment  of  inertia 

In  the  Bolation  of  mechanical  problems,  the  theorems  of  vis 
viva,  and  of  conservation  of  areas,  may  frequently  be  applied,  to 
the  saving  of  considerable  trouble ;  not  indeed  because  they 
contain  any  truth  besides  those  involved  explicitly  or  implicitly 
in  the  equations  of  motion,  but  because  they  are  first  integrals 
of  these  equations.  In  a  didactic  treatise,  however,  as  clearness  of 
conception  and  accuracy  of  expression  are  of  paramount  import- 
ance ;  and  as  these  will  be  obtained  when  the  circumstances  of  a 
problem  are  resolved  into  their  simplest  elements;  so  in  the 
following  problems,  the  equations  of  motion  are  generally  given 
in  their  original  forms,  and  for  the  complete  solution  of  a  pro- 
blem two  successive  integrations  are  required.  In  some  cases 
the  equations  of  areas  and  the  equation  of  vis  viva  will  be  given 
directly;  and  the  latter  will  frequently  present  iUelf  in  the 
derived  form  which  has  been  proved  in  Art.  113;  viz.,  the  vis 
viva  of  the  system  is  equal  to  the  sum  of  the  vis  viva  of  the 
whole  system  condensed  into  ita  mass-centre,  and  of  the  vis  riva 
of  the  several  particles  relative  to  the  mass-centre. 

372.]  The  following  are  problems  on  the  motion  of  rigid 
bodies. 

Ex.  1.  A  hea\'y  homogeneous  sphere  rolls  down  a  rough  in- 
clined plane  ;  it  is  required  to  determine  the  motion. 

%Ve  suppose  the  sphere  to  be  placed  at  rest  on  the  plane,  and  to 
roll  down  it  so  that  the  point  of  contact  describes  a  straight  line 
perpcndiculur  to  the  line  of  intersection  of  the  inclined  and  hori- 
zontal I'lanes.  Let  Fig.  48  represent  a  section  of  the  sphere  and 
plane  at  the  time  /,  made  by  a  vertical  plane  passing  through 
c  the  centre  of  the  sphere.  Let  a  be  the  point  of  the  sphere 
which  was  originally  in  contact  with  the  plane  at  the  iwint  o  ; 
let  a  be  the  radius  of  ilie  sphere;  uv  =  k,  acf  =  d,  m  =  the 
moss  of  the  sphere,  >'  —  the  G|AM|ni  of  rolling,  «.  —  the  pressure  of 
tiK  sphore  os^^^^flwejaH^^^^tade  of  elevation  of  the  plane. 
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Now  c  evidently  moves  along  a  straight  line  parallel  to  the 
plane ;  so  that  for  its  motion  of  translation  we  have 

M  ^  =  M^sino— F; 

and  if  c  is  considered  fixed,  the  sphere  evidently  rotates  about  a 
horizontal  axis  parallel  to  the  plane ;  and  if  i  is  the  radius  of 
gyration  of  the  sphere  relative  to  this  axis, 

and  since  the  plane  is  perfectly  rough,  so  that  the  sphere  does 

not  slide,  rf*  =  ad$ ;  also  i^  =  -=-  ; 

5 

d^s         d^e      5      . 

which  assigns  the  motion;   also  R  =  m^coso,    p  =   — ^ • 

If  the   plane  were  perfectly  smooth,  the   impressed  velocity- 
increment  along  the  plane  would  be  ^  sin  a;  so  that  the  rough- 
ness of  the  plane  which  causes  the  rolling  diminishes  the  action 
of  gravity  along  the  plane  by  two-sevenths  of  its  full  value. 
If  the  rolling  body  were  a  circular  cylinder  with  its  axis  hori- 


a^ 


zontal,  then  ^  =  — ;  and 

4V 


:772  =  o^8ina; 


d^_2 
dl^^S 

so  that  the  roughness  of  the  plane  would  diminish  the  action  of 
gravity  along  the  plane  by  one-third  of  its  full  value. 

Ex.  2.  A  hollow  spherical  shell  is  filled  with  fluid  aiid  rolls 
down  a  rough  inclined  plane ;  determine  its  motion. 

Let  M  and  m^  be  the  masses  of  the  shell  and  fluid  respectively ; 
and  let  i  and  i'  be  the  radii  of  gyration  of  them  respectively 
about  a  diameter ;  let  a  and  a^  be  the  radii  of  the  exterior  and 
interior  surfaces  of  the  shell ;  then,  employing  the  same  nota- 
tion as  in  Ex.  1,  we  have 

d^s 
(m+m')^  =  (M  +  M^^sina— f. 

As  the  spherical  shell  rotates  in  its  descent  down  the  plane,  the 
fluid  has  only  motion  of  translation;  so  that  the  equation  of 
rotation  is  d^0 
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If  the  interior  were  solid,  and  rigidly  joined  to  the  shell,  the 
equation  of  motion  would  be 

Thus  if  s  and  /  are  the  spaces  through  which  the  centre  moyes 
during  the  time  t  in  these  two  cases  respectively,  then 

7""  (M  +  M^jfl^  +  M/P  ' 

80  that  a  greater  space  is  described  by  the  sphere  which  has  the 
fluid  than  by  that  which  has  the  solid  in  its  interior. 

If  the  densities  of  the  solid  and  the  fluid  are  the  same,  replac- 
ing i  and  i'  by  their  values, 

s  _       7a^ 

Ex,  3.  A  heavy  right  circular  cylinder  is  composed  of  two 
substances,  whose  volumes  are  equal,  and  whose  densities  are  p 
and  p';  these  substances  are  armnged  in  two  different  forms  ;  in 
one  case,  that  whose  density  is  p  occupies  the  central  part  of  the 
wheel,  and  the  other  is  placed  as  a  ring  around  it ;  in  the  second 
case,  the  places  of  the  substances  are  interchanged ;  t  and  l^  are 
the  times  in  which  the  cylinders  roll  down  a  given  rough  in- 
clined plane  from  rest ;  shew  that 

l^:f'::6p  +  7p':6p'-^7p. 

Ex.  4.  A  homogeneous  heavy  sphere  rolls  down  within  a  fixed 
rough  spherical  bowl  ;  it  is  required  to  determine  the  motion. 

Let  the  circumstances  be  as  represented  in  Fig.  49,  where  b  is 

the  radius  of  the  bowl,  a  is  the  radius  and  m  is  the  mass  of  the 

rolling  sphere  ;  and  let  us  suppose  the  sphere  to  have  been  placed 

at  rest  in  the  bowl.     Let  ocQ  =  </>,  qPA  =  ^,  bco  =  a  ;  then  as 

the  sphere  rolls  and  does  not  slide,  a^  =  ^(a— -</>) ;  let  o)  be  the 

angular  velocity  of  the  sphere  at  the  time  /,  so  that 

_^r/.MPA^  d{0  +  (t))  _^      h^ad(\> 

dt      ^       dt  a     dt 

In  reference  to  om  and  oc  as  coordinate  axes,  let  {x^y)  be  the 

place  of  P  at  the  time  t ;  so  that 

J/  z=z  b  —  ^b^a)  cos  </),     a?  =  {b  —  a)  sin  </> ; 

then  the  equation  of  vis  viva  is 


m 


ida^     dv^      2a^    ^) 

\di^  ■*"  5^  ^BmSl)  "  2»*^(cos0-cosa)  : 
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whence  we  have 

(*-«)  ^  =  -7^  (co8<^-cosa) ; 

from  which  ^  may  be  expressed  in  terms  of  t  by  means  of  elliptic 
functions. 

If  R  is  the  pressure  of  the  sphere  against  the  bowl, 

„       xdih^                 ,             17cos0  — lOcosa 
R  ^m(b—a)-^j  +««^cos^  =  mg ■^ ; 

BO  that  the  pressure  at  the  lowest  point  =  mg  IZjZ^J^^ ,  and 

the  pressure  vanishes  when  17cos^  =  10  cos  a. 

If  F  is  the  friction  at  the  point  of  contact  at  the  time  t^ 

/»       \^^^0            •     .        Zmgsmdi 
F  =  m{b-'a)  ^  +  9ngBin<l)  =  ^ ; 

as  this  =  0,  when  0  =  0,  there  is  no  friction  at  the  lowest  point 
of  the  bowl. 

If  the  ball  rolls  over  only  a  small  arc  at  the  lowest  part  so 
that  a  and  0  are  always  small,  then  replacing  cos  ^  and  cos  a 

by  1  —  —  and  1  — -«  respectively,  we  have 


thus  the  ball  comes  to  rest  at  points  whose  angular  distance  is 
a  on  both  sides  of  o,  the  lowest  point  of  the  bowl ;  and  the 

periodic  time  =  tt  )  — ^-- — <  >  ;  consequently  the  oscillations  are 

performed  isochronously  with  those  of  a  simple  pendulum  whose 

7 
length  is  -  (6— fl). 

Ex.  5.  A  heavy  uniform  beam  of  length  2a  and  mass  m  slides 
down  between  a  smooth  vertical  wall  and  a  smooth  horizontal  plane, 
the  beam  moving  in  a  vertical  plane.     Determine  the  motion. 

Let  the  intersection  of  the  horizontal  and  vertical  planes  and 
of  the  plane  of  motion  of  the  beam  be  the  origin,  and  let  («,^)  be 
the  place  of  the  centre  of  gravity  of  the  beam  and  0  its  inclina- 
tion to  the  horizontal  plane  at  the  time  t ;  so  that  x=  aco^O^ 
^  =  a  sin  ^. 
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Henee  tlie  eqiiAtion  of  ris  viva  is 

if  a  is  the  incliosfdon  of  tbe  beam,  when  at  rest,  to  the  horizontal 
plane; 

■  ■  "8"  Ji*" 

whereby  0  may  be  expressed  in  terms  of  t  bj  means  of  (dliptic 
nmcttons* 

If  z  and  T  are  the  pressnres  against  the  vertica]  wall  and  the 
horizontal  plane  respectively, 

x=  •*  jTs  = i — —  (Zsina— oaintf): 

2 

Hence,  when  sin  d  =  ^  sin  a,  the  beam  leaves  the  vertical  wall  hot 

does  not  leave  the  horizontal  plane ;  the  preasore  on  which  is  a  max- 
imum, and  ia  =  ^  — —  •  Thus  the  subseqaent  ciicamstances 
of  motion  become  changed,  the  beam  has  a  conetant  horizoatal  velo- 
city =  ^—^—^  (sina)' I  and  also  an  angular  velocity  =  (—g — )  > 

about  a  horizontal  axis  passing  through  the  centre  of  gravity ; 
finally  the  beam  becomes  horizontal  and  lies  in  the  plane. 

Ex.  6.  A  heavy  homogeneous  sphere  rolls  down  the  rongh  &ce 
of  a  wedge  ;  the  wedge  resta  on  a  smooth  horizontal  plane,  along 
which  it  slides  by  reason  of  the  pressure  of  the  sphere ;  it  is  re- 
quired to  detcrmiae  the  motions  of  the  sphere  and  of  the  wedge. 

The  circumstances  of  motion  at  the  time  t  are  delineated  in 
Fig.  50.  m  =  the  mass  of  the  b^,  u  =  the  mass  of  the  wedge ; 
a  =  the  radius  of  the  ball,  a  =  the  angle  of  the  wedge  ;  Q  the  apex 
of  the  wedge,  o  the  place  of  Q  when  ^  =  0  ;  o'  the  point  on  the 
wedge  which  was  in  contact  with  the  point  a  of  the  sphere,  when 
;  =  0;  at  which  time  let  ns  suppose  all  to  be  at  rest;  acp  =  9, 
the  angle  throtif,'!)  v/Wich  the  sjih*--   "ab  revolved  in  the  time  /. 

Let  O  be  the  ori<;in,  "■■nd  lot  Itontal  and  vertical  lines 

through  it  be  the  axMof  it  i-  W*;  and  let  («,  y)  and 

(A,  i)  be  the  ph 
times  i=s  it  and 
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Then  the  equation  of  vis  viva  is 

Also,  as  no  external  force  acts  parallel  to  the  axis  of  Xy  the  centre 
of  gravity  of  the  two  moving  bodies  moves  in  a  vertical  straight 
line,  so  that  ^  {x-K)^Vi9f  =  0. 

Also  from  the  geometry, 

X  =  ^  +  a?'— fl^cosa,        y  =  ^— a^sina; 

,'.  x=-h a^cosa. 

M  +  ^ 

Whence 

7M^+{4  +  10(8ina)^}M^+{2  +  5(sina)^}f»^  ^  _  2^^sino 

5(m  +  w)^  </^*  ""        a 

and  thus  ^,  and  thence  x  and  y,  may  be  determined  in  terms  of  L 
Also  from  above 

(w  +  M)(a?— >5)sina~M(^— ^)coso  =  0; 

which  shews  that  the  path  described  by  the  centre  of  the  sphere 
is  a  straight  line. 

Ex.  7.  A  heavy  beam  o  p>  see  Fig.  51,  tnms  about  a  hinge  at 
o,  and  its  end  p  rests  on  a  smooth  inclined  plane  or  wedge, 
which  slides  along  a  smooth  horizontal  plane  which  passes 
through  o :  it  is  required  to  determine  the  motion  of  the  beam 
and  of  the  inclined  plane. 

Let  m  and  h  be  the  masses  of  the  beam  and  wedge  respectively; 

2  a  :=  the  length  of  the  beam,  a  =  the  angle  of  inclination  of 

the  plane  to  the  horizon^  foq=:^»  OQ=ar.    Then,  from  the 

geometry,  we  have, 

a;  sin  a  =  2a  sin  (a— ^). 

Now  the  equation  of  vis  viva  is 

4a2  d&^  do^       ^         /  .    ^       .    ^x 

*^~3"  5^  ■*■  ^  d^  ~  ^^''^(^"^^o-sin  e) 

where  Bq  is  the  value  of  ^,  when  the  system  is  at  rest ;  and,  re- 
placing -^  by  its  value  in  terms  of  -^  ,  we  have 

rhenoe  0  may  be  expressed  in  terms  of  t  by  means  of  elliptic 
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Tlie  eqnatioD  of  Ti§  titb  if 

if  0  =  a.  vhm  tiie  lodr  is  at  lot.     HcBoe  we  imvt 


:<r-2tf-co6tf-r!r-i*.  ^^  =  2cs  Sos^^cmm);      (172) 

which  giTee  the  miis:^2lar  Telochx  of  the  hodj  mboot  m  honzoDtal 
axis :  and  whence  6  mar  be  exrresed  in  terms  cf  f  br  meuis  of 

an  elliptic  fnnciion. 

If  however  the  ace^e  tbrr»Tigh  which  the  lody  roeks  is  always 
small,  so  that  a  and  6  are  always  so  small  that  aU  powers  of  them 
above  the  second  may  he  neglected,  and  that  the  seeond  powers 
may  be  negrlect«i  when  they  are  added  to  £nite  quantities  :  then 
we  may  replace  (1"2)  by  its  approximate  equation, 

.-.     ^rracosj^     ^^ -J/:  (173) 

so  that  the  lody  oscillates  or  recks  through  an  angle  2  a ;  and 
the  time  of  an  oscillation 


This  lesolt  applies  to  a  problem  which  is  physically  of  consider* 
able  importance.  In  making  obaoMions  with  the  pendalain, 
the  mode  of  suspension  which  is  fl^HBpt  convenient  for  the 


/ 
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determination  of  the  distance  between  the  centreB  of  suspension 
and  oscillation  is  that  of  knife  edges,  resting  on  horizontal  plates 
of  agate  or  of  some  other  hard  material.  Although  the  knife 
edges  are  made  of  steel,  and  brought  to  as  fine  an  edge  as  pos- 
sible, yet  they  are  not  mathematical  straight  lines,  but  approxi- 
mate to  cylinders,  which  we  may,  without  sensible  error,  suppose 
to  be  circular,  and  of  a  very  small  radius ;  in  which  case  the 
pendulum  is  suspended  by  a  horizontal  cylinder  which  rests  and 
rolls  on  two  parallel  horizontal  bars  which  are  perpendicular  to 
the  axis,  aud  of  which  a  diagram  is  given  in  Fig.  58.  Here 
the  centre  of  gravity  of  the  rolling  body  is  below  the  horizontal 
plane,  so  that  c  is  greater  than  a ;  then,  if  T  is  the  time  of  an 
oscillation,  ( >fc*  +  (c — a)^ )  * 

but  if  the  pendulum  is  suspended  by  an  exact  edge,  the  time  of 
oscillation  ( it*  +  c* )  * 

thus  the  eflect  of  the  want  of  accuracy  in  the  edge  diminishes 
the  time  of  vibration  in  the  ratio  of 

{iP  +  ((?-a)2}i    to     {/P  +  c2}i, 

Ex.  9.  If  we  suppose  the  rocking  body  to  be  homogeneous, 
and  to  be  bounded  by  a  cylindrical  surfiu^e  whose  section  per- 
pendicular to  the  generating  lines  is  semicircular,  as  in  Fig.  64 ; 
then,  if  4a     .,      a*       /4a\* 

and  the  time  of  oscillation 

C9w-16    )i 

=  ^^1-^7""}' 

If  the  rocking  body  is  a  homogeneous  hemisphere,  the  time  of 
an  oscillation  /26a\i 

Ex.  10.  A  thin  heavy  homogeneous  bar  is  suspended  from  a 
horizontal  beam  by  two  fine  inelastic  strings  of  equal  length 
attached  to  its  extremities  so  that  the  bar  in  its  position  of  rest 
is  horizontal.  The  bar  is  displaced  (1)  in  the  direction  of  its 
length  ;  (2)  in  a  direction  perpendicular  to  its  length  ;  (8)  by  a 
twist  about  a  vertical  axis  passing  through  its  centre :  the  strings 
in  each  case  remaining  taut :  required  to  determine  the  motions, 
tiie  displacements  being  infinitesimal 

I  i  7, 
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Let  Za  "he  the  length  and  m  the  maas  of  the  bar,  and  e  the 
length  of  each  string  of  suBpenedon.  Let  the  centre  of  grraTitf 
of  the  bar  in  ite  poeition  of  rest  be  the  origin,  and  let  its  line  be 
the  axis  of  s.  Let  (a,  y,  z)  be  the  place  of  the  centre  of  gravity 
at  the  time  t,  and  let  t  be  the  tension  of  each  Btring  at  that 
time. 

(1)  Ab  the  bar  moves  in  only  a  vertical  plane,  let  ^  be  the 
angle  between  each  string  and  the  vertical  at  the  time  t :  th«i 
by  the  geometry  jr=  csin^,  ^  =  0,  s  =  <:(1— cob^):  and  tiie 
equations  of  motion  are 

m  -jTi"  =  — Slain ^  ;      ^^jf  =  0;     m,  -j-^  =  — ffiy  +  2Tcoe^. 

C  -jTt  ^  2^(cob0— cosa), 

where  a  is  the  greatest  value  of  ^.  As  a  and  <^  are  both  small, 
we  may  replace  them  by  their  approximate  v^uee,  and  thus 
obtain  d(/>*         ,  ,      .. 

whence  ^  =  a  sin  (—)  t ; 

and  therefore,  taking  approximate  valnes,  ' 

so  that  *  and  s  are  periodic  functions  of  ^ ;  of  which  the  period 
is  Snf— )  ,  and  of  which  the  amplitudes  are  respectively  co, 

and-g-. 

(2)  Let  the  bar  receive  a  lateral  displacement,  and  let  ^  be 
the  angle  between  each  string  and  the  vertical  at  the  time  i  : 
then  by  the  geometry  x  =  0,  y  =  canijf,  z  =  c{l—ooByff):  and 
the  equations  of  motion  ai-e 

'"rfi^^**'      "i«J''  ^"'^-    ^   ^=  -'".*  + 2tcos^; 

whence  if  /5  is  thf 
email  and  ^  =  j3> 


>/r  =  ^C08(^)    t'. 
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C 

and  taking  approximate  values  as  heretofore, 

SO  that  y  and  z  are  periodic  fiinctions  of  ^,  of  which  the  period  is 

2  TT  ^— j  9  being  the  same  as  that  in  the  preceding  case :  and  of 

.  "^  .  .  cB^ 

which  the  amplitudes  are  respectively  efi  and  ~-  • 

At 

If  then  the  epoch  is  the  same  in  these  cases,  and  the  results 

are  simultaneous  and  their  resultant  taken,  then 


a^     .     /    _ 


=  1; 


.  =  l(.H^){«.(f)*lf, 

of  which  the  former  is  the  equation  to  an  ellipse :  so  that  the 
centre  of  gravity  of  the  bar  moves  in  a  curve,  the  projection  of 
which  on  the  plane  oi{x,y)  is  an  ellipse ;  and  the  greatest  height 

to  which  the  centre  of  gravity  rises  is  ^  (a*  +  /3*),  this  being  its 
place  when  t  =  (2»+  l)ir(— j  9  where  n  is  0  or  any  integer. 

if 

If  the  epoch  in  the  two  cases  is  not  the  same,  the  projected 
path  is  still  an  ellipse,  but  neither  of  its  principal  axes  will  be 
parallel  to  the  line  of  the  bar. 

(3)  Let  the  bar  receive  a  twist  about  a  vertical  line  passing 
through  its  centre  of  gravity,  whereby  an  angular  velocity  n  is 
given  to  it ;  and  let  0  be  the  angles  through  which  the  bar  has 
moved  in  the  time  t ;  and  let  z  be  the  height  of  th^  centre  of 
gravity  above  its  original  place  of  rest  at  that  time.  Then  by 
the  geometry 

(a^a  co&ey  +  fl2  (sin^)*  +  {c'-zf  =  c^; 

Also  by  the  equation  of  vis  viva, 

rdz^      a^dOK      ma^c?      ^ 
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by  means  of  which  eqaations  $  and  z  may  be  found  in  terms 
of^. 
The  last  equation  shews  that  the  bar  comes  to  rest  whenever 


z  s 


fl^n* 


6i7 
Let  this  quantity  =  ^ ;  so  that  the  equation  of  vis  viva  becomes 


If  T  is  the  tension  of  each  string  at  the  time  ty  we  hare  from 
the  gexieral  equations  of  motion 

d^z  _    c^z 


8di^  =  -—^^'"-'r<^2 
2a^sax0 


by  either  of  which  equations  t  may  be  determined.  If  the 
former  be  multiplied  by  dz,  and  the  latter  by  dO,  and  the  results 
added,  t  disappears,  and  the  integral  is  the  equation  of  vis  viva, 
as'  given  above. 

As  0  and  z  cannot  generally  be  determined  in  terms  of  t,  I 
will  take  some  particular  cases.  If  ^  =  e,  so  that  the  bar  comes 
to  rest  in  the  horizontal  plane  of  the  fixed  beam, 

_piffc{e-z)  ~Z{aB\n6f +  (c  —  z)'^ (1+6 COB 0) 
'*'     "'"         2  {S  {a  sin  0f  +  {c-z}^y^ 

Therefore  t  =  0,  if2  =  c;  so  that  the  tension  vanishes  when  the 

bar  comes  to  rest.     And  if  r  =  0,  t  =  — ^—  ;  that  is,  the  initial 

tension  of  the  string  is  seven  times  its  tension  in  the  position  of 
rest. 

If  A  =  c  =  2a,  so  that  the  bar  comes  to  rest  after  turning 
through  an  angle  of  180** ;  the  initial  tension  of  the  string  is 
also  seven  times  that  of  the  tension  when  at  rest. 

Again,  if  the  displacement  of  the  bar  is  small,  so  that  0  and  z 
are  always  small,  2cz  =  a^  0^^  and  the  equation  of  vis  viva  becomes 

dO^      Sff.2ck 
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which  gives  a  periodic  fanction,  the  extreme  values  of  0  being 
+  ( — j-j  ,  and  the  periodic  time  being  i-n  T^)  • 

If  we  take  this  result  in  combination  with  those  of  the  first 
two  cases,  and  suppose  all  to  be  simultaneous,  as  the  principle  of 
the  superposition  of  small  motions  authorises,  the  centre  of 
gravity  of  the  bar  describes  a  small  ellipse  of  which  the  centre 
is  the  centre  of  gravity  of  the  bar  when  at  rest ;  and  the  bar 
oscillates  about  a  vertical  axis  passing  through  its  centre,  it-s 
periodic  time  being  to  the  periodic  time  of  centre  of  gravity  in 
the  ellipse  as  3^  to  1. 

Ex.  11.  A  fine  string  is  coiled  round  a  heavy  cylindrical 
wheel ;  one  end  of  the  string  is  fixed,  and  the  whiBel  descends, 
unwinding  the  string :  it  is  required  to  determine  the  motion 
of  the  wheel 

Let  M  =  the  mass  of  the  wheel ;  t  =  the  tension  of  tho 
string  at  the  time  t\  a  —  the  radius ;  op  =  a;,  see  Fig.  55 ; 
6  =  the  angle  through  which  the  wheel  has  revolved  from  its 
position  of  rest ;  k  =  the  i-adius  of  gyration  of  the  wheel.  Then 
the  equations  of  motion  are 

also  dx  =  adO;  so  that 

d^$  .  fl* 

(a^  +  k^)  -j-^  =  ag ;  and  since  A^  =  ~  i  we  have 

d^Q      2a  d^x      2a  gt^ 

a  —  — ^  •  •        ^  —  _£.  •  •        /r  —  ^  4-*- • 

so  that  the  space  described  in  a  given  time  is  two-thirds  of  that 
which  would  be  described  by  the  wheel  fiiJling  freely. 
The  equation  of  vis  viva  is 

from  which  the  preceding  results  may  evidently  be  derived. 

Ex.  12.  To  determine  the  motion  of  a  system  of  pulleys  and 
weights,  each  of  which  hangs  by  a  separate  string,  as  in  Fig.  56. 

The  system  consists  of  a  fixed  pulley  whose  centre  is  c,  and 
of  a  series  of  pulleys  whose  centres  at  the  time  t  are  c^,  C2,  Cg,,.,; 
we  will  assume  all  these  pulleys  to  be  equal,  a  to  be  the  radius, 
^  to  be  the  radius  of  gyration,  and  m  to  be  the  mass  of  each; 
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and  the  radius  of  the  transverse  section  is  equal  to  the  pitch  of 
the  screw. 

Equations  (6)  are  evidently  those  of  the  central  axis  of  the 
system,  being  the  line  such  that  all  particles  on  it  have  only 
motion  of  translation  along  that  line,  aU  other  particles  having 
a  motion  of  rotation  about  the  line  together  with  a  motion  of 
translation  along  a  line  parallel  to  it. 

It  will  be  observed  that  (8)  are  subject  to  the  condition 

v.Oi  +  Vyn2+v,<i3=:«v.  +  t;Vy  +  wv„  (7) 

which  expresses  the  &ct  that  the  velocity  of  a  particle  along  the 
jotation-axis  is  the  same  as  that  of  the  mass-centre  along  the 
same  line  ;  that  is,  all  particles  have  an  equal  velociiy  of  trans- 
lation along  lines  parallel  to  the  central  axis. 

841.]  If  the  action  of  the  impulsive  forces  is  such  as  to  pro- 
duce a  motion  of  rotation  only  without  any  motion  of  translation, 
then  all  the  points  on  that  axis  are  at  rest,  and  we  have  for  these 
points  the  following  equations,  viz. 

f?+a?n8-2rni  =  0,  V  (8) 

to+ya^-xa^=zOi  ) 
but  these  are  the  equations  to  the  central  axis,  and  may  be  ex- 
pressed in  the  form  (5).     This  axis  is  in  this  case  called  the 
spontaneous  axis  of  rotation.     It  passes  through  the  mass-centre 
when  tt  =  v  =  w  =  0,  that  is  when  2.x  =  2.Y  =  :8.z. 
Equations  (8)  are  subject  to  the  condition 

ttn^  +  vng  +  wng  =  0; 
.-.    ni^.x  +  OjS.Y  +  xiaS.z  =  0;  (9) 

which  shews  that  the  line  of  action  of  the  resultant  of  the  im- 
pressed momenta  is  perpendicular  to  the  instantaneous  rotation- 
axis,  that  is,  to  the  spontaneous  axis. 

If  Xii,n2,xig  are  replaced  by  their  values  which  are  given  in 
(2),  the  condition  for  the  existence  of  a  spontaneous  axis  becomes 

L^       M^Y       N^Z^^  (10) 

ABC  ^      ^ 

If  the  motion  is  due  to  a  single  blow  applied  at  the  point 
(f>  Vi  0  whose  momentum  is  q,  of  which  x,  y,  z  are  the  axial 
components,  then 

L  =  7yz-^Y,     M=fx— fz,     N  =  fY— j;x; 
and  (10)  becomes 

a(B  — c)fYZ  +  B(c  — a)?;ZX  +  C(a  — B)fXY  =  0.  (11) 
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do  not  slip  ;  and  (178),  by  reason  of  the  geometrical  relations  of 
the  system.     (179)  follow  from  (178) ; 

dx^     =     2rfa?2> 


dx^  =     adO^f 

dx^=     ade^,  y  (177) 


dx.     =     2dx^,  y    (178) 


dx^=: 


adO^'J 

dx 
dx^ 


dx^^i^     2dx^;j 


dxo     = 


2-'^dx^, 


.2 


dx^_^=     2da^, 


(179) 


Now  F  =  —  ;  and  consequently,  taking  the  horizontal  pairs  of 

(175)  and  (176),  and  introducing  the  conditions  (177),  we  have 

\ 

—    =  T.  . 

2 


dt^J     2     di* 
f      3   d'^x,  \      „ 

/^_  3   d^x, 
v*'    2    dt^ 


m 


m 


)  =  2T2-T3, 


>■ 


m 


y^'iu- 


S')+'»(^ 


2  dt^ 

3  d^x. 


(       8  »''«,_,\       _ 


2    rfi* 


)  =  2t,; 


(180) 


whence, eliminating Tj,  Tg, ...  T^,  and  replacing  a?i,a?2, ...  in  terms 
of  rf'n  according  to  the  values  given  in  (179),  we  have 

|M'  +  |(22«+i-l)  +  M22'"J^?  =  {M'+»»(2»-l)-M2«}y;(181) 

and  this  determines  the  place  of  jb!  at  the  time  U  From  this 
value  may  be  deduced,  by  means  of  (179),  the  places  of  M 
and  of  the  centre  of  every  pulley  at  any  time. 

\in=.  1,  the  system  is  that  of  a  single  fixed  and  of  a  single 
moving  pulley ;  and  we  have 

|m'  +  -^  +4m J  -^  =  {m'  +  ot-2m}^. 
If  we  equate  to  zero  the  right-hand  member  of  (181)  we  have 
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the  condition  of  statical  equilibiium  of  the  system  of  weights 
and  pulleys,  when  the  weights  of  the  pulleys  are  taken  account  of. 

373.]  In  the  course  of  the  preceding  problems  some  circum- 
stances of  motion  have  incidentally  arisen  which  require  fuller 
and  more  special  consideration. 

The  first  is  the  case  of  initial  circumstances,  whether  the 
general  circumstances  can  be  determined  or  not ;  that  is,  tensions 
and  stresses  may  be  determined  initially,  although  the  values  of 
them  at  the  time  t  cannot  be  found  in  finite  integral  terms.  As 
these  quantities  are  functions  of  second  time-differential  coeffi- 
cients of  coordinates,  the  process  will  generally  be,  to  obtain  values 
of  these  quantities  from  the  geometrical  connexions  of  the  system^ 
and  to  substitute  these  in  the  equations  of  motion,  taking  the 
initial  values  of  them.  The  process  will  be  best  understood  by 
means  of  examples ;  such  as  Ex.  10  of  the  preceding  Article. 
The  following  are  other  examples  in  illustration : 

Ex.  1.  A  heavy  homogeneous  bar  is  suspended  horizontally  by 
two  thin  strings  of  equal  length  attached  to  its  ends,  and  fast- 
ened to  a  horizontal  beam ;  one  string  is  cut,  find  the  change 
which  takes  place  in  the  tension  of  the  other  in  consequence. 

Let  m  be  the  mass  and  2  a  the  length  of  the  bar ;  let  <?  be  the 
length  of  each  string,  and  a  the  angle  which  each  makes  with 
the  vertical  in  the  position  of  rest ;  so  that  if  t  is  the  tension  in 
that  position  2Tcosa  =  m^.  At  the  time  l  after  one  string  is 
cut  let  (f>  be  the  angle  between  the  uncut  string  and  the  vertical ; 
6  the  angle  between  the  bar  and  the  horizontal,  and  (r,  x)  the 
coordinates  of  the  centre  of  gravity  of  the  bar  in  reference  to  its 
initial  place.     Then  the  geometrical  conditions  are 

a? -h a  =  fl cos  O  +  csiiKJ),  z  +  c  =  asinO  +  c cos 0. 

Let  time-differential  coefficients  be  denoted  by  accents,  as  in 
Art.  126,  and  initial  values  by  small  subscript  cyphers.  Then 
differentiating  these  equations  twice,  and  bearing  in  mind  that 
initially  ^  =  o,         </>  =  a,         e^  =</>'=  0, 

we  have         „  ,  ,,  //         /i  /^         •       x  </ 

Xq  =  ccosacpQ  ,  z^^    ^=^  ad^  —  csinac^Q  . 

Now  the  equations  of  motion  at  the  time  t  are 

mx''=  — Tsin</),         w/'=wy  — tcos</), 

— —  d"=  Tfl  C0s(d  +  </)). 
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/.     mx^'  =  —  Tq  sin  a,     mzQ^  =  mg^T^ cos  a, 

—  e^    =Toaco8a, 

whence  eliminating  a?/',  Zq\  Oq\  ^q"  we  have 

mg  cos  a 
^^"  l+3(cosa)«* 

If  a  =  Ov  so  that  the  beam  is  initially  suspended  by  vertical 
strings,  mg 

that  is  the  tension  is  diminished  by  one-half,  by  the  cutting  of 
the  string ; 

T^is  a  maximum,  when  3(cosa)^  =  1. 

Ex.  2.  An  elliptical  plate  is  suspended  horizontally  by  three 
strings  fastened  to  a  fixed  point  above  it,  one  string  being 
attached  to  a  focus,  and  the  others  to  the  ends  of  the  opposite 
latus  rectum :  the  string  attached  to  the  focus  being  cut,  find 
the  initial  tension  of  the  two  other  strings. 

Let  o  be  the  fixed  point,  c  the  centre  of  the  plate,  so  that  oc 
is  vertical ;  s  the  focus  and  L,  \f  the  extremities  of  the  opposite 
latus  rectum  to  which  the  strings  are  attached;  u  the  other 
focus  so  that  ll'  is  bisected  in  h. 

Let  OL  =  ol'  =  c\  loh  =  l'oh  =  /3,  so  that  oh  =  c  cos )3, 
Let  HOC  =  a.  Now  the  tensions  T  along  the  lines  ol  and  ol' 
may  be  compounded  into  a  single  force  R  along  oh,  being  such 
that  R  =  2tcos^.  Then  the  problem  becomes  similar  to  that 
of  the  preceding  example,  and  employing  like  symbols  we  have 

Xq'=^  c  cos  P  cos  a0o">     r/'=atf^Q"— ccoe  Q  sin  a^o"; 
1nx^^'  =  —  Bq  sin  a,      mz^'=:.  vug — Bq  cos  a ; 

— -^Q  =:Roa^coea; 

whence  R„  =  - — —tt r? , 

^       1  +  4^(cofl  af 

_  ffig  cos  a 

Tq  — 


2cos/3{l+4^(coBa)^} 

Ex.  3.  A  heavy  homogeneous  sphere  rests  on  a  rough  hori- 
zontal plane,  and  is  suddenly  divided  by  a  vertical  cleavage  into 
two  hemispheres ;  which  at  once  begin  to  fall.  Determine  the 
pressure  of  each  on  the  plane. 
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Let  one  of  the  falliog  hemieplieree  be  represented  in  the  u- 
nexed  figure,  having  moved  thtong^  the  angle  6.  Xjet  ap  be  the 
di&meter  of  the  clears^  phine  which  was  originally  vertical,  0 
being  the  point  at  which  p  rested  on  the  plane.  Let  m  be  tiie 
mass  and  a  the  radina  of  the  hemisphere;  let  pcq  =  0,  and  let 
G  he  the  centre  of  gravity  of  the  hemisphere,  bo  that 
3a 


Alflo  OQ  =  the  arc  pq  = 
time  t;  so  that 


a  0,    Let  («,  y)  be  tiie  place  of  a  at  the 

X  =  aff  +  ecoiS;  j'=  a—eaad. 
Differentiating  these  expreasions 
twice,  and  bearing  in  mind  that 
initially  6  =  0,  ff'=0, 

t^'=a$^';        ^^"  =  -60^"; 
as  the  equations  of  motion  at  the 
time  t  are 

mxf'=.  p,     My"=— «iy  +  E, 
m^ff"  =  Bccoafl— p((i  — eaind), 


whence  by  elimination, 

BO  that  tlie  pressure  on  the  plane  is  initially  diminished  by  the 
motion. 

Ex.  4.  If  the  sphere  is  divided  into  n  equal  sectorial  wedges, 
all  having  a  vertical  diameter  acp  as  a  common  edge,  and  being 
placed  on  a  rough  horizontal  plane,  all  are  simultaneously  set 
free,  the  change  of  pressure  on  the  plane  is  determined  as 
follows : 

Using  the  same  notation  as  in  the  preceding  example,  and 
taking  one  sectorial  wedge  to  he  the  moving  body,  if  M  is  the 
mass  of  the  sphere, 


403 
=  448"^' 


Sua   , 


F  =  aM  ;  - 


lOw 
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and  consequently,  if  it^  is  the  whole  pressure  on  the  plane, 

whence,  substituting  for  i^  and  c*,  the  change  of  pressure  on  the 
plane  can  be  determined. 
If  n  =  CD,  then 


874.]  The  next  class  of  examples  which  require  further  and 
special  consideration  is  the  general  case  of  the  rocking,  or  titubation 
as  it  has  been  called,  of  a  heavy  body  bounded  by  a  cylindrical 
^urface,  resting  on  another  rough  cylindrical  surface,  the  axes  of 
the  two  surfaces  being  parallel  and  horizontal,  when  the  upper 
body  which  rests  on  the  lower  surface  is  slightly  displaced  from 
its  position  of  equilibrium. 

Fig.  57,  which  represents  a  section  of  the  two  sur&ces  by  a 
vertical  plane  perpendicular  to  the  axes  of  the  cylinders,  shews 
the  circumstances  at  the  time  t, 

G  is  the  centre  of  gravity  of  the  upper  body,  whose  mass 
=  7n  ;  and  when  the  upper  body  is  at  rest  on  the  lower,  a  is  at 
the  point  o,  and  the  line  ga,  which  is  the  normal  of  the  upper 
surface  at  a,  is  vertical,  and  is  in  the  same  straight  line  with  oc, 
which  is  the  normal  to  the  lower  sur£EU^  at  o.  Let  the  upper 
body  be  slightly  displaced  by  rolling,  not  sliding,  on  the  lower; 
so  that  the  arcs  ap  and  op  are  equal.  Let  (f  and  c  be  the 
centres  of  curvature  of  the  upper  and  lower  Burfaoes  at  a  and  o 
respectively.  The  normals  to  the  two  surfaces  at  p  are  evidently 
in  the  same  straight  line ;  and  since  ap  and  op  are  infinitesimal^ 
c'a  =  c^p,  and  co  =  cp«  Let  B  =  the  normal  pressure  of  the 
two  surfaces  on  each  other,  and  let  F  =  the  friction  of  rolling ; 
also  let  k  =  the  radius  of  gyration  of  the  moving  body  relative 
to  an  axis  through  G  parallel  to  the  axes  of  the  cylinders. 

Let  o  be  the  origin,  (a?,  y)  the  place  of  G  at  the  time  t ; 
CO  =  CP  =  p ;  c'a  =  c'p  =  p';  c'g  =  (?,  ocp  =  0,  ac'p  =  tf' ; 
consequently  p^  =  p'tf',  and 
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The  equations  of  motion  of  m  are 

^-jTi     =     Esintf— Foosd, 

vfi ~     =     R  cos  tf  +  Fsind— «i^,         \        (182) 

mk^ — ^-2 — '  =— K(?8in^+p(p'— c)ca8d'; 

and  the  geometrical  equations  of  condition  are 

a?=  (p  +  p')sin(?-csi^((?  +  ^,  1 

y  =  — p  +  (p  +  /)cos^— (rcos(d  +  tf^.3  ^      ' 

As  the  displacement  which  we  are  considering  is  very  small,  I 

shall  assome  0^  0'  and  -1^  to  he  so  small  that  all  powere  of  tfaem 

above  the  first  may  be  neglected.    Under  these  snppofidtions,  the 
preceding  give 


=  |_(,,,0^,.(^')%|gJ;J 


(184) 


djjf 

dt*       ^  ■         -    p 

and  substituting  these  values  in  the  first  two  of  (182),  we  have 

n  =  mff  +  m^^^^^P^ce-~',  (185) 

P  =  «,^^_,„^/(p'_c)  '^ ;  (186) 

d^$ 
which  determine  R  and  f  in  terms  of  -tto  •    If  we  sabstitute 

these  values   in   the  last  of  (182),  and  omit  terms  involving 
powers  of  0  higher  than  the  first,  we  have 

i''  +  (p'-^r^  %  -  '^^"jTr^Oe  =  0 ;  (187) 

which  is  the  equation  of  rotation  of  the  upper  body  about  its 
rotation-axis  through  o. 

d^  0 
Since  the  coefficient  of  -j-^  is  positive,  the  form  of  the  integral 

of  this  equation  will  depend  on  the  sign  of  the  coefficient  of  0, 

(1)  If  p'^  is  greater  than  (?(pH-p');   then   the   integral   of 
(187)  takes  the  exponential  form,  and  6  will  continually  increase 


375-]  '™E   CASE   OP   SMALL   OSCILLATIONS.  495 

as  t  increases ;  so  that  the  body  moves  farther  away  from  its 
origfinal  position  of  rest,  that  position  being  one  of  unstable 
equilibrium.     The  geometrical  meaning  of  this  criterion  is 

—  IS  less  than  — h  —  • 

AG  p       p  ^ 

(2)  Ifp'2  =  ^(p  +  p'),  thati8,if 

and  the  body  either  remains  at  rest  in  its  new  position,  or  rotates 
with  a  constant  angular  velocity.  The  original  equilibrium  in 
this  case  is  neutral. 

(3)  If  p'*  is  less  than  c{p  +  p^),  (187)  is  the  equation  of  har- 
monic motion ;  in  which  case  the  body  rocks  or  titubates ;  and 
the  time  of  an  oscillation 

ffHc{p  +  p')-p''}i  ^       ' 

In  this  case,  the  original  equilibrium  is  stable ;  and  we  have 

—  firreater  than  -  +  -7  • 

AG^  p        p 

The  geometrical  criteria  for  the  stability,  neutrality,  and  insta- 
bility of  equilibrium,  are  the  same  as  those  found  from  statical 
considerations  in  Art.  142,  YoL  III. 

The  process  and  the  results  of  this  Article  are  equally  true 
whatever  are  the  signs  and  values  of  />,  p\  and  c.  Thus,  if  />  is 
negative,  the  lower  surface  has  its  concavity  upwards,  and  the 
problem  is  that  of  a  body  with  a  convex  surface  rolling  on  a 
concave  sur&ce.  If  p'  is  negpative,  we  have  a  body  with  a  con- 
cave surface  rolling  on  a  convex  surface.  If  p  =  oo,  the  lower 
surface  is  plane,  and  a  body  with  a  convex  surface  rolls  upon  it. 
If  p'=  00,  the  upper  surface  is  plane,  and  the  body  with  a  plane 
surface  rolls  on  a  convex  surface. 

375.]  Another  principle,  which  requires  special  consideration, 
is  that  of  small  oscillations. 

When  a  system  of  material  particles,  subject  to  mutual  con- 
nections or  restraints,  is  slightly  disturbed  from  a  position  of 
stable  equilibrium,  certain  forces  are  brought  into  action,  which 
tend  to  restore  the  system  to  its  original  place  of  rest.     We  have 
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are  evidently  reciprocal  to  each  other,  as  centres  ot  percussion 
and  of  spontaneous  rotation.    Also,  since 

=  (goxoc)*;  (41) 

so  that  the  two  centres  of  maximum  percussion  are  equally  dis- 
tant &om  the  spontaneous  centre ;  and  the  distance  is  a  mean 
proportional  between  the  distances  of  the  mass-centre  and  of 
the  centre  of  percussion  from  that  same  centre.  This  property 
gives  an  easy  geometrical  construction  for  the  determination 
of  the  centres.  Also  this  distance  is  equal  to  the  radius  of 
gyration  of  the  body  about  the  spontaneous  axis ;  because  k  is 
the  radius  of  gyration  about  the  axis  through  the  mass-centre 
parallel  to  the  spontaneous  axis. 

If  A  =  0^  that  is,  if  the  original  blow  q  is  given  at  the  mass- 
centre,  so*  that  the  spontaneous  centre  is  at  an  infinite  distance, 
and  the  body  has  only  a  motion  of  translation,  then 

if  a;  =  0,  and  changes  sign  from  +  to  — ;  and  the  greatest 
value  of  P  is  Q ;  that  is,  the  greatest  blow  which  the  body  is 
capable  of  giving  is  that  at  its  mass-centre. 

348.]  If  the  body  is  originally  put  into  motion  by  a  couple 
whose  moment  is  n,  so  that  the  body  has  only  a  motion  of  rota- 
tion about  an  axis  passing  through  its  mass-centre,  then  in  (35), 
Q  =  0,  ^  =  00,  and  Q^  =  N ;  so  that 

^^  IAA\ 

"  =  FT^'  (44) 

if  a?  =  +  i ;    and   P  has  two  corresponding  values,  which   are 

N 

respectively  positive  and  negative ;   each  of  which  =  —, ;  and 

their  lines  of  action  are  equidistant  from  the  mass-centre,  the 
distance  being  equal  to  the  central  radius  of  gyration. 

Thus,  if  a  sphere  of  radius  a  rotates  about  a  vertical  diameter, 
the  greatest  blow  will  be  given  on  an  obstacle  at  a  distance 
=  a  (.4)*  from  the  centre  of  the  sphere. 
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If ;»  is  the  number  of  the  variables  0^  if>,  yj/^ ,.. ,  each  of  the 
equations  in  (189)  is  the  sum  of  n  terms,  which  are  circular 
functions  of  t ;  each  term  by  itself  representing  a  small  oscil- 
lation of  the  same  nature  as  that  of  the  simple  pendulum  ;  the 
times  of  oscillation  corresponding  to  each  term  being  different, 

IT       IT 

and  being  severally  — - ,  —,...;  and  each  variable  generally  con- 

taining  a  term  of  each  period.  Thus  the  motion  of  the  system, 
slightly  disturbed  from  its  position  of  stable  equilibrium,  consists 
of  simple  oscillations  of  its  several  component  particles,  both  the 
amplitudes  and  the  periodic  times  being  in  general  different  for 
the  several  oscillations.  As  these  oscillations  coexist,  and  as 
each  variable  is  the  sum  of  many,  the  principle  of  their  com- 
bination is  commonly  called  the  law  of  the  coexistence  of  small 
oscillations. 

If  the  quantities  r„  y  r„  ...  are  commensurable,  the  system 
of  particles  will  periodically  pass  through  the  same  state  ;  for 
suppose  fjL  to  be  the  greatest  common  measure  of  r^,  r^, ... ;  so  that 

where  i^,  ^2i  ^Zf  "•  ^^.  whole  numbers  which  have  no  common 
measure  ;  then  if  t  is  the  time  in  which  the  system  passes  from 
a  given  state  to  the  same  state  again,  ii/LiT,^2M'^>  •••  must  all 
be  multiples  of  27r ;  and  as  ^j,  k^, ...  have  no  common  fector, 
the  least  value  of  t  which  will  satisfy  this  condition  is 

T  =  ?^;  (190) 

this  therefore  is  the  time  in  which  the  system  of  particles  passes 
through  all  its  forms  from  one  state  to  the  same  state  again. 

If  /x  =  0,  this  time  is  infinite ;  that  is,  if  the  quantities 
/],  7*2,  ...  have  no  common  measure,  the  system  of  particles  is 
not  periodic  ;  and  the  state  in  which  the  particles  may  be  at  a 
given  time  is  never  taken  by  the  particles  again. 

376.]  Since  each  of  these  small  motions  takes  effect  separately, 
and  independently  of  other  similar  motions ;  and  since  the  whole 
effect  is  the  sum  of  these  separate  and  partial  effects ;  the  law 
of  co-existence  of  small  oscillations  is  a  particular  case  of  the  so- 
called  principle  of  superposition  of  small  motions.  This  prin- 
ciple may  be  explained  in  the  following  way. 

PRICE,  VOL.  IV.  K  k 
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Suppose  that  for  certain  initial  valaes  of  the  variableB  and 
their  ^-difierentials,  say, 

the  motion  is  represented  by  the  integrals, 

^  =  01,      <^  =  *i,      V^  =  ▼!,...;  (192) 

and  suppose  that  for  another  system  of  values,  say, 


^^    "~  *'2  »  ^v     —  92  >  •  •  •  » 


(193) 


the  motion  is  represented  by  the  integrals, 

^=02,      <^=*2,      V^  =  ^2>---5  (194) 

and  so  on  for  fi  systems :  then  for  the  systems  of  valaes  which 
,  are  the  sums  of  all  these  values,  viz. 

the  motion  is  represented  by  the  sum  of  the  partial  integrals ;  viz., 

d   =  01  +  02+...,    \ 

<f>  =*i+*2  +  ...,  J  (195) 

x/f  =  >ir^+>ir.^+...;    ) 

for  these  values  will  satisfy  the  differential  equations  of  motion 
by  reason  of  their  linearity  ;  and  they  reduce  themselves  to  the 
several  initial  values  when  ^  =  0 ;  thus  they  satisfy  all  the  con- 
ditions of  the  problem. 

The  preceding  processes  are  only  applicable  when  we  confine 
ourselves  to  small  motions  and  to  first  approximations.  If  a 
more  exact  determination  is  required,  we  must  return  to  the 
original  equations  of  motion  in  their  complete  forms,  and  sub- 
stitute in  terms  of  the  second  degree  relatively  to  the  variables 
those  values  which  we  have  found  in  terms  of  /  to  a  first  ap- 
proximation ;  and  then,  neglecting  all  the  terms  of  a  degree 
higher  than  the  second,  we  shall  have  new  equations  which  will 
differ  from  the  first  only  by  the  addition  of  a  new  member, 
which  is  a  known  function  of  L  Values  of  (?,</>,.. .  will  be  deter- 
mined from  these  to  an  approximation  higher  than  the  former. 
And  if  an  approximation  is  required  still  more  exact,  we  must 
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introduce  the  second  values  of  the  variables  in  the  original 
equations,  and  pursue  a  process  similar  to  the  former. 

377.]  The  following  examples  are  illustrative  of  the  process. 

Ex.  1.  I  will  first  take  the  simple  case  of  a  conical  pendulum, 
that  is,  of  a  heavy  particle  constrained  to  move  on  the  inside  of 
a  smooth  spherical  surface;  this  problem  is  the  same  as  that 
which  has  been  considered  in  Arts.  440  and  441,  Vol.  III. 

Let  us  refer  the  position  of  the  moving  particle  to  the  point 
of  suspension  of  the  pendulum  as  the  origin,  and  to  two  vertical 
planes  passing  through  that  point,  and  perpendicular  to  each 
other,  as  the  planes  of  {x,  z)  and  (y,  z),  the  axis  of  z  being 
taken  vertically  downwards.  Let  us  moreover  suppose  the  rod 
of  the  pendulum,  whose  length  =  /,  initially  to  be  in  the  plane 
of  (x,  z),  and  to  be  inclined  at  an  angle  =  a  to  the  z-Bjds  ;  and 
the  bob  to  be  projected  with  a  velocity  =  u  perpendicularly  to 
the  plane  of  {x,  z) ;  let  the  line  of  the  pendulum  at  the  time  t 
be  projects  on  the  planes  of  (a?,  z)  and  (y,  z) ;  and  let  the 
angles  between  these  projections  and  the  ;?-axis  be  respectively 
6  and  y\f :  now  I  shall  assume  that  the  oscillations  of  the  pen- 
dulum are  always  small,  and  I  shall  consequently  consider  $  and 
\/r,  the  variables  which  determine  its  position,  to  be  so  small 
that  powers  of  them  higher  than  the  second  are  to  be  neglected. 
The  initial  values  of  $  and  yjr  are  respectively  o  and  0 ;  and  of 

:    and  -^  are  0  and  -= ;  then  the  equations  of  motion  are 
(//  at  C 


d^e 


— : — T"  ST  ^—  ( 


Let  (x,  y)  be  the  projection  on  the  horizontal  plane  of  (a?,  y)  of 
the  i)lace  of  the  bob  of  the  pendulum  at  the  time  t ;  so  that 
a?=/sind  y  =  /sin^ 

=  /d  =  /V' 

=  /acos(-|>)^,  =tt(-)sin(^)^; 

let  y  —  X  tan  </> ;  then 


u 
tan  <^  = 


K  k  2 


i.n(f)^; 
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={^"+(1+1)*'^ 


this  distance  depends  on  m\  the  mass  of  the  particle  impinged 
upon,  and  is  less  the  greater  m'  is.  The  points  determined  will 
coincide  with  the  centres  of  greatest  percussion  only  when  ^^^=  00  ; 
which  is  a  result  in  accordance  with  the  fact,  that  a  fixed  ob- 
stacle is  nothing  else  than  a  particle  or  body  of  infinite  mass. 
Thus  we  have  arrived  at  two  new  points ;  which,  however,  are 
not  reciprocal  to  each  other,  as  the  centres  of  greatest  percussion 
are. 

Also,  corresponding  to  the  values  of  x^  given  in  (55), 

which  are  the  greatest  values  of  the  velocity  with  which  the  par- 
ticle ml  can  be  projected  after  impact  by  the  body. 

When  the  body  impinges  on  m!  at  rest  at  a  distance  x  from 
the  mass-centre,  the  velocity  of  ni  is  given  in  (53) ;  if  v  is 
the  velocity  of  the  impinging  point  of  the  body  after  collision, 
then,  by  (8),  Art.  263,  Vol.  Ill, 

^  =  /   ,   /(a2.   /^  (A  +a?)  A? ;  (57) 

and  the  momentum  at  that  point  aftier  collision 

^(m  —  emf)i^^em'a/^(A'-\'x)Aq  .     . 

""    (m  +  mjt^  +  m'x^    ~F+^~  *  ^  ^ 

If  we  take  the  a?-difierential  of  (57)  and  equate  it  to  zero,  the 

point  will  be  determined  at  which  the  body  must  impinge  on  w', 

and  continue  to  proceed  with  the  greatest  velocity. 

Thus,  if  a  body,  which  has  been  put  into  motion  by  a  blow  whose 

momentum  is  Q,  impinges  on  a  particle  m'  at  a  distance  =  x 

from  its  mass-centre,  under  the  circumstauces  of  the  preceding 

Articles  so  that  the  momentum  of  a  blow  given  against  a  fixed 

I^'\-hx 
obstacle  at  the  point  =  Q  j^ — -^  ;  then  after  impact  on  mf  the 

momentum  is  given  by  (58).  Now  as  the  point  at  which  p',  see 
equation  (36),  acts  is  the  point  reciprocal  to  that  at  which  p  acts, 
so  P^  will  not  affect  the  momentum  given  by  (58),  and  conse- 
quently the  spontaneous  axis  is  not  altered  by  the  collision. 
But,  if  a'  is  the  angular  velocity  about  the  spontaneous  axis  after 
the  collision. 


377-]  ^  PENDULUM   OP  JOINTED   BABS.  501 

From   these  we  have,   omitting  sqnares   and    higher    powers 


ft 

2 


\  (20*) 


and  substituting  these  several  values  in  the  first  two  of  each  of 
the  preceding  groups  (198),  (199),  ,  we  shall  have  equa- 
tions involving  the  second  ^-differentials  of  the  ^'s  only ;  from 
these  we  can  eliminate  the  x's  and  the  y's,  and  thereby  obtain  a 
series  of  equations  in  terms  of  the  ^'s  and  their  second  ^-differ- 
entials only. 

Ex.  3.  As  an  oscillating  compound  pendulum  is  a  problem  of 
considerable  interest,  I  will  take  a  particular  case  of  two  equal 
l)ars,  so  that  m^  —  m^z=.  m,  say: 


fl2 


flj  =  ^2  =  fl ;       *,^  =  V  =  3  I 
then  -^—  d/'  =  —  wy  sin  ^1  +  2  (x,  cos  ^i  —  Yj  sin  0^  ;       (205) 


mx^'=^  -Xi ;     ^^2"=  ^"g-^v  \ 


ma 


^d2"=XiCOs^2~YiSin^2;         ^ 

a^2  =  2a  sin ^1  +  fl  gin  ^2 » )  /207) 

^2  =  2acosdi  +  aces^2>) 
whence,  omitting  small  quantities  of  higher  powers, 

y/'=f«y+wfl(2(?id/'+(?2^2'0; 

and  eliminating  x^,  Y^,  x^' yl\  we  have 


(208) 


whence  eliminating  tfj*  ^^  have 

Now  as  the  roots  of  the  characteristic  of  this  equation  are 
all  impossible,  if  we  denote  them  by  ±(— )^ri,  ±(  — )*^2»  ^^ 
solution  of  (209)  is 

^1  =  El  cos  (r^^  4-  J8i)  +  Fi  cos  {r^t  +  yj,  (210) 
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and  in  an  opposite  direction.  Similar  values  too  may  be  found 
for  a'. 

Let  XX9  first  take  «' ;  if  if'  is  a  maximum,  then 

which  give  the  two  centres  of  greatest  percussion.  In  reference 
to  this  property  M.  Poinsot  has  called  these  points  the  centres  of 
greatest  reflexion.  One  will  be  a  centre  of  reflexion  in  a  direction 
opiKMtite  to  that  in  which  the  mass-centre  was  moving  previously 
to  the  impact ;  and  the  other  will  be  the  centre  of  reflexion  in 
the  same  direction. 

For  if  we  take  the  upper  sign, 

»'=2^{*'-(*'»+-P)*} 

=  -|{(*"+i')*-*'};  (64) 

which  is  evidently  negative ;  and  therefore  the  mass-centre  of 
the  body  moves  after  the  impact  in  a  direction  contrary  to  that 
of  its  former  motion ;  and  thus  has  undergone  a  true  reflexion. 
If  we  take  the  lower  sign. 


'-2^.{^'+(^"+^)*} 


u  = 


=  |{*'+(^'*+m;  (65) 

in  which  case  the  mass-centre  of  the  body  moves  in  the  same 
direction  as  before  the  impact,  and  with  an  increased  velocity. 

If  the  velocity  of  the  mass-centre  after  the  imjiact  is  the  same 
lis  it  was  before  the  impact,  but  in  an  opposite  direction ;  then, 
from  (62),  qa^-^ix  _  _  _Q  , 

m  a^-^x^  ""       m  ' 

these  two  points  have  been  called  by  Poinsot  centres  of  perfect 
reflexion.  They  are  however  only  possible  when  A^  is  not  leas 
t  ban  8^*^  ;  that  is,  only  when  the  original  blow  Q  has  been  given 
at  a  greater  distance  from  the  ma^js-centre  than  the  limits  thus 
assigned. 

352.]  Next  let  us  consider  the  value  of  n',  given  in  (63) ;  n'  has  a 
maximum  value  when  the  a?-differential  of  it  =  0 ;  in  which  case 

a?  =  4±  (>l2  +  iP)*;  (67) 
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=  -9-}' 


■^  =  -^7.         T  =  «/<7.      (213) 


dt^  "  I 

The  equation  of  moments  relative  to  the  ar-axis  is 

bat  approximately, 
so  that  we  have 

Similarly  the  equation  of  moments  relative  to  the  jr-axis  is 

a^Jf^-{4a  +  Sl)^  =  Sffx'.  (215) 

These  two  equations  together  with  the  first  two  of  (-213)  are 
sufficient  to  determine  the  motion. 

Eliminating  y  between  the  second  of  (213)  and  (214),  we  have 

Now  the  four  roots  of  the  characteristic  of  this  equation  are 
evidently  impossible;  let  them  be  +  (— )*^i>  ±  (  — )*^2»  ^^®^ 
the  solution  of  (216)  is 

^=  Eicos(ri^-Oi)  +  Ficos(r2^— aj; 
where  e^,  f^,  o^,  a.^  are  constants  depending  on  the  initial  or 
other  circumstances  of  the  beam  and  string.     The  other  variables 
have  the  following  values  : 

y  =  E^'  cos  (r^  ^  —  Oj)  +  f/  cos  (rg  t  —  clj), 

a?  =  E^  co8(ri^-.j8i)  +  F2  cos  {r^t ^  fi.^), 
x'=  E/cos(ri^-/3i)  +  F2'cos(r2^-j8j ; 

and  each  of  these  variables  involves  the  same  two  circular  ftinc- 

2'jr  2w 

tions,  of  which  the  periodic  times  are  respectively  —  and  —  > 

although  the  amplitudes  of  vibration  and  the  commencement  of 
the  periodic  times  are  different  for  each.  All  the  undetermined 
variables  can  be  found  in  terms  of  the  initial  circumstances  of 
the  rod  and  string. 

Ex.  5.  A  body  whidi  has  one  point  in  it  fixed  is  in  motion 
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about  all  instantaneons  axis,  the  angle  of  inclinatioii  of  which  to 
a  stable  principal  axis  of  the  body  at  the  fixed  point  is  alwayi 
small;  it  is  required  to  determine  the  motion  when  the  bodj 
makes  small  oscillations  about  its  mean  position. 

Let  the  principal  axis  of  the  body  with  which  the  instantane* 
ous  always  nearly  coincides  be  the  C-<^^^  about  which  the 
moment  is  c ;  so  that  co^  and  0)2  ^^  always  small  quantities, 
the  products  and  powers  of  which  above  the  second  we  shall 
omit  in  our  approximations.  Also  0)3  is  nearly  constant :  we 
shall  take  n  to  represent  its  mean  value,  and  shall  replace  n^ 
by  n  in  small  terms.  As  the  motion  of  the  instantaneons  axis 
is  small,  l,  m,  n  are  also  supposed  to  be  small.  Under  these  cir- 
cumstances Euler's  equations  are 


A-^'  +  (c-B)«a)2  =  L,  ^ 

B--7-^  +  (a  — C)«a)i=  M, 


(217) 


(it 


=  N. 


(it 

Let  us  refer  the  motion  to  the  axes  of  (x,  y,  z),  fixed  in  space  by 
means  of  the  direction-cosines  given  in  Art.  2.  Let  the  mean 
position  of  the  C-prii^cip^  axis  be  the  ^-axis,  so  that  the  angle 
between  the  z-  and  the  (-Sixis  is  always  small ;  consequently 
Cg,  which  is  the  cosine  of  the  angle  contained  between  these  axes, 
is  always  nearly  equal  to  1,  and  may  be  replaced  by  1  in  small 
terms.  Hence  also  it  follows,  that  q,  c^,  a^,  b.^  are  always  small 
quantities.     And  since 


(0,  =  ^3  0)1 +  ^3  0)2 +  6-3  0)3, 


we  may  replace  co,  by  0)3,  that  is,  by  «,  in  small  terms.  Now 
replacing  Wj^  and  co^  by  their  values  given  in  (83)  and  (84), 
Art.  57,  we  have 

(     da^      ,  db^         dc^) 
(     da^      ,   db^        dr..) 


^^3       .  .dcK 


=  («l*2-«2*l)^+K'"2-«2''j)^*  +''3'» 


db^     ,  dc. 
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now  ^3=1  in  small  terms,  and  its  variation  is  so  small  that 

dc 

-^  -  must  be  omitted  ; 

.-.     a>i=^^+a3«.  (218) 

Similarly,  da^      ,  /rt,rv\ 

a,2  =  --^J-+^3«.  (219) 

Let  us  substitute  these  values  in  (217);  and  we  have,  omit- 
ting the  subscript  3, 

d^b      ,  .    da       ^,        ., 

^7/72  +  (a  +  b-c)»—  +«2(c-b)(J  =  L, 

fo  ,  (         (220) 

-B-— ^  +  (A  +  B-C)«^+«2(A-C)a  =  M. 

L  and  M,  which  are  the  moments  of  the  impressed  couples  whose 
axes  are  the  ^-  and  r;-axis  respectively,  must  be  expressed  in 
t^rms  of  a  and  b ;  as  these  however  are  small  quantities,  and 
as  L  and  m  both  vanish  in  the  state  of  equilibrium  when 
a  =  i  =  0,  they  are  of  the  following  forms ; 

L  =ipa+j)'b, 
qa-^-q' 

so  that  finally  the  differential  equations  in  terms  of  a  and  b  are 
of  the  forms 


W  =  qa  +  q'b;)  ^       ' 


d^a         db       .         ,. , 
__.a^+/a-h/^*  =  0;J 


(222) 


which  are  two  simultaneous  differential  equations*  of  the  second 
order,  and  are  integrable  by  the  processes  explained  in  Vol.  II. 
Hereby  a  and  b  will  be  expressed  in  terms  of  t ;  and  as  they  are 
the  cosines  of  the  angles  contained  between  the  fixed  ;r-axis  and 
the  moving  axes  of  ^  and  t)  respectively^  so  will  they  determine 
the  position  of  the  three  principal  axes  of  the  body  at  the  time  t ; 
and  (218)  and  (219)  will  give  coi  and  coj  ii^  terms  of  i\  and  as 
(03  =  n,  so  will  also  o)  be  known ;  and  the  position  of  the  instan- 
taneous rotation-axis  will  be  given. 

378.]  The  equations  (220)  may  be  conveniently  applied  to  the 

*  These  equations  are  the  same  inform  as  those  given  in  "An  Elemen- 
tary Treatise  on  the  Dynamics  of  a  System  of  Rigid  Bodies,"  by  E.  J. 
Routh,  M.A.,  Cambridge,  i860;  equations  a,  p.  174.  It  is  indeed  to  a 
study  of  that  treatise  that  I  owe  the  thought  of  transforming  generally 
the  first  two  of  Euler's  equations  into  (222)  as  their  eqoiyalents. 


•    • 
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^^  (f>  v)  ^  ^^6  point  p  where  this  ellipse  is  intersected  by 
the  line  G  c  ;  see  Fig.  43 ;  and  let  the  radios  vector  GP=r ;  then 

and  conseqaentlj  from  (76), 

r  =  f2  +  ^2^^2.  (80) 

GCXG0  =  ap2;  (81) 

and  thus,  if  the  central  ellipse  is  described,  the  spontaneous 
centre  which  is  relative  to  a  given  centre  of  impulsion  can  be 
determined  immediately.  Of  this  theorem,  (28),  Art.  344,  is 
evidently  a  particular  case. 

Hence,  if  c  is  a  focus  of  the  ellipse,  the  spontaneous  axis  is  the 
iarther  directrix. 

Again,  draw  the  diameter  g  d  which  is  conjugate  to  G  p  ;  its 

equation  is  ^  x  ^  -  o .  /»9\ 

^2  "*■  ^2  "-  ^ »  V°^/ 

and  the  spontaneous  axis  is  evidently  parallel  to  this  line.  Thus, 
if  through  o  we  draw  0  s  parallel  to  G  d,  or  to  the  tangent  of  the 
central  ellipse  at  P,  o  s  is  the  spontaneous  axis. 

Similarly,  if  through  c  the  line  c  t  is  drawn  parallel  to  G  d  and 
08,  CT  is  the  spontaneous  axis  relative  to  o  as  a  centre  of  im- 
pulsion. 

If  c  is  at  P,  0  is  at  p';  and  c  t  and  o  s  are  tangents  to  the 
central  ellipse  at  p  and  p'  respectively.  In  this  case  p  p'  is  the 
shortest  possible  distance  along  the  line  c  G  0,  between  the  centre 
of  impulsion  and  the  spontaneous  centre.  Thus  of  all  minima 
distances  between  these  centres,  a  a'  is  the  least  and  bb'  is  the 
greatest. 

355.]  The  spontaneous  axis  and  spontaneous  centre,  which 
are  relative  to  a  given  centre  of  impulsion,  give  rise  to  many 
interesting  theorems. 

(1)  The  equation  to  the  spontaneous  axis,  in  reference  to  a 
given  centre  of  impulsion  (Xq,  yj,  being 

^2    +   fl^   ■"     * 
it  is  evident  that,  if  a  series  of  spontaneous  axes  pass  through 
the  same  point  (ar'^,  y^,),  all  the  corresponding  centres  of  impul- 
sion lie  along  the  straight  line 
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where  ^i,  <?2'  Vi*  72  *^®  ^^^^  constants,  which  are  to  be  deter- 
mined by  the  initial  or  other  circumstances  of  the  top.  In  this 
case  the  motion  is  stable,  and  the  top  makes  oscillations  about  its 
mean  place.  Thus  the  stability  of  the  motion  depends  on  the 
inequality  (228),  which  shews  that  the  angular  velocity  of  the 
top  about  its  own  axis  must  be  greater  than  a  certain  assigned 

quantity. 

(2)  If  c^w^  =  4.AmpA;  then  r  =  ±  (-)*a;  and 

a  =  {ci^C2t)sm{at-^y)',  (230) 

where  c^,  c.^,  and  y  are  constants  depending  on  the  initial  cir- 
cumstances. This  result  shews  generally,  that  a  has  periodical 
values ;  but  that,  as  q  +  c^t  increases  with  the  time,  its  maximum 
values  increase ;  and  thus  the  motion  of  the  top  is  still  oscil- 
latory, but  in  an  increasing  or  decreasing  orbit,  according  bs  c^is 
positive  or  negative. 

(3)  I{c^n^  is  less  than  4AmffA,  then 

(      (4Aw<^^-cV)i  xi2a-.c    ) 

=  ±{±P+(-)*<r}; 

.'.     a  =  Citf^'sin(<r^H-yi)  +  (J2^"^'s^^(<^^  +  y2)5  (^^^) 

where  c^,c^,y^,  and  y^  are  constants  to  be  determined  by  the 
initial  circumstancea  This  form  shews  that  a  increases  without 
limit  as  t  increases  without  limit ;  but  a  is  the  cosine  of  an  angle, 
is  always  small,  and  cannot  exceed  1 ;  consequently  this  form 
soon  ceases  to  represent  the  motion  of  the  top. 

If  a  is  eliminated  from  (224),  we  shall  have  an  equation  in 
L  of  the  same  foim  and  with  the  same  coefficients  as  (225) : 
hence  the  solution  will  be  of  the  same  form  as  that  of  a,  but  the 
constants  of  integration  will  be  different. 

This  problem  is  the  same  as  that  already  solved  in  Arts. 
313-327,  where  further  elucidation  has  been  given.  It  is  also 
that  of  the  motion  of  a  top  which  rotates,  with  its  axis  nearly 
perpendicular,  about  a  fixed  peg. 

379.]  Another  subject,  which  has  arisen  in  the  course  of  the 
preceding  examples,  requires  a  few  words  of  explanation.  We 
have  frequently  met  with  a  resistance  or  a  force  arising  from 
friction ;  and  we  have  assumed  the  force  to  act  in  a  direction 
contrary  to  that  of  the  motion :  we  have  spoken  too  of  a  friction 
of  rolling  as  distinct  from  a  friction  of  sliding.     This  distinction, 


.Tl 


zT.i:soT:z.-  :?  ?^all  *j?ciLLiiro3rs.  [379- 


kf  T^'l  itf  -JH  rTaamal  -iifecTs  ji  ^Ji«  tbto  kinds,  we  proceed  to 
■ET-'ain  2".iT»  ttII-  imi  t^  uti^;;  ':««ni  wnh.  cetain  Iaw«  which 
j:i^-*  "*»^!i  ^T:""»*r::iiezi"allv  ics^ir^*!*! :  &:r  aluboo^ii  these  are  « 
"s "  ^  r-fui-"'!;!":*!*.  ^*r  TJe^  itfr«»!iii  ttoo.  Ae  phTsical  constituDon 
:r  2:ii-~^r  i2L«i  'nr  •iejr«tt!al  knowi^ire  of  moleealar  physics 
i^.  i»f  "-''.  "••:  "izir-'niir.  -hi  tiiau  *ii^  craot'  denved  from  that 
r*  *v^:-'  -ri-  -i^:  r^":»-r=*f-:e  irxz.   IiaTrn  ironi  observation  and  ei- 


rr.' ":•■::  i  »  -.•'-!j^  la^  ':#w!t  ■:^'a;£&iered  ftaacally  in  Sec- 
rir-L  '.'.  C'liiy-iT  III.  :£  V  ;.  in.  azlo  abe  three  laws  therein 
rca'r-i  i-~  •^±'::»f!i*:  :^r  "rie  •r-rn-r-i'a.I  ifiSsctB  which  we  have  now 
z*:  x^-riil-:.  I  ^"utll  *-ikf  :ii^  siae  :e*  ieavy  bcdy  placed  on  a 
ric^'r.  :::':'.^r-i  tLi::^.  :?  :c  i  r:r:;^i  .'Tirvai  8ar£ice,  and  sliding 

m 

Frr--  ri-r  !a^?  .:;a-  illi'ir-:  :.:  i:  iir^AT?.  \l)  that,  so  lon^  as 
:*:L-r  ir^T'ir-r  :•  ".ii-:  -ran-f.  lii^  rrl-.':;:  c.  is  in*iei:endent  of  the  area  of 
the  ?^r:ai.v5?  i-  'ivizdn". :  u  -.bi:  :'::•=  iricson  varies  ae  the  normal 
prr'i'i-r'r  riXirrin*!  '.V  T'^r  iieAv-r  Trcy  ajkiTi^t  uhe  sur&ce  on  which 
it  move-.  1:  ilri:  irr^far?  ti^t  rie  :ccj  does  not  beein  to  move 
UTLl-rrji  "r.-r  i'-linit:;:!  •::  r'a  I'diie.  -rr  ii  it  is  on  a  curved  !?urface. 
cf  th-i:  •jr.j'^-".  rlan-r  ::'  :":i-f  :«:::::  it  which  it  is  placed,  is  equal 
to  rr  r:x:-»r-'l«  i  i-^rtai"  injr.e  :al'.ei  "the  in^jle  oi  rep-ose."  and 
t^^'.  :i  -  =  :.-■?  XTriciT-:  ::  rn..::  r..  t-i?  anijle  =  tan  '^.  It 
a:  rvu>  ::'v-.  :'r':  'i-^  III  :'  t>.r  ^♦e-.r::::  a:*>ve  cited,  that  the 
frlcti'.r.  :-  inl-rT^rr-ie-t    :'  :.:.•?  vr'.'vi'y  or' sM-iiiL?.    I  propose  now 

Ex.  i.  A  Tar*:'.'.-  is  rlao-'i  -"n  a  n^"_-h  ir.olined  riane,  the  ansrle 
of  ir«.-!:r.ati'-n  o:  whi:]i  :•:  ".he  horizotL  i?  :j'r«iiter  than  the  ang-le  of 
rejoso :  it  i^  re;-::rrrti  to  'ietirrr.-.ine  the  motion. 

Let  a  =  the  un^rle  of  irie ligation  of  the  plane :  ff  =  the  mas-s 
of  the  ['article :  f.  =  the  nomial  pressure  on  the  plane  :  f  =  the 
retard inir  force  of  friction :  u  =  the  cottficient  of  friction.  Let 
jr  =  the  distance  alonff  the  plane  throuirh  which  the  particle 
has  move<l  in  the  time  f :  then 

R  =  w /7  cos  a.  F  =  /UL  K  ; 

from  which  equation  the  motion  may  be  determined. 

Ex.  2.  A  particle  slides  down  within  a  rou^h  circular  cylinder 
whose  axis  is  horizontal :  determine  the  equation  of  motion. 


^ 
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Let  0  =  the  angular  distance  from  the  lowest  point  at  the 
time  t ;  then  the  equation  of  motion  is  evidently 

—  a  -p-  =^{8in^— /uteos^j  ; 

•'•     ""^772  =  2y{cosa— costf +  /bt(sina— sin^)}  ; 
dt 

where  a  is  the  value  of  ^,  when  the  particle  is  at  rest. 

380.]  In  these  cases  the  friction  has  been  that  of  sliding 
only ;  and  although  the  inclination  of  the  plane  has,  in  the  latter 
example,  been  less  than  the  angle  of  repose,  yet,  by  reason  of 
the  previously  acquired  momentum,  the  particle  has  still  con- 
tinued to  move.  In  cases  however  of  bodies  moving  in  contact 
with  rough  surfaces  there  may  be  friction  of  rolling  as  well  as 
friction  of  sliding.  If  a  cube  is  placed  on  an  inclined  plane 
whose  inclination  to  the  horizon  is  less  than  45"^,  the  cube  will 
not  fall  over,  and  will  slide  down  if  the  angle  of  repose  is  less 
than  that  of  the  inclination  of  the  plane.  If  however  a  heavy 
sphere  is  placed  on  a  rough  inclined  plane  it  will  always  roll ;  it 
will  moreover  slide  as  well  as  roll  if  the  angle  of  inclination  of 
the  plane  is  greater  than  its  angle  of  repose.  Now,  if  the  sphere 
rolls  only,  the  process  taken  in  Ex.  1,  Art.  872,  determines  the 
motion  ;  whereas,  if  it  slides  as  well  as  rolls,  other  terms  are 
required  in  the  equations. 

We  may  form  a  tolerably  precise  notion  of  the  friction  of  rolling 
by  imagining  a  heavy  cylinder  or  wheel  rolling  on  a  horizontal 
plane.  By  reason  of  the  compressibility  of  the  matter  in  con- 
tact, the  cylinder  and  the  plane  mutually  penetrate  each  other ; 
and  hence  arise  reactions,  acting  on  the  cylinder  in  a  direction 
contrary  to  that  in  which  it  is  moving,  and  which  act  as  obstacles 
to  its  rolling.  The  friction  of  rolling  is  measured  by  the  hori- 
zontal force  which  it  is  necessary  to  apply  to  the  axis  of  the  wheel 
to  maintain  an  uniform  velocity  of  translation  of  the  cylinder. 
Experiments  were  made  in  this  subject  by  Coulomb ;  and  he 
discovered  the  following  law :  the  force  of  rolling  friction  for  a 
heavy  cylinder  and  a  given  plane  varies  directly  as  the  pressure, 
and  inversely  as  the  radius  of  the  cylinder.  Thus,  if  e  =  the 
pressure  of  the  cylinder  on  the  plane,  r  =  the  radius  of  the 
cylinder,  f  =  the  rolling  friction, 

F  =  r^  (232) 
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is  a  diameter,  and  of  which,  of  course,  the  centre  is  at  the  middle 
point  of  GC.  The  points  g  and  c  are  on  this  ellipse ;  and  con- 
seqaentlj  at  both  these  points  p  =  Q. 

The  case]  also  in  which  p  has  a  given  value,  say  nq,  deserves 
consideration ;  of  course  it  gives  a  locus  of  centres  of  percussion^ 
which  is  generally  an  ellipse ;  and  in  certain  cases  becomes  a 
point;  and  in  certain  other  cases  is  imaginary.  The  subject 
however  does  not  offer  any  particular  difficulty :  and  the  student 
can  easily  work  it  out  for  himself. 

Also,  if  the  body  were  originally  put  into  motion  by  the 
blow  q  at  G,  so  that  it  has  a  motion  of  translation  only^  then 
fl?o=yo=0,and         ^  g^^g 

^"^a^x^  +  bY  +  a^i;^'  ^^^ 

Let  us  also  investigate  the  value  of  v\  and  consider  certain 
particular  values  of  it :  from  (92)  or  (94), 

Hence  p'=  0,  when 

a  V  +  i*y  2 — a*  sbXq — b^yy^  =  0 ; 

that  is,  when  the  point  of  impact  is  on  the  ellipse  given  in  (98), 
in  which  case  p  =  Q.     Hence  p'=  0,  if  the  obstacle  is  at  the 
mass-centre  or  at  the  centre  of  impulsion. 
Also  p'=  Q,  when 

that  is,  when  the  obstacle  is  at  a  point  on  the  spontaneous  axis, 
in  which  case  p  =  0. 

We  might  also  investigate  the  locus  of  the  place  of  the  obstacle 
when  p'=  ;tQ,  say;  but  as  the  problem  presents  no  particular 
difficulty,  the  reader  may  work  it  out  for  himself. 

If  the  centre  of  impulsion  is  at  the  mass-centre,  Xq^^q—  0; 

,  a^x'^  +  b^v^ 

359.]  But  at  what  points  is  p  a  maximum  ?    In  this  cose 

,     (^)=y  =  ^- 

And  hence  we  have  "^ 

x,{a^x^  +  by  +  aH^)  -  2x{a^xx,  +  b^yy,  +  aH^)  =  0,l 

yo{a^ai'  +  bY  +  aH^)-2y{a^xx,  +  b^yy,  +  aH^)  =  0;  J       ^'""^^ 

which  give  ~  =  -^ ;  (103) 

^0      Vo 
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t7  =  ao),  and  the  friction  of  sliding  then  ceases  ;  bnt  as  the  plane 
is  rough  a  friction  of  rolling  comes  into  action,  in  which  however 
if  no  kinetic  energy  is  withdrawn,  the  sphere  continues  to  roll 
with  uniform  velocities  of  translation  and  of  rotation.  Hence 
these  two  parts  of  the  motion  require  distinct  consideration  ;  the 
former  being  that  in  which  sliding  friction  operates,  and  the 
latter  that  in  which  there  is  only  rolling  friction. 

Having  regard  to  the  laws  of  sliding  friction  which  are  given 
in  Art.  118,  Vol.  Ill,  and  especially  to  I  and  III,  the  equations 
in  the  former  part  of  the  motion  are  as  follows :  R  being  the 
pressure  on  the  plane,  and  f  being  friction ; 

R  =  mg ;      f  =  /utR  =  iimg. 

Let  X  be  the  horizontal  distance  through  which  the  centre  of 
the  sphere  has  moved  in  the  time  t\  let  a  be  the  initial  angular 
velocity  of  the  sphere  ;  and  co  the  angular  velocity  at  the  time  t ; 
so  that  if  do  is  the  angle  through  which  the  sphere  revolves  in 
dt^  do  ^  (adt.    The  eflTect  of  f  is  to  increase  x  and  to  diminish  B ; 

2ar  d^e 

Thus  the  force  acting  on  the  sphere  is  of  uniform  acceleration. 
The  equation  of  kinetic  energy  is 

dx^      2;«a2  rf^z  2ma> 


m 


di^"-  -5-  rf^  +  2F(«<?-^)=  -5-n^  (233) 

the  right-hand  being  the  initial  kinetic  energy,  and  the  left- 
hand  member  being  the  energy  at  the  time  f,  the  first  two  terms 
being  kinetic,  and  the  last  being  that  which  is  withdrawn  by 
sliding  friction  and  transmuted  into  some  other  form.  So  long 
as  there  is  sliding  friction  adO  is  greater  than  dx,  and  so  accord- 
ing to  the  above  initial  conditions  aO  is  greater  than  x. 
Also  from  the  equations  we  have 

dx  ,  ugfi 

which  give  the  distance  through  which  the  centre  of  the  sphere 
moves  in  a  given  time  t,  and  also  the  angle  through  which  it 
has  revolved. 
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criteria  for  a  TnaximnTn  or  minimam  to  these  valaes  of  p,  viz.,  t 
and  T^,  it  will  be  fonnd  that  t  is  a  maximum^  and  that  t^  is  a 
minimum ;  bat  as  i^  is  negative,  it  is  a  negative  mazimmn,  so 
that  both  centres  may  be  called  centres  of  greatest  percussion. 

K  the  point  of  application  of  the  blow  Q,  by  which  the 
body  is  originally  put  into  motion,  is  the  mass-centre,  so  that 
d?^  =  y^  =  0,  and  the  body  has  only  motion  of  translation ;  then, 
from  (99),  __  ggy 

and  the  maximum  value  corresponds  to^  =  0,  y  =  0;  in  which 
case  P  =  Q ;  and  thus  the  mass-centre  is  the  centre  of  greatest 
percussion. 

K  p  =  5,  then 

»  a«aj»  +  i2/=:a2J2(«-l);  (115) 

which  represents  an  ellipse  concentric,  coaxial,  and  similar  to 
the  central  ellipse ;  and  therefore  the  intensity  of  a  blow  against 
an  obstacle  is  the  same  for  all  points  on  this  ellipse.  If  »  =  2, 
the  ellipse  is  the  central  ellipse. 

360.]  Again,  if  the  body  is  put  into  motion  by  a  couple  whose 
axis  is  perpendicular  to  the  axis  of  z,  so  that  the  spontaneous  axis 
passes  through  the  mass-centre,  and  the  body  has  only  rotation 
about  that  axis  which  is  in  the  plane  of  {x^y)y  the  momentum  of  a 
blow  p  at  the  point  {x^y)  in  the  plane  oi(x,y)  may  be  determined 
in  the  following  manner,  which  is  independent  of  the  preceding 
process : 

Let  L  and  m  be  the  components  of  the  moment  of  the  impressed 
couple  about  the  axes  of  x  and  y  respectively ;  then  we  have 

x  =  Y  =  z  =  0;  \ 

L  M  .     [  (116) 

and  the  equation  to  the  spontaneous  axis  is,  see  (8),  Art.  341, 

^-^  =  0.  (117) 

Since  the  point  of  application  of  f  is  {iB,y),  the  equation  to 
the  corresponding  spontaneous  axis  is 

a'^x^+6^yri  +  a'6^  =  0;  (118) 

the  perpendicular  distance  on  which  from  the  point  (iBjy) 
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and  giving  results  similar  to  those  of  the  preceding  example. 

Thus  the  sliding  ceases  and  the  sphere  only  rolls  when  d^  =  add; 

in  which  case  2 

/i=  ytana; 

consequently  the  sphere  will  slide  and  roll,  or  will  roll  only, 

according  as  tan  a  is  greater  or  not  greater  than  -^  • 

Ex.  3.  If  the  body  moving  down  the  plane  is  a  circular  cylin- 
der of  radius  =  a,  with  its  axis  horizontal ;  then 

3/1  =  tfl^a ; 

and  the  body  will  slide  and  roll,  or  roll  only,  according  as  a  is 
greater  or  not  greater  than  tan**^  3/ut. 

Ex.  4.  A  heavy  body  whose  bounding  surface  is  a  circular 
cylinder,  but  whose  centre  of  gravity  is  not  in  the  axis  of  the 
surface,  makes  small  titubations  on  a  rough  horizontal  plane. 
Determine  the  limits  of  the  angle  of  titubation  so  that  it  may 
not  slide  on  the  plane. 

Take  the  figure  and  symbols  of  >Ex.  8,  Art.  372  ;  and  let  jjl  = 
the  coefficient  of  sliding  friction  between  the  rocking  body  and 
the  plane.  Then,  as  the  angle  through  which  the  body  rocka 
is  small,  powers  of  0  higher  than  the  second  may  be  neglected. 
Hence  we  have       ^2^  ^2^ 

.'.     — ^F  =  (a— (?)*p— Bc(a— c)tf ; 

and  consequently,  if  the  body  rolls  and  does  not  slide,  0  must 

not  be  greater  than  - — 7-^ — 7 —  u. 
°  c(a  — (?) 

382.]  The  following  examples  of  motion  of  rigid  bodies,  free 
and  constrained,  involve  various  modes  of  application  of  preced- 
ing principles,  and  are  inserted  in  illustration,  as  well  as  because 
many  of  them  are  in  themselves  of  considerable  interest. 

A  heavy  homogeneous  solid  ellipsoid  is  struck  by  a  blow 
whose  momentum  is  Q,  in  a  line  parallel  to  one  of  its  principal 
axes,  and  subsequently  moves  freely  under  the  action  of  its 
weight ;  it  is  required  to  determine  the  motion. 
^    Let  M  =  the  mass  of  the  ellipsoid ;  and  let  the  equation  to 

PRICE,  VOL.  IV.  L  I 
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the  bounding  Boifiuse  relative  to  the  oentre  urn  origin,  and  ill 
three  principal  axee  as  coordinate  axes,  be 

and  let  ns  sappoee  the  line  of  blow  to  be  paimTlel  to  the  r-«zii^ 
and  to  intersect  the  plane  of  («,  jr)  in  the  point  («o>  J^o)- 

The  oentre  of  gravity,  which  ia  the  oentre  of  the  ellipeoid, 
will  move  as  if  it  were  a  partible  of  masB  =  X ;  and  oonaeqiMntlf 
its  path  is  a  parabola ;  and  if  v  is  the  initial  velocitT^ 

and  its  initial  line  is  that  of  the  blow.    Thna  all  the  elemenii 
of  its  path  are  known. 

The  ellipsoid  also  rotates  nnder  the  action  of  Q,  aa  if  the 
centre  were  a  fixed  point.  Consequently^  if  A  and  b  are  the 
principal  moments  of  inertda  of  the  solid  ellipsoid  aboat  tiie  «- 
and  jr-axes  reepectively,  the  initial  instantaneona  aada  through 
the  centre  is,  see  (78)j  Art.  868,  . 

^J^+ih^O;  (284) 

and  if  A  is  the  initial  angular  velocitjr,  see  (72),  Art.  868, 

the  combined  effect  of  these  two  motions  is  indeed  a  rotation 
about  an  initial  spontaneous  axis,  whose  equation  relative  to  the 

moving  elKpsoid  is      ^tm.'Ji^Q  /ggg) 

bam'  ^       ' 

Since  the  initial  rotation-axis,  given  by  (234),  is  not  a  prin- 
cipal axis  of  the  body  it  is  not  a  permanent  axis ;  consequently 
it  continually  moves  both  in  the  body  and  in  space ;  that  deter- 
mined above  being  only  its  initial  position.  Its  motion  will 
be  determined  by  Euler's  three  equations,  simplified  by  the  con- 
dition, that  momenta  are  impressed  only  at  the  origin ;  so  that 

we  have  rf«i  .  ,        . 

A-^  +  (c^B)a)2a)8  =  0,  ^ 


B-^  +  (A^c)a)8a>i  =  0, 


d(a 


(237) 


C-^  +  (B~A)a)i  0)2=0-,; 
the  initial  values  of  cd^,  Wg,  0)3  being  respectively  -^*  — -^« 

A  B 
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and  0.  These  equations  however  have  been  so  folly  discussed  in 
the  preceding  Chapter  that  it  is  unnecessary  to  say  more  on  the 
subject. 

If  either  Xq  or  y^  =  0,  the  initial  instantaneous  axis  is  a  prin- 
cipal axis,  and  therefore  is  a  permanent  axis ;  and  the  ellipsoid 
during  its  motion  in  space  uniformly  revolves  about  this  axis. 
Thus,  if  Xq  =  0,  the  line  of  the  blow  q  is  in  the  plane  of  (y,  z) 
and  is  parallel  to  the  i^-axis,  and  the  ^-axis  is  the  instantaneous 
rotation-axis,  which  is  also  the  permanent  rotation-axis  ;  and  the 
permanent  angular  velocity  of  the  body  about  it 

383.]  A  right  cone  is  placed  with  its  slant  side  on  a  perfectly 
rough  inclined  plane,  and  rolls  on  it  by  the  action  of  its  weight ; 
it  is  required  to  determine  its  motion. 

Let  2  a  =  the  vertical  angle  of  the  cone ;  m  =  its  mass ;  a  =  its 
height;  and  let  ^=the  inclination  of  the  plane  to  the  horizon. 

The  forces  acting  on  the  cone  are,  its  weighty  the  rolling 
friction  of  the  cone  on  the  inclined  plane,  and  the  normal 
reaction  of  the  plane.  As  the  plane  is  perfectly  rough,  and  the 
cone  rolls  on  its  convex  sur&ee  without  sliding,  the  place  of  the 
vertex  of  the  cone  is  always  the  same,  and  the  motion  is  that 
of  a  rotating  body  which  has  a  fixed  point  in  its  axis.  We 
shall  therefore  investigate  it  by  means  of  Euler's  three  equa* 
tions.  Now  the  line  of  contact  of  the  cone  with  the  plane 
is  evidently  always  the  instantaneous  rotation-axis ;  and  as  the 
force  of  rolling  friction,  as  well  as  the  normal  reaction  of  the 
plane,  acts  through  this  line,  they  produce  relatively  to  it  no 
angular  velocity :  it  will  be  convenient  to  derive  from  Euler's 
equations  the  equation  of  rotation  relative  to  this  line. 

Let  c  be  the  principal  moment  of  inertia  of  the  cone  relative 
to  its  own  axis ;  and  let  a  be  that  relative  to  an  axis  perpen- 
dicular to  the  axis  of  the  cone  and  passing  through  the  vertex ; 
so  that  Euler's  equations  are 


A-^  +  (c-A)a)2«8  =  L,  ^ 


A-— 2-(c^A)a>3a>i  =  M, 


dt 

dt 

Ll  % 


'9. 


(288) 
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Let  UB  suppose  the  x^axis,  to  whicli  a  corresponds,  to  be  ioitiallf 
in  the  inclined  plane,  and  <}  to  be  the  ang'le  through  which  tliii 
axis,  and  consequently  the  cone,  rotates  in  the  time  t.  Ijet  a  be 
the  instantaneous  angular  velocity  at  the  time  t  \  then,  relatiTe 
to  the  three  principal  axes  of  the  body,  the  direction-coeiiiw  <rf 
the  inatantaneoos  axis  are  evidently  sin  a  coe  &,  sio  a  ain  9,  tad 
cos  a ;  BO  that 

(Oj  =  usinacoBd,  cu^  =  id  sin  a  ain  d,  eo,^  to  cos  a;  (239) 
and  if  o  is  the  moment  of  the  impressed  forces  relative  to  tlu 
instantaneous  rotation-axis, 

0=  Lsinacoa^  +  Hsinasintf  +  N  cos  a.  (240) 

Ai«)  .=^^  (241) 

Now,  Bubstitntingr  these  values  in  (240),  we  have 

{A(8ina)2  +  c(cosa)^}-^=G. 

Let  ^  be  the  angle  at  the  time  t  contained  between  the  line  of 
contact  of  the  cone  with  the  plane,  and  a  straight  line  on  the 
plane  perpendicular  to  a  horizontal  line.  Then,  as  the  cone  rolb 
on  the  plane,  evidently 

-ad^  =  a\xaa.dB\  (242) 

and  as  the  weight,  which  act-s  at  the  centre  of  gravity  of  the 
cone,  is  the  only  force  which  impresses  angular  velocity  on  the 
bmly  relative  to  the  instantaneous  rotation-axis,  uid  tends  to 
increase  C,  3^ 

a  =  M^  —  Bin  a  sin  ,3  sin  ^,  (^43) 

Also  A(sina)«  +  c{cosaf  =-|j{6  +  (tana)*}a^(9ina)!'; 

ao  that         a^^j?  =-5^  ^O'^  "li^^  sin  * ;  (244) 

at-  "  (8ma)^;6  +  (tano)'}  "■        ' 

which  etjuation  dcti'rniines  tlie  motion. 

If  ^  =  ^^  when  the  cone  is  at  rest,  then,  integrating  (244), 

wo  have 

If  the  cono  makes  small  oscillations  on  tho  plane,  the  time  of  an 
oscillation  _     ffl(Bina)'' {6  +  (tana)^}  ^j 

i        B^(co8a)^sin/3        ) 
If  the  cone  is  fixed  by  its  v^^^^o  a  point  in  a  rough  perpeu- 
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dicular  wall,  and  rolls  on  the  wall,  then  the  above  equations 
determine  the  motion,  when  /3  =  90^. 

384.]  Determine  the  motion  of  a  top  whose  apex  moves  on  a 
smooth  horizontal  plane. 

The  motion  of  a  top  has  already  come  twice  into  considera* 
tion ;  viz.,  in  Arts.  818-327,  where  we  have  generally  investi- 
gated the  motion  of  a  heavy  rigid  body  with  a  point  fixed, 
and  having  two  equal  principal  moments  of  inertia  relative  to 
that  point ;  and  also  again  in  Art.  378,  where  the  small  motions 
of  it  about  a  mean  position  have  been  investigated  in  illustra- 
tion of  the  general  law  of  small  oscillations.  In  both  these  cases 
the  apex  of  the  top  has  been  assumed  to  be  a  fixed  point ;  and 
this  condition  is  approximately  satisfied  when  the  top  moves  on 
a  perfectly  rough  plane.  If  however  the  plane  is  smooth,  the 
apex  moves  in  the  plane ;  and  we  propose  now  to  investigate  its 
motion,  and  the  motion  of  the  top. 

I  shall  assume  the  centre  of  gravity  to  be  in  the  geometrical 
axis  of  the  top,  and  at  a  distance  equal  to  h  from  the  apex  or  peg 
of  the  top.  And  I  shall  also  use  the  same  symbols  in  the  same 
significance  as  in  Art.  318,  except  that  the  origin  of  the  several 
axes  to  which  the  rotation  is  referred  will  be  taken  at  the  centre 
of  gravity. 

As  the  plane  is  perfectly  smooth^  the  only  forces  acting  on 
the  body  are  the  vertical  reaction  of  the  plane  =  E  (say),  and 
the  weight  of  the  top ;  so  that  if  (f,  ?;,  f )  is  the  place  of  the 
centre  of  gravity  relative  to  a  system  of  axes  fixed  in  space,  of 
which  that  of  C  is  vertical,  and  those  of  f  and  77  are  in  the  given 
plane,  then  ^/2^       ^2^ 


=  0, 


^J-TTo     =    ^-^91 


dt 


(246) 


from  the  first  two  of  which  it  is  plain  that  in  horizontal  motion 
the  centre  of  gravity  either  remains  at  rest  or  moves  uniformly 
in  a  rectilineal  path,  the  elements  of  which  depend  on  the 
initial  impulsion. 

Also,  since  f  =  A  cos  (9, 

*  =  '*{— rfp—+n*  ^^^^ 

Next  let  us  consider  the  motion  of  the  top  relative  to  the 
centre  of  gravity.    The  only  force  which  produces  a  moment 
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aboat  that  point  is  the  pressure  of  the  plane  at   the  apex,  of 
which  the  value  is  given  in  (247) ;  and  we  have,  aa  in  Art.  81^ 

L=      B>1  sin  0008  ^v    \ 

M  =— B^lsin^sin^,  >  (248) 

N  =  0.  ) 

Now  A  =  B ;  and  conseqaently  the  third  of  Enler's  eqoations,  hr 
reason  of  the  third  of  (248),  gives 

a>3  =  a  constant  =  n  (say) ;  (249) 

and  thus  the  first  two  of  Eider's  equations  are 

A--^  +  (c  — A)«a)2  =     B^sin^cos^y  | 

Z  .    .     r         ^^^ 

A-y^-  — (c— a)«<i)i  =  —uiBmOmiiit>.  \ 

Let  ns  suppose  the  whole  initial  angular  velocity  of  the  body  to 
be  about   the  axis  of  the  top,  and  to  be  a ;   so  that   initially 

»j  =  a>2  =  0,  and  consequently  "^7  =  "^  =  ®5  *^d  let  us  sap- 
pose  the  initial  values  of  0  to  be  ^q,  and  of  ^  and  ^  to  be  zero. 
From  (250)  we  have,  as  in  Art.  318, 

^]  ^^~/f/  "*"'^2"^[  =  R^8in0{a)iCO8^  — cogsini^} 

at 


=  mAsme-^^^ff-AcoB0{^)  --isinfl^y.-J 


do  ^ 

therefore 

{A  +  mrismef}(^)  4-A(sin^)2(^)'  =  2w^i7(co8  0o-cos0).  (251) 

Also,  mnltii)lying'  the  first  of  (250)  by  sin  (f>,  and  the  second  by 
COS  </),  adding,  and  int<?grating,  as  in  Art.  318,  we  have 

A  (sin  ef  ^j^  =  cn  (cos  0^  -  cos  d) ;  (252) 

and  eliminating  ~  by  means  of  (251)  and  (252),  we  have 

j<  =  + {^W.jsinenhinBrie . 

{co8do-cos^}*{2f/iA<7A(8ind)2-c2»2(cos^o-co8d)}i   ^ 
In  these  equations  the  foUowinum^ts  are  implied.     Since  the 
lefib-hand  member  of  (251)  is  q^^B^positive,  the  light-hand 
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member  is  also  positive;  so  that  0  is  neyer  less  than  OqI  thus 

the  angle  at  which  the  axis  of  the  top  is  inclined  to  the  vertical 

is  never  less  than  its  initial  value,  and  0  increases  until  it  reaches 

a  value,  say  d^,  at  which  the  second  radical  in  the  denominator  of 

d0 
(253)  vanishes ;  then  —  =  0,  and  the  inclination  of  the  axis  to 

the  vertical  is  a  maximum ;  0i  is  always  less  than  ir,  because 
the  expression  which  determines  it  is  positive  when  0=0^,  and 
is  negative  when  0  =  v:  also  the  time  in  which  the  value  of  6 
passes  from  0q  to  0i  is  finite,  as  we  have  proved  in  Art.  319, 
Thus  the  axis  of  the  top  makes  isochronal  oscillations  in  a 
vertical  plane,  as  that  plane  revolves  about  the  vertical  axis  of  z. 
That  vertical  plane  however  does  not  revolve  uniformly ;   in 

other  words,  its  precessional  velocity,  which  =  -^  9  is  not  con- 
stant ;  (252)  shews  this. 

According  as  n  is  positive  or  negative,  so  is  the  precession 
direct  or  retrograde ;  that  is,  the  line  of  intersection  of  the 
equatorial  plane  of  the  top  with  the  horizontal  plane  revolves  in 
the  same  direction  as  the  top  rotates. 

And  the  variations  of  the  precessional  velocity  are  periodici 
having  the  same  period  as  those  of  the  inclination  of  the  axis  to 
the  vertical ;  now  the  precessional  velocity  vanishes  when  ^  =  ^^ , 
and  becomes  a  maximum  when  ^  =  ^^ ;  and  continues  to  make 
these  periodical  oscillations.  This  is  explained  at  greater  length 
in  Art.  320.  Thus,  if  the  centre  of  gravity  of  the  top  does  not 
move,  the  apex  of  the  top  describes  on  the  horizontal  plane  the 
curve  delineated  in  Fig.  35,  where  the  radius  of  the  interior  and 
exterior  circles  are  respectively  i  sin  0q,  and  A  sin  0^ ;  and  where 
the  arcs  of  the  path  respectively  touch  the  exterior  circle  when 

-^  is  a  maximum ;  and  meet  the  interior  at  right  angles  when 

^i^  =  o 

dl         ' 

It  is  evident,  by  the  principle  of  vis  viva,  that  the  angular 
velocity  of  the  top  is  a  maximum  when  tf  =  (9^,  and  is  a  mini- 
mum when  0  =  0Q. 

If  «  is  very  large,  so  that  0i  is  very  little  greater  than  0^, 
the  values  of  0  are  confined  within  very  small  limits.  In  this 
case  we  can,  as  in  Art.  322,  integrate  (253)  approximately,  and 


I 
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obtain  resnlts  which  give  an  accurate  lepresentatioii  of  the  motion 
of  the  top. 

385.]  On  the  motion  of  a  heavy  homogeneons  spherical  ball, 
(an  ivory  billiard  ball,)  on  a  rough  horizontal  table. 

I  shall  take  m  to  be  the  mass  of  the  sphere,  a  to  be  its  radiiu, 
and  A  to  be  the  moment  of  inertia  about  a  diameter ;  so  that 
5a  =  2a'-M. 

I  shall  suppose  the  ball  to  be  put  into  motion  initially  by 
means  of  a  blow,  of  which  the  intensity,  line  of  action,  and 
point  of  application  are  known ;  all  these  circumstances  being 
given  in  billiards  by  the  stroke  of  the  cue.  Thus,  the  initial 
velocity  of  translation  of  the  centre  of  gravity,  and  the  angular 
velocity  relative  to  the  initial  rotation -axis,  will  be  known. 
During  the  subsequent  motion,  the  ball  will  both  roll  and  slide, 
so  that  retarding  forces  of  rolling  and  sliding  friction  will  be  in 
action  on  it.  That  of  sliding  friction  acts  at  the  point  of  con- 
tact of  the  ball  with  the  table,  and  in  the  line  along  which  the 
point  of  contact  slides  on  the  table.  That  of  rolling  friction 
acts  in  the  line  along  which  at  the  time  the  centre  of  gravity  is 
moving.  This  latter  friction  however  is,  in  ordinary  cases,  only 
a  xory  small  fraction  of  the  former,  and  may  consequently  be 
neglected.  As  by  the  roughness  of  the  table  the  sliding  motion 
of  the  ball  is  diminished  much  more  rapidly  than  the  rolling 
motion,  so  the  sliding  motion  soon  ceases,  and  the  ball  only  rolls. 
The  following  equations  will  determine  with  accuracy  the  time 
and  Iho  i)laco  at  which  this  cessation  of  sliding  takes  place. 

Lot  tho  i)lanc  in  which  the  centre  of  the  ball  moves  be  that 
of  (.^':  y) ;  this  i)lano  is  consequently  parallel  to  that  of  the  table, 
and  is  horizontal ;  let  (x^y)  be  the  place  of  the  centre  of  the  ball 
at  the  time  / ;  so  that  at  that  time  {x,y,  —a)  is  the  place  of  the 
point  of  contact.  Let  f  be  the  force  of  sliding  friction  which 
acts  at  the  i)oint  of  contact,  and  let  fi  be  the  angle  at  which  it-s 
line  of  action  is  inclined  to  the  axis  o{  x.  Let  R  (=  M^)  be  the 
l)reHsure  of  the  ball  on  the  plane,  and  let  /ut  =  the  coefficient  of 
sliding  friction  ;  so  that  F  =  /utR  =  ;iM^. 

The  e(iuations  of  motion  of  the  centre  of  gravity  are 

"  5^  =  -w*»J«  0- 
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Let  us  consider  the  rotation  in  reference  to  a  system  of  axes 
originating  at  the  centre  of  gravity,  and  parallel  to  the  fixed 
axes  of  (;r,  y,  z)  ;  then  we  have 

rfo),  ^  d'x    I  (255) 

A^»  =  0;  (256) 

.-.      A(a.i-nJ=       aK(^-Vo), 

AK-n,)=-«M(^-»„),F  W 

where  ?^o)  ^o  ^^  ^^^  axial  components  of  the  initial  velocities  of 
the  centre  of  gravity,  and  n^,  xig,  Hg  are  the  initial  angular  velo- 
cities about  three  axes  originating  at  the  centre  of  gravity  and 
parallel  to  the  fixed  axes. 

These  equations  connect  the  instantaneous  angular  velocity 
with  the  velocity  of  the  centre  of  gravity  of  the  ball.     Thus  0)3 

is  constant,  and  coj  and  Wg  only  vary  when  ^  and  ~  vary ;  that 

is,  when  f  acts.  And  therefore  if  the  centre  of  gravity  moves 
uniformly  in  a  straight  line,  the  angular  velocity  of  the  ball  and 
the  direction  of  the  rotation-axis  do  not  vary,  and  there  is  no 
sliding  friction  ;  therefore,  from  (257), 

^-'^  =  2i(^-''<')'         '»*-'^=-2i(5J -«<•)•  .(258) 


60 


386.]  By  means  of  these  we  can  determine  the  path  of  the 
centre  of  gravity  of  the  ball,  so  long  as  the  ball  continues  to 
slide.  The  line  of  action  of  f,  as  we  have  said,  is  that  of  the 
motion  of  the  point  of  contact.  Now  the  projections  on  the 
X'  and  j^-axes  respectively  of  space  described  by  this  point  in 
the  time  dt  are  dx-~a<»>2dt,  toii  dy-^aa^^dt;  and  substituting 
for  0)^  and  ca^  from  (258)  we  have 

,              ,.       7dx      /  5w«x  . 

dX'-aay^dl  =  — faii2+  -—-jdty 

7d  5^1^  ^^^^^ 
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bnt  these  are  proportional  to  cos)3  and  to  Biiij9,  which  enter  into 
(264).     To  simplify  these  expreeaioiis  however  let 

80  that 

then 

da>-<i«^i  =  -^((;«-«irfj!),    dy+aw,rf(  =  -~(rfy-PirfO;  (261) 

and  conaeqaently  from  (264), 


-»i 


—  », 


hence  also  we  have         ,.  ,3 


and  integrating,        ^^  ^^ 

li~^    _    di 

"o  — **!      ~       "0 

dt* 

«(,  —  «,    ~    "0 — Vj     '  \^^"! 

and  conBequently,  ^  .    . 

i^l^J^El;  (264) 

and  thus  not  only  is  f,  the  force  of  friction  which  retards  the 
ball,  constant  in  magnitude,  being  equal  to  ii-ug,  but  the  line  of 
action  of  it  has  a  constant  direction.  And  therefore  the  centre 
of  gravity  of  the  ball  describes  a  parabolic  path,  like  a  heavy 
projeetili',  the  axis  of  the  parabola  being  parallel  to  the  line  of 
action  of  the  constant  force  of  friction. 

And  /3  is  the  angle  at  which  the  line  of  action  of  P  ia  inclined 
to  the  axis  of  x ;  and 

tan^=  ^^'  =  ^!1±^.  (265) 

Now  «|  and  i\  are  the  axial  components  of  the  velocity  of  the 
centre  of  gravity  of  the  ball  at  the  instant  when  it  ceases  to  slide, 
for  then 

Ti  ="•'  =  •'        '""-" ■ 

the  last  terms  of  theeo  eqtiatfi|fc^lowing  by  reason  of  (261). 


*> 
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This  is  also  evident  from  (262) ;  for  when  the  ball  only  rolls, 
p  =  0 ;  and  consequently 

^=^,  =  0,     and      ^=«,.         ^=v,. 

It  is  obserred,  that  «j  and  Vj  do  not  depend  on  the  friction,  bat 
on  the  initial  circnmstances  of  motion. 
If 

K-«i)*  +  (ro-ri)«  =  *"  =  ^  {(«o-«fl«)'  +  K+«ai)*}.     (266) 
(254)  become 

and  therefore,  if  the  initial  place  of  the  centre  of  gravity  of  the 
ball  is  taken  as  the  origin, 

/  ,      \  (268) 

which  give  the  position  of  the  centre  of  gravity  in  terms  of  t. 

Eliminating  t,  we  have 

2* 
{a7(ro-^i)-yK-«^i)}^  +  -^(«i«^o-«'i«o)(«*oy-"«^o^)  =  0;  (269) 

which  is  the  equation  to  the  parabolic  path  of  the  centre  of 
gravity  of  the  sphere. 

387.]  Now  this  equation  becomes  y  =  a?,  that  is,  represents 
a  straight  line,  when  i^j,  Vj^  are  respectively  proportional  to  i^q,  r^ ; 
in  which  case  we  have,  from  (259), 

which  shews  that  the  initial  rotation-axis  is  in  a  vertical  plane  at 
right  angles  to  the  line  of  initial  velocity  of  the  centre  of  gravity. 
The  equation  (269)  expresses  the  path  of  the  centre  of  the 
ball,  so  long  as  the  ball  slides  as  well  as  rolls ;  at  the  instant 
however  when  the  sliding  ceases,  and  the  ball  only  rolls, 

^  =«,  =  ««„        ^  =  »,=  -a«,;  (271) 
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and  from  either  of  (267)  we  have 

^  =  ;^  =  7^  {(«o-«o«)'+(fo+«fli)'}* ;  (272) 

at  which  time,  from  (268),  we  have 

After  this  instant,  if  there  were  no  friction  of  rolling^,  the  ball 
would  continue  to  move  uniformly  in  a  straight  line,  with  a  velo- 
city of  which  u^  and  Vi  are  the  axial  components.  Bat  as  a 
friction  of  rolling  acts  to  retard  it,  the  ball  continues  its  recti- 
lineal course  with  a  decreasing  velocity,  until  it  finally  comes  to 
rest ;  and  the  equation  to  the  line  along  which  the  centre  of 
gravity  moves,  and  which  is  also  the  path  of  the  point  of  contact 
with  the  table,  is 

2m^  {^ly-f^i^}  +*(«o^i-«^o^)  =  0  ;  (274) 

this  line  is  evidently  a  tangent  to  the  parabola  at  the  point  given 
by  (273). 

388.]  Thus  we  have  arrived  at  the  exact  course  which  a 
billiard  ball  takes  on  a  table,  in  the  most  general  circumstances 
of  a  stroke  of  a  cue.  The  motion  is  at  first  a  mixed  one  of 
sliding  and  of  rolling ;  and  the  centre  of  the  ball  moves  in  a 
parabola  so  long  as  the  ball  slides  on  the  table,  which  causes 
a  sliding  friction  at  the  point  of  contact ;  this  sliding  however 
eventually  ceases,  and  before  the  ball  comes  to  rest;  and  the 
centre  of  the  ball  then  takes  a  rectilineal  path,  which  is  a  tangent 
to  the  parabola  at  the  point  where  the  sliding  has  ceased. 

We  may  now  give  to  the  equations  determined  in  the  preceding 
Articles  those  interpretations  which  arise  from  initial  circum- 
stances produced  by  the  stroke  of  a  cue. 

Let  Q  be  the  momentum  with  which  the  cue  strikes  the  ball ; 
and  let  a  be  the  angle  at  which  its  line  of  action  is  inclined  to 
the  plane  of  the  table.  Let  A  be  the  horizontal  distance  from 
the  centre  of  the  ball  to  the  vertical  plane  containing  the  axis 
of  the  cue,  which  is  the  line  of  blow ;  and  let  i  be  the  perpen- 
dicular distance  on  this  line  fr^m  a  horizontal  line  through  the 
centre  perpendicular  to  the  vertical  plane,  containing  the  axis  of 
the  cue ;  let  us  moreover  take  the  plane  of  (|Lp)  to  be  parallel 
to  the  axis  of  the  cue.  Let  f  be  the  frictiott^^UAriB  brought 
into  action  between  the  ball  and  th    >^a  mj^Kft/m  of  the 


(277) 
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cue,  and  let  fi  be  the  angle  between  the  line  along  which  f  acts 
and  the  axis  of  a; ;  let  /i  =  the  coefficient  of  friction ;  then,  as 
in  Art.  370,  the  equations  of  motion  of  the  centre  of  gravity  are, 

M«o  =     qcosa— Fcosj3,    \ 

uvq=  -FsinjS,    i  (275) 

0=— qsina  +  E  —  M^;  ) 

and  the  equations  of  rotation  about  the  centre  of  gravity  are 

AOi  =— q^fiino— flFsin)8, 
An2=     Q*  +  «Fcofli8,         \  (276) 

AXi3  =  — qAcoso. 

Ai  2a2M 

Also  F  =  UB,         A  =  — = — ; 

5 

cosj3     __    sin/3 
From  these  equations  we  have 

which  assigns  the  direction  in  which  the  point  of  contact  of  the 
ball  with  the  plane  begins  to  move.  This  also  is  the  direction 
of  the  constant  retarding  force  of  friction,  and  of  the  axis  of  the 
parabola  in  which  the  ball  moves  until  sliding  friction  ceases. 
Hence  also  we  can  determine  ^o*  ^o)  ^)  ^2'  ^^  ^^  hskYe 

__5q(flcosa-h^)  Sq^sina,  . 

^^- 7^ '  ^^=~7^^'  ^^^^ 

which  values  are  independent  of  the  fiiction,  as  we  have  before 
observed  in  Art.  386. 

If  the  path  of  the  ball  is  rectilineal,  and  in  the  direction  of 
the  stroke  of  the  cue,  tan  /3  =  0,  and  t?i  =  0 ;  hence,  either 
A  =  0,  or  sin  o  =  0  ;  in  the  former  case,  the  centre  of  the  ball 
is  in  the  vertical  plane  containing  the  axis  of  the  cue ;  in  the 
latter,  the  axis  of  the  cue  is  horizontal.  Under  either  of  these 
circumstances  therefore,  and  under  these  only,  is  the  path  of 
the  ball  rectilineal ;  in  all  other  cases  the  path  is  parabolic. 

If  the  path  of  the  centre  of  the  ball  is  not  rectilinear,  the 
value  of  i?i,  given  in  (279),  shews  that  the  deviation  lies  on  that 
side  of  the  centre  in  its  initial  position,  on  which  the  stroke  is 
given,  for  Vi  and  A  are  of  the  same  sign. 

889.]  These  several  circumstances  are  represented  in  Fig.  59. 
0^  the  centre  of  the  ball  at  the  instant  of  the  blow,  is  the  origin ; 
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and  the  horizontal  plane  containing  o  is  that  of  («,  y).  The 
plane  of  the  table  is  parallel  to  it,  and  at  a  distance  below  it 
equal  to  a,  the  radios  of  the  ball.  P  is  the  point  of  contact  of  the 
ball  with  the  table.  Qet  is  the  axis  of  the  one,  the  verticil 
plane  parallel  to  which,  and  containing  o,  is  the  plane  of  (x,  r). 
The  circle  is  the  section  of  the  ball  by  the  plane  of  (x,  z).  qET 
pierces  the  plane  of  (y,  z)  at  n,  and  the  plane  of  the  table  at  t, 
and  a  is  the  angle  which  it  makes  with  the  table,  oh  =  i  is 
the  perpendicular  distance  from  o  to  the  vertical  plane  set,  con- 
taining the  axis  of  the  cue  ;  and  hk  =  £  is  the  perpendicular 
from  H  to  the  axis  of  the  cue ;  so  that  A,  k^  and  a  determine  the 
position  of  the  line  of  blow.  Let  pp^  be  the  curve  which  is  the 
parabolic  path  of  the  point  of  contact  of  the  ball  with  the  table ; 
Pi  being  the  point  given  by  the  coordinates  (278),  at  which 
sliding  friction  ceases,  and  after  which  the  path  becomes  recti- 
lineal ;  let  Pj  s^  be  that  rectilineal  path ;  let  be  =  / ;  so  that 

*  =  (/^a)coso;  (280) 

,.  So/cosa  SoAsina 

thus  u.  =  — >  t?i  =  — ; 

*  7 au  *  7aM 

therefore  —  =  -, — -—  =  — 

«i       ^cota       MP 

=  tan  MPT,  (281) 


t 


but  —  is  the  tangent  of  the  angle  between  the  axis  of  x  and 


n^ 


the  rectilineal  path  taken  by  the  ball  when  friction  ceases.  Con- 
sequently the  rectilineal  path  p,  Sj  is  parallel  to  pt.  Hence  the 
final  direction  of  the  ball  when  friction  ceases  is  easily  deter- 
mined ;  it  is  parallel  to  the  line  drawn  from  the  point  of  contact 
of  the  ball  with  the  table  to  the  point  at  which  the  axis  of  the 
cue  pierces  the  table. 

Hence  it  follows,  that  if  the  axis  of  the  cue  is  inclined  to  the 
j)lane  of  (a?,  y),  at  an  angle  so  large  that  the  point  T  falls  on  the 
negative  side  of  the  line  PL,  the  ball  in  its  final  state  moves  in  a 
direction  opposite  to  that  of  the  stroke. 

Explanation  of  these  formulae,  in  further  application  of  them 
to  the  game  of  billiards,  wall  be  found  in  "  Thdorie  Mathematique 
des  elfets  du  jeu  de  Billard,*'  par  G.  Coriolis;  Paris,  1835. 
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CHAPTEE  VIIL 

RELATIVE   MOTION  OP  A  MATERIAL  SYSTEM. 

Section  1. — Investigation  of  the  general  equations. 

390.]  In  the  precediog  parts  of  this  work  the  motion  of  a 
material  system  has  been  investigated  relatively  to  a  fixed  origin, 
and  to  a  fixed  system  of  coordinate  axes.  The  coordinate  axes 
indeed,  to  which  we  have  found  it  convenient  to  refer  the 
motion  primarily,  have  not  always  been  fixed ;  for  in  the  last 
Chapter  two  systems  were  used,  one  of  which  was  fixed  in  the 
body  and  moved  with  it;  the  other  system  however  was  ab- 
solutely fixed,  and  to  it  ultimately  the  motion  of  the  material 
system  was  referred ;  and  its  incidents  were  deduced  from  the 
position  of  the  parts  of  it  relatively  to  that  system.  Now  I 
propose  to  consider  a  more  general  case ;  and  to  investigate  the 
motion  of  a  material  system  relatively  to  a  moving  origin  and 
a  moving  system  of  rectangular  axes,  all  the  incidents  of  motion 
of  these  latter,  as  well  as  those  of  the  material  system,  being 
given,  and  the  material  system  also  moving  relatively  to  it. 
This  general  case  is  that  of  relative  motion;  that  is,  of  the 
motion  of  a  material  system  relatively  to  moving  coordinate 
axes,  to  which  allusion  has  already  been  made  in  YoL  III,  Arts. 
317-^19,  in  the  case  of  a  single  particle ;  under  circumstances 
however  in  which  a  single  material  particle  moves  in  a  plane^ 
and  the  motion  of  the  rectangular  axes  is  also  in  that  plane. 
As  the  formulae  which  express  the  circumstances  of  relative 
motion  are  long  and  complicated,  it  will  be  convenient  to  con- 
sider primarily  the  motion  of  one  particle ;  and  thus  be  free  of 
signs  of  summation ;  but  the  results  will  be  capable  of  the  most 
general  application,  because,  by  D'Alembert's  principle,  they 
can,  mutatis  mutandis,  be  extended  to  systems  of  moving  parti- 
cles. Our  method  will  be  purely  analytical.  Doubtless  hereby 
we  are  in  danger  of  overlooking  the  full  meaning  of  the  symbols ; 
we  may  perhaps  lose  sight  in  them  of  the  kinematical  and 
mechanical  truths  which  they  represent ;  and  thus  our  appre- 
hension of  things  in  their  actual  state  may  be  indistinct.  Con- 
sequently I  shall  interpret  the  equations,  and  shall  shew  that 
they  are  the  expression  of  results  arrived  at  from  the  consideration 
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And  thoB  along  the  axes  of  the  moving  sTetem  the  axial  compo- 
nents of  the  absolute  velocity  of  m  are  the  eoniB  of  the  aiial 
components  of  (1)  the  absolute  velocity  of  the  origin,  (3)  the 
velocity  of  m  at  (f,  n,  Q  due  to  Ma»  angular  vetocitiee  of  the 
coordinate  axes,  (3)  the  velocity  of  m  relative  to  the  moving 


If  the  origin  of  the  moving  system  is  fixed,  and  the  axes  only 
move,  these  become 

d^ 


dn 


dC 


m 


392.]  Suppose  now  that  the  absolute  velocity  of  m  varies,  then, 
taking  the  ^differentials  of  (2),  we  have 


n'  +  il, 


fd^da^     djid\^dCd, 
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which  are  severally  the  equivalents  of  the  expressed  velocity-in- 
crements along  the  fixed  coordinate  axes  in  terms  of  the  elements 
of  the  moving  system  of  axea 

Let  r/,  v'^y  v^y  be  the  axial  components  of  the  expressed  velo- 
city-increment of  m  along  the  moving  axes  of  f,  17,  £  then 

,  d^x        d^y        d^z 

^''^\M^^^-di^^''-W  ^^~di^\ 

(d^z         d'a         dH         d^c^l 

■*-^r^di'^''''di^'''dii-di 

-  (     dc,         dco        rfe,)rff     d'f      .... 

+^'^ii+'''ii'"^dim'-dF'  (") 

,  -  d^x     -  d^y     ,  d^z 


=    ^-dF-^^~di^'^''W^^~di^\ 

..^d^^.d^adHd'c^l 


,_        rf^ar        rfV        ^ 


~    ^I'W^^  dt»  "^^  dt>  ^^  di»  3 

■*■  * ( rf<=j  +*  rf<=«  +''  rf<*  +^  rf^«  J 

■'■''» 1 1^"*"^"^  ■'■''  dt*  """^  d<»  J 

+^bdi+'^di-''^ii\ii''di^-    ^^^^ 
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t ;  and  thence  we  may  determine,  as  in  the  preceding  Chapter, 
the  motion  of  the  body  in  reference  to  fixed  axes,  by  means  of 
the  three  connecting  angles  6,  if),  yjr. 

And  if  the  position  of  the  rotation-axis  which  passes  throngh 
the  mass-centre  of  the  body  is  invariable  relatively  to  the  body, 
then  the  rotation  is  determined  by  the  simple  equation, 

d(D__  moment  of  impressed  forces  ,.  y. . 

dt  ~~  moment  of  inertia  ^       ^ 

In  the  solution  of  mechanical  problems,  the  theorems  of  vis 
viva,  and  of  conservation  of  areas,  may  frequently  be  applied,  to 
the  saving  of  considerable  trouble ;  not  indeed  because  they 
contain  any  truth  besides  those  involved  explicitly  or  implicitly 
in  the  equations  of  motion,  but  because  they  are  first  integrals 
of  these  equations.  In  a  didactic  treatise,  however,  as  clearness  of 
conception  and  accuracy  of  expression  are  of  paramount  import- 
ance ;  and  as  these  will  be  obtained  when  the  circumstances  of  a 
problem  are  resolved  into  their  simplest  elements;  so  in  the 
following  problems,  the  equations  of  motion  are  generally  given 
in  their  original  forms,  and  for  the  complete  solution  of  a  pro- 
blem two  successive  integrations  are  required.  In  some  cases 
the  equations  of  areas  and  the  equation  of  vis  viva  will  be  given 
directly:  and  the  latter  will  frequently  present  itself  in  the 
derived  form  which  has  been  proved  in  Art.  113 ;  viz.,  the  vis 
viva  of  the  system  is  equal  to  the  sum  of  the  vis  viva  of  the 
whole  system  condensed  into  its  mass-centre,  and  of  the  vis  viva 
of  the  several  particles  relative  to  the  mass-centre. 

372.]  The  following  are  problems  on  the  motion  of  rigid 
bodies. 

Ex.  1.  A  heavy  homogeneous  sphere  rolls  down  a  rough  in- 
clined plane  ;  it  is  required  to  determine  the  motion. 

We  suppose  the  sphere  to  be  placed  at  rest  on  the  plane,  and  to 
roll  down  it  so  that  the  point  of  contact  describes  a  straight  line 
perpendicular  to  the  line  of  intersection  of  the  inclined  and  hori- 
zontal jJanes.  Let  Fig.  48  represent  a  section  of  the  sphere  and 
plane  at  the  time  t,  made  by  a  vertical  plane  passing  through 
c  the  centre  of  the  sphere.  Let  a  be  the  point  of  the  sphere 
which  was  originally  in  contact  with  the  plane  at  the  point  o  ; 
let  a  be  the  radius  of  the  sphere;  op  =  *,  acp  =  ^,  m  =  the 
mass  of  the  sphere,  r  =  the  friction  of  rolling,  r  =  the  pressure  of 
the  sphere  on  the  plane,  a  =  the  angle  of  elevation  of  the  plane. 
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Hence  the  equations  of  motion  can  be  formed  :  for  let  x,  T,  z  be 
the  axial  components  of  the  impressed  velocity-increments  on  m 
parallel  to  the  fixed  coordinate  axes  of  a?,  y,  z ;  and  let  x',  Y',  i!  be 
the  components  of  the  same  impressed  velocity-increments  parallel 
to  the  moving  axes  of  f,  i?,  C;  so  that 

x'=  ajX  +  agY  +  flrgZ,    \ 

y^^  JiX  +  JgY+^sZ*    [  (1'') 

z'=  (JiX  +  CgY  +  CgZ;  ) 

then  the  equations  which  express  the  relative  motion  of  m  are, 

x'-  v/  =  0,      y'-  <  =  0,      z'^v/  =  0.  (18) 

394.]  Before,  however,  we  apply  them  to  the  solution  of  par- 
ticular problems  let  us  examine  them,  and  analyse  them  with  the 
view  of  detecting  the  origin  and  meaning  of  their  several  terms. 
In  the  values  of  i?^,  r^,  r/,  given  in  (14),  (15),  (16),  it  is  evident 
that  the  first  three  terms  in  each  express  the  components  along 
the  moving  axes  of  the  acceleration  of  the  moving  origin,  and 
the  same  is  of  course  true  of  the  corresponding  terms  in  (11), 
(12),  (13).  It  is  also  evident  that  the  next  six  terms  in  each 
arise  from  the  angular  velocity  and  the  angular  velocity-incre- 
ment of  the  system  of  moving  ax.es  about  its  instantaneous 
rotation-axis,  the  origin  and  the  place  of  »*  in  reference  to  the 
moving  axes  being  considered  fixed  at  that  instant ;  the  next  two 
terms  depend  on  both  the  angular  velocity  of  the  moving  system 
of  reference  about  its  instantaneous  axis  and  the  relative  velocity 
of  in ;  and  the  last  terms  in  each  are  severally  the  axial  com- 
ponents of  the  relative  acceleration  of  m.  If  therefore  the 
coordinate  system  of  (f ,  77,  f )  to  which  the  place  of  m  at  the  time 
t  is  referred,  were  fixed  and  immoveable,  the  several  right-hand 
members  would  be  reduced  to  their  last  terms ;  and  the  equations 
of  motion  would  be  for  m  the  same  as  those  which  have  been 
found  for  the  motion  of  a  particle  in  Vol.  Ill ;  and  for  a  material 
system,  the  same  as  those  which  have  been  found  in  Chapter  III 
of  this  Volume.  Observation  of  this  fact  leads  us  to  consider 
the  first  eleven  terms  in  each  right-hand  member  in  (14),  (15), 
(16)  as  impressed  velocity-increments  due  to  certain  forces ; 
which  forces  are  indeed  fictitious,  but  are  assumed  and  are  useful 
for  the  purpose  of  giving  to  the  equations  a  form  identical  with 
that  of  the  equations  of  absolute  motion.  This  is  the  view  of 
the  subject  which  has  been  taken  by  Clairaut,  Coriolis,  and 
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Bertrand''^.  And  I  proceed  to  investigate  the  nature  of  tbe 
forces  to  which  we  may  suppose  these  seyeral  velocity-increments 
to  be  due. 

895.]  Taking  the  valaes  for  t;^,  t?^,  v^  which  are  given  in 
(14),  (15),  and  (16),  the  first  nine  terms  in  each  are  due  to  the 
motion  of  the  moving  system  of  reference,  and  do  not  depend  on 
the  motion  of  m  relative  to  that  system ;  that  is,  they  are  inde- 
pendent of  the  ^-differentials  of  f,  77,  ^.  Now  we  will  suppose 
these  terms  to  arise  from  a  fictitious  force,  which  we  will  call  the 
force  of  transference,  because  it  is  caused  by  the  transference  or 
the  shifting  of  the  system  of  reference  from  one  position  to 
another.  Coriolis  has  called  it  ''force  d'entrainement^"  and  it 
is  such  that  if  x^  y^  Z|  are  the  axial  components  of  the  velocity- 
increments  due  to  this  force,  then 

_      d^x^        dl^y^        d^Zf, 

+  C  ■^-v-^+<^n(n<^^-i<^n)-<^c{i<^C'-C<^$l    (19) 

with  similar  values  for  y<  and  z^. 

Now  let  d^  denote  a  change  in  a  variable  due  to  a  rotation 
rfo)  about  an  axis.     Then  by  (72),  Art.  53, 

>  d^^        ^  d„rj  ^  ^mC ,  /on\ 

f o)^ -t; o)^  =  -^-    >      f  0)^-  C^f  =  -^ '      ^Wf- t<tt,  =   ^^  ;  (20) 

whence  substituting  in  (19)  we  have 
similarly  wc  have 

^'  -  ^'  dv'  ^^^  dr'  ^^3  ^y^,  +  ^^,  ,  (^^; 

_      d^^        d'^y^         d^z^      d^^C 
^'  "  ""^  dt'   ^ ""-'  df'  ^^^IF^Hi^'  <^^^ 

whence  it  appears  that  the  velocity-increment  due  to  the  force  of 
transference  is  the  sum  of  those  which  arise  from  the  motion  of 
the  moving  origin  and  from  the  rotation  of  the  moving  system 
of  reference  about  its  instantaneous  axis.  This  fact  is  also 
evident  from  general  reasoning. 

♦  See  M^moires  de  rAcad^mie  dee  Sciences  de  Paris,  1742,  p.  i. 
Journal  de  TEcole  Polytechnique ;  XXI  and  XXIV  Cahiers.  Traits  de  la 
Mecanique  des  corps  solides  et  da  mj/oA  de  Teffet  des  Machines  par 
G.  Coriolis;  2nd  edit.,  Paris,  1844,    ' 
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396.]  The  last  three  tenns  in  (14),  (15),  and  (16)  respectively, 
arise  from  the  motion  of  m  relative  to  the  moving  system  of 
reference,  and  depend  on  the  relative  velocity  and  acceleration  of 

m  at  the  time  t ;  inasmuch  as  they  involve  tt  >  jT  '  ^r '  a^^d  also 

at     at     at 

their  /-differentials.     The  last  terms  are  respectively  the  compo-> 

nents  of  the  relative  acceleration  of  m ;  but  the  two  preceding 

terms  in  each  expression  depend  on  the  relative  velocity  of  m  and 

also  on  the  angular  velocity  of  the  system  of  reference  about  its 

instantaneous  axis,  and  may  be  conveniently  considered  as  the 

effects  of  a  certain  fictitious  force,  the  nature  of  which  is  as 

follows : 

The  axial  components  of  the  velocity-increment  due  to  this 

force  are 

Let  us  denote  the  force  by  f  ;  then  squaring  and  adding  these 
expressions,  we  have 

60  that  if  0)  is  the  angular  velocity  of  the  moving  system  of 
reference  about  its  instantaneous  axis,  and  v  the  velocity  of  m 
relative  to  the  moving  system,  and  6  is  the  angle  between  the 
instantaneous  rotation-axis  and  the  line  of  v^ 

F=2fi)i;sind.  (26) 

Thus  F  is  twice  the  product  of  the  angular  velocity  of  the 
mo\aDg  system  about  its  rotation-axis  and  the  projection  of  the 
relative  velocity  of  ««  on  a  plane  perpendicular  to  this  rotation- 
axis. 

It  is,  in  the  first  place,  to  be  observed  that  f  =  0,  whenever 
the  line  of  the  relative  path  of  m  is  parallel  to  the  rotation-axis, 
because  in  that  case  sin  ^  =  0 ;  and  that  F  is  a  maximum  when- 
ever, caeteris  paribus,  the  line  of  motion  of  f»  is  perpendicular  to 
the  rotation-axis  of  the  system,  because  then  sin  d  is  a  maximum. 

As  to  its  line  of  action ;  let  a,  )8,  y  be  its  direction  angles,  so 
that 

coso        ""       cos)8        ""        cosy 
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Hence  the  equation  of  vis  viva  is 

fda^      df      ,.de\     ^        ,  .  .    ,, 

if  a  is  the  inclination  of  the  beam,  when  at  rest,  to  the  horizontal 

plane;  4aMd2 

•'•  -g--^=  2^a(sina-8ind), 

whereby  0  may  be  expressed  in  terms  of  t  by  means  of  elliptic 
functions. 

If  X  and  Y  are  the  pressures  against  the  vertical  wall  and  the 
horizontal  plane  respectively, 

x  =  ^-T72  = ^7 (2sino— 3sln(9): 
Y=»^^+«»^=^{l-6sinasin^+9(sin^)2}, 

2 
Hence,  when  sin  d  =  q  sin  a,  the  beam  leaves  the  vertical  wall  but 

does  not  leave  the  horizontal  plane ;  the  pressure  on  which  is  a  max- 
imum, and  is  =  — ^—  •  Thus  the  subsequent  circumstances 
of  motion  become  changed,  the  beam  has  a  constant  horizontal  velo- 
city =      Q   ^  (sina)^  >  and  also  an  angular  velocity  =  \^—^ — )  > 

about  a  horizontal  axis  passing  through  the  centre  of  gravity ; 
finally  the  beam  becomes  horizontal  and  lies  in  the  plane. 

Ex.  6.  A  heavy  homogeneous  sphere  rolls  down  the  rough  face 
of  a  wedge  ;  the  wedge  rests  on  a  smooth  horizontal  plane,  along 
which  it  slides  by  reason  of  the  pressure  of  the  sphere  ;  it  is  re- 
quired to  determine  the  motions  of  the  sphere  and  of  the  wedge. 

The  circumstances  of  motion  at  the  time  t  are  delineated  in 
Fig.  50.  m  =  the  mass  of  the  ball,  m  =  the  mass  of  the  wedge  ; 
a  =  the  radius  of  the  ball,  a  =  the  angle  of  the  wedge  ;  Q  the  apex 
of  the  wedge,  o  the  place  of  Q  when  ^  =  0  ;  o'  the  point  on  the 
wedge  which  was  in  conta<;t  with  the  point  a  of  the  sphere,  when 
^  =  0  ;  at  which  time  let  us  suppose  all  to  be  at  rest ;  a  c  p  =  d, 
the  angle  through  which  the  sphere  has  revolved  in  the  time  L 

Let  0  be  the  origin,  and  let  the  horizontal  and  vertical  lines 
through  it  be  the  axes  of  x  andy ;  oq  =  a?';  and  let  {x,y)  and 
(ky  i)  be  the  places  of  the  centre  of  gravity  of  the  sphere  at  the 
times  ^  =  /,  and  1  =  0  respectively. 
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fictitious  forces  tend,  as  t  increases,  to  diminish  the  relative  coor- 
dinates, and  consequently  act  in  directions  opposite  to  those  of 
x',  y',  z',  as  is  shewn  in  the  preceding  equations. 

These  three  equations  may  be  combined  into  a  single  equation 
by  means  of  the  principle  of  virtual  velocities:  for  if  8 (r  is  a 
geometrical  displacement  of  the  place  of  «*,  of  which  8  f ,  8  ij,  8  f 
are  the  axial  projections,  the  equation  of  virtual  velocities  is 

(x'^x,-Fcosa-  ^)8f+  (Y'-Y,-Fcos^-^)8iy 

+  (z'-z^-Pcosy— ^)8C=0.    (30) 

398.]  Before  we  apply  these  equations  in  their  general  form, 
let  us  consider  certain  reduced  forms  which  they  assume  in  par- 
ticular cases,  for  we  shall  thereby  be  better  able  to  estimate  the 
meaning  and  importance  of  their  several  terms. 

If  the  motion  of  the  system  of  coordinate  axes  is  that  of 
translation  only,  then  co  =  0,  and  the  second  fictitious  force 
vanishes ;  in  this  case,  the  axes  of  the  moving  system  will  be, 
or  may  be  taken  to  be,  always  parallel  to  those  of  the  fixed 
system,  so  that  there  will  be  no  ^-variations  of  the  nine  direction- 
cosines  ;  and  all  the  direction-cosines  will  vanish  except  a^ ,  Jg  > 
and  ^3 ,  each  of  which  becomes  equal  to  unity ;  and  the  equations 
(29)  become  ^_ ^  «  ^  -  n 

^       dt^       dt^ "    ' 


(31) 


dt^       dt 

dt'^       dt 

which  are  the  equations  already  found  in  Art.  332,  Vol.  III. 
These  are  sufficient  for  the  determination  of  the  relative  motion 
of  translation  of  a  planet  considered  to  be  condensed  into  a  par- 
ticle at  its  mass-centre,  and  have  been  applied  to  that  problem 
in  Arts.  365  and  367,  Vol.  III. 

If  moreover  the  moving  origin  travels  along  a  straight  line 

with  uniform  velocity,  then  also  -^r~  =  -~^  =  -jp^  =  0 ;  and 

the  equations  (31)  have  the  same  form  as  those  which  express 
the  ordinary  absolute  motion.  It  is  evident  however  from  the 
equations  which  express  the  relative  velocities,  that  these  will  not 
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• 

cylinder,  bat  whose  centre  of  gravity  is  not  in  the  axis  of  the 
surface,  rolls  on  a  rough  horizontal  plane  :  it  is  required  to  de- 
termine its  motion. 

Let  M  =  the  mass  of  the  body ;  and  let  Fig.  52  represent  the 
circumstances  at  the  time  t ;  in  which  g  is  the  centre  of  gravity, 
c  is  the  point  of  intersection  of  the  axis  of  the  cylinder  by  a 
vertical  plane  passing  through  the  centre  of  gravity  G ;  oo;  is  the 
horizontal  plane ;  o,  the  origin,  is  the  point  where  the  cylinder 
touches  the  plane  when  it  is  in  equilibrium,  a  being  the  cor- 
responding point  of  the  cylinder.  Let  ca  =  a,  cg  =  <?,  acp  =  ^, 
so  that  OP  =  ad ;  and  let  i  be  the  radius  of  gyration  of  the  body 
relative  to  its  rotation-axis  through  g  ;  let  g  be  {^,y) ;  then  from 
the  geometry  we  have, 

X  =  aO—csmO,        y  =  a  — ccosd. 
The  equation  of  vis  viva  is 

i£  6  =  Oy  when  the  body  is  at  rest.     Hence  we  have 

d6^ 
{a^^^accosO-^c^+X?}  ^^  =  2<?^(cosd-cosa);      (172) 

which  gives  the  angular  velocity  of  the  body  about  a  horizontal 
axis  ;  and  whence  0  may  be  expressed  in  terms  of  t  by  means  of 
an  elliptic  function. 

If  however  the  angle  through  which  the  body  rocks  is  always 
small,  so  that  a  and  0  are  always  so  small  that  all  powers  of  them 
above  the  second  may  be  neglected,  and  that  the  second  powers 
may  be  neglected  when  they  are  added  to  finite  quantities  ;  then 
we  may  replace  (172)  by  its  approximate  equation, 

SO  that  the  body  oscillates  or  rocks  through  an  angle  2  a ;  and 
the  time  of  an  oscillation 

This  result  applies  to  a  problem  which  is  physically  of  consider- 
able importance.  In  making  observations  with  the  pendulum, 
the  mode  of  suspension  which  is  found  most  convenient  for  the 
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may  be  expressed  in  terms  of  t  and  known  quantities.  If  ^  is 
eliminated  from  these  last  two  equations,  the  resulting  equation 
in  terms  of  £  and  r\  will  be  that  of  the  relative  path  in  which  the 
particle  moves.  The  equation  to  the  absolute  path  will  be  found, 
when  f  and  17  are  expressed  in  terms  of  x  and  y. 

If  the  origin  of  the  moving  axes  does  not  move,  and  the  axes 
revolve  with  an  uniform  angular  velocity  co,  then  (38)  become 


_^a,f^2a,^-x, 


(34) 


dt^      -  '  '  --  dt 

These  equaticms  however  refer  to  a  very  special  case  of  the 
general  motion. 

Section  2. — 254^  relative  motion  of  a  material  particle. 

400.]  Although  our  object  is  the  discovery  of  equations  which 
represent  the  relative  motion  of  a  material  system,  and  the  in- 
vestigation of  the  preceding  equations  which  apply  to  a  single 
material  particle  has  been  subordinate  to  that  object ;  yet  it  is 
desirable  to  shew  their  applicability  to  the  solution  of  certain 
problems,  in  which  only  a  particle  moves,  more  generally  than 
has  been  done  in  Vol.  Ill,  Arts.  437,  438 ;  because  we  shall 
hereby  obtain  a  clearer  insight  into  the  several  parts  of  them, 
and  shall  also  solve  some  problems  of  considerable  interest. 

Let  us  first  take  the  case  of  a  particle  moving  within  a  tube,  which 
also  itself  moves^  and  carries  with  it  the  system  of  axes  to  which 
it  is  referred  ;  I  shall  consider  the  tube  to  be  perfectly  smooth,  so 
that  it  offers  no  resistance  to  the  moving  particle  in  the  direction 
of  its  motion  ;  but  presents  a  reaction  acting  along  the  normal, 
if  the  tube  is  a  plane  curve ;  and  along  the  principal  normal,  if 
it  is  a  curve  of  double  curvature ;  and  I  shall  also  consider  the 
small  bore  of  the  tube  and  the  size  of  the  particle  to  be  such 
that  the  particle  may  exactly  fill  the  tube. 

In  the  most  simple  form  of  the  problem  the  tube  is  a  plane 
curve  lying  in  the  })lane  of  (a?,  y),  and  rotating  with  a  constant 
angular  velocity  o),  about  the  axis  of  f  or  z^  the  origin  of  the 
moving  axes  being  fixed  at  the  fixed  origin ;  and  no  external 
force  acts  on  the  particle.     Let  £  be  the  normal  reacting  pres- 
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Let  2a  le  the  length  and  m  the  mass  of  the  bar,  and  e  the 
length  of  each  string  of  suspension.  Let  the  centre  of  gravity 
of  the  bar  in  its  position  of  rest  be  the  origin,  and  let  its  line  be 
the  axis  o{x.  Let  (or,^,  z)  be  the  place  of  the  centre  of  gravity 
at  the  time  ^,  and  let  t  be  the  tension  of  each  string  at  that 
time. 

(1)  As  the  bar  moves  in  only  a  vertical  plane,  let  <l>  be  the 
angle  between  each  string  and  the  vertical  at  the  time  t :  then 
by  the  geometry  x  =  csin^^  ^  =  0,  z  =  (?(1— cos^):  and  the 
equations  of  motion  are 

w^=— 2T8m«^;      w^=0;     »i  ^  =: -«;^  +  2tcos(^. 

•••    ^■^  =  -^sin<^, 

dd)^ 
c  -jT^  f=  2^  (cos  ^— cos  a), 

where  a  is  the  greatest  value  of  ^.  As  a  and  <f)  are  both  small, 
we  may  replace  them  by  their  approximate  values,  and  thus 
obtain  rf<^^  ,  «     ^2. 

whence  ^  =  a  sin  (— )  t ; 

and  therefore,  taking  approximate  values, 

a?=casin(-)  t;      y  =  0;      ^=  — J6in(^)  -J  : 
so  that  X  and  z  are  periodic  functions  of  ^ ;  of  which  the  period 
is  271  f—)  ,  and  of  which  the  amplitudes  are  respectively  ca, 

(2)  Let  the  bar  receive  a  lateral  displacement,  and  let  i/r  be 
the  angle  between  each  string  and  the  vertical  at  the  time  t : 
then  by  the  geometry  a?  =  0,  j^  =  cr sini/^,  z  =  c(l— cos^):  and 
the  equations  of  motion  are 

d'^x       _  d'^y  ^      .     ,  d'^z 


^=0;      w^=-2T8inVr;      w  ^j.  = -w^  +  2TcosVr; 


whence  if  ^  is  the  greatest  value  of  V^,  and  )3  and  y^  are  both 
small  and  t/r  :=  ^,  when  ^  =  0, 
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and  if  ^  is  the  angle  described  by  the  tube  daring  the  time  t, 
$  =  (tit;  and  the  equation  to  the  relative  path  of  the  particle  is 

If  r  is  the  absolute  radius  vector,  r  =  f ,  and 

and  this  is  the  absolute  polar  equation  of  the  path. 

Ex.  2.  A  particle  is  placed  within  a  rectilinear  tube  which 
revolves  about  an  axis  intersecting  it  at  right  angles,  with  an 
angular  velocity  such  that  the  tangent  of  the  angle  described  in 
a  given  time  is  proportional  to  the  time :  it  is  required  to  deter- 
mine the  motion  of  the  particle. 

Let,  as  in  the  preceding  problem,  the  line  of  the  tube  be  the 
^-axis,  so  that  always  '7  =  0;  let  ^  be  the  angle  through  which 
the  tube  has  moved  in  the  time  t ;  then,  by  the  conditions  of  the 
problem,  if  ^  =  0,  when  ^  =  0,  and  if  ^  is  a  constant, 

and  (33)  become  ""       ' 

Eliminating  t  by  means  of  the  first  two  of  these  three  equations^ 
and  taking  ^  to  be  an  equicrescent  variable,  we  have 

cos  ^:7-r;— 2  sin  ^  :j^— f  cos  ^  =  0. 

de^  de    ^ 

When  ^  =  0,  let  us  suppose  the  tube  to  lie  along  the  a;-axis,  and 
the  particle  to  be  projected  with  a  velocity  u  al(mg  the  tube 
from  a  point  whose  distance  from  the  origin  =  a;  then  from 
above,  by  integration,  we  have 

which  is  the  relative  equation  of  the  path  of  the  particle.  And 
in  reference  to  the  fixed  axes  of  x  and  y, 

x  =  a  +  j0,       y  =  (a  +  ^^)tan^; 

which  give  the  absolute  path  of  the  particle. 

If  we  substitute  from  above  in  the  third  of  the  preceding 
equations,  we  have       -tR=:2»itt*(co8  0)\ 
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by  means  of  which  eqaations  0  and  z  may  be  found  in  terms 
of^. 
The  last  equation  shews  that  the  bar  comes  to  rest  whenever 


Z  =5 


a^a' 


6^ 
Let  this  quantity  =  ^ ;  so  that  the  equation  of  vis  viva  becomes 

If  T  is  the  tension  of  each  string  at  the  time  ty  we  have  from 
the  general  equations  of  motion 

d^z  ^    c—z 


2fl2sin^ 


t; 
c 

by  either  of  which  equations  t  may  be  determined.  If  the 
former  be  multiplied  by  dz,  and  the  latter  by  dO,  and  the  results 
added,  t  disappears,  and  the  integral  is  the  equation  of  vis  viva, 
as'  given  above. 

As  6  and  z  cannot  generally  be  determined  in  terms  of  t,  I 
will  take  some  particular  cases.  If  A  =  e^,  so  that  the  bar  comes 
to  rest  in  the  horizontal  plane  of  the  fixed  beam, 

__mgc{c-'z)  --3(fl8in^)2  +  (^— -2")^  (l  +  6cos^) 

Therefore  t  =  0,  if^r  =  c;  so  that  the  tension  vanishes  when  the 

bar  comes  to  rest.     And  if  2^  =  0,  t  =  —^  ;  that  is,  the  initial 

tension  of  the  string  is  seven  times  its  tension  in  the  position  of 
rest. 

If  A  =  c  =  2fl,  so  that  the  bar  comes  to  rest  after  turning 
through  an  angle  of  180** ;  the  initial  tension  of  the  string  is 
also  seven  times  that  of  the  tension  when  at  rest. 

Again,  if  the  displacement  of  the  bar  is  small,  so  that  0  and  z 
are  always  small,  2czz=ia^  0^^  and  the  equation  of  vis  viva  becomes 
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which  are  the  required  equations  of  motion,  and  do  not  gene- 
rally admit  of  integration. 

If  o)  =  13  n,  the  path  is  approximately  that  of  the  centre  of 
the  moon  projected  on  the  plane  of  the  ecliptic. 

403.]  Another  simple  problem,  to  which  the  preceding  prin- 
ciples are  applicable,  is  that  in  which  a  heavy  particle  moves  in 
a  smooth  tube,  which  rotates  about  a  vertical  axis  with  an  uni- 
form aogular  velocity. 

Let  us  first  suppose  the  tube  to  be  of  single  curvature,  and 
the  axis  about  which  it  rotates  to  lie  in  its  plane  ;  let  this  axis 
be  taken  for  the  axis  of  z ;  and  let  the  positive  direction  of  it 
be  measured  from  the  origin  in  a  direction  opposite  to  that  of 
gravity.  Let  this  axis  also  be  taken  as  the  C-a^is  to  which  the 
curve  is  referred,  and  let  a  perpendicular  to  this  line  through 
the  origin  be  the  f-axis;  so  that  the  equations  to  the  curve 
of  the  tube  are  /-      ^ft\  n 

Let  (1)  be  the  constant  angular  velocity  with  which  the  tube 
revolves,  the  plane  of  the  tube  being  in  the  plane  of  (z,  x)  when 
^  =:  0.     Then  from  (29),  the  equations  of  motion  are 

dt*  ~'^md»      ^' 

whence  we  have 

— a)2f-^=  ±-+^-^. 

p  as  m         as 

These  are  the  tangential  and  normal  components  of  (41). 

If  the  velocity  is  given  in  terms  of  the  coordinates  of  the 
place  of  m  at  the  time  ^,  the  equation  of  the  curve  of  the  tube 
may  be  found ;  and  if  the  equation  of  the  curve  of  the  tube  is 
given,  the  velocity  of  m  and  the  other  circumstances  of  motion 
of  it  at  any  time  may  be  found. 

Simple  applications  of  these  equations  having  been  given  in 
Art.  437,  Vol.  Ill,  we  will  take  a  more  complicated  case,  and 
apply  them  to  the  determination  of  the  position  of  the  two 
heavy  balls  in  Watt's  centrifugal  governor  of  the  steam  engine. 

The  arrangement  of  this  contrivance  will  be  understood  from 
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let  H  be  the  mass  of  the  weight  which  acts  round  the  fixed 
palley,  and  li^  the  mass  of  that  which  is  attached  to  the  last 
moving  pulley.  Let  t  be  the  tension  of  the  string  by  which  M 
acts  on  the  fixed  pulley^  and  t^,  t^,  T3,  •••  be  the  tensions  of  the 
strings  which  severally  pass  from  the  fixed  pulley  to  the  first 
moving  pulley,  from  the  first  moving  pulley  to  the  second 
moving  pulley,  and  so  on ;  and  let  t^,  T2,  T3, ...  be  the  tensions 
of  the  strings  which  are  fastened  severally  to  a^  ,  a,,  A3, . . . ;  let  a? 
be  the  distance  of  H,  and  let  a?i)^2>^3>  •••  ^  ^^^  distances  of 
c^,  Cj,  C3, ...  from  the  horizontal  line  a^a^,  ...  at  the  time  t;  let 
d6yd$i,d02,  •••  be  the  angles  through  which  the  fixed  and  the 
several  moving  pulleys  respectively  rotate  in  the  time  dt ;  and, 
to  fix  our  thoughts,  let  us  suppose  m^  to  descend,  so  that  ^1,  ^2) 
w^i ...  increase  as  t  increases  ;  and  let  us  suppose  6,  0^^,  62,  •••  to 
increase  as  t  increases.  Then  we  have  the  following  series  of 
equations  of  motion ; 

/        d^x  \ 


m 


m 


(^"^7r-)=Tl  +  T,-T2, 


{9 


dt 
d^x. 


dt 


)  =  Tj  +  Tj'-T3, 


V 


m 


d^x. 


'«> 


(»2  +  m')(^ ;77^)  =  '^«  +  '^«> 


(175) 


dt 

mk^    d^e 
a       dV^ 


a 


dr^ 


a 


di 


2 


^  To      To, 


\ 


mPd^e 


a       di^ 
mB  dH. 


—  ^n-i  —  ^n-ll 


—  '^n      ^n' 


(176) 


a       di'^ 

We  have  also  the  two  following  series  of  conditions  ;  (177),  be- 
cause the  pulleys  are  rough  and  the  cords  roll  round  them  and 
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which  assigns  the  vertical  displacement  of  q  due  to  the  change 
of  angle  of  inclination  of  o  p  to  the  vertical. 

404.]  Next  let  us  suppose  the  curve  of  the  tube  in  which  the 
particle  moves  to  be  of  double  curvature,  and  to  rotate  about  the 
z^  or  C-a^  with  a  constant  angular  velocity  oi ;  we  will  also 
suppose  the  particle  to  be  under  the  action  of  forces,  the  com- 
ponents of  the  relative  impressed  velocity-increments  being 
X,  Y,  z ;  then  the  equations  of  motion  are 

—  co^f— 2a)  -jj  =  X  +  — cosa, 


dt^  ^  dt  M 

jTt  =z+  — coBy; 


(42) 


where  R  is  the  pressure  of  the  particle  on  the  tube,  and  a,  )3,  y  are 
the  direction-angles  of  the  principal  normal  to  the  curve  of  the 
tube  at  the  place  of  m.     From  these  equations  we  have 

v^^v,^  -  a)2(r2-r,2)  =  2  Axrff  +  Yrf,,  +  zrff),  (43) 

Jo 

where  r^  =  ^  4-  ly^  j  and  the  right-hand  member  expresses  twice 
the  work  done  relatively  by  the  acting  forces  ;  and  the  term  in- 
volving R  disappears,  because 

dfcosa  +  rfi;  cos  j3  +  rff  cosy  =  0; 
since  the  tangent  and  the  principal  normal  are  at  right  angles 
to  each  other. 

If  the  tube  had  been  fixed,  so  that  co  =  0,  and  v  had  been  the 
velocity  of  fn  in  the  same  position  as  that  in  which  v  is  the 
velocity  when  the  tube  revolves, 

-i;^2  ^  2f{xd(-^Ydri  +  zdC) ; 

80  that  the  velocity  in  the  moving  tube  is  greater  than  it  would 
be  if  the  tube  were  fixed,  by  the  amount  due  to  the  centrifugal 
force  arising  from  the  rotation  of  the  system  of  reference. 

If  X  =  Y  =  0,  z  =  —  ^,  so  that  the  particle  is  heavy  and  no 
force  besides  gravity  acts,  then 

which  gives  the  velocity  of  the  particle  in  any  position.     If  the 

PRICE,  VOL.  IV.  N  n 


V2 


490  INITIAX   STRESSES.  [373* 

the  condition  of  statical  equilibrium  of  the  system  of  weights 
and  pulleys,  when  the  weights  of  the  pulleys  are  taken  account  of. 

373.]  In  the  course  of  the  preceding  problems  some  circum- 
stances of  motion  have  incidentally  arisen  which  require  fuller 
and  more  special  consideration. 

The  first  is  the  case  of  initial  circumstances,  whether  the 
general  circumstances  can  be  determined  or  not ;  that  is,  tensions 
and  stresses  may  be  determined  initially,  although  the  values  of 
them  at  the  time  t  cannot  be  found  in  finite  integral  terms.  As 
these  quantities  are  functions  of  second  time-differential  coeffi- 
cients of  coordinates,  the  process  will  generally  be,  to  obtain  values 
of  these  quantities  from  the  geometrical  connexions  of  the  system, 
and  to  substitute  these  in  the  equations  of  motion,  taking  the 
initial  values  of  them.  The  process  will  be  best  understood  by 
means  of  examples ;  such  as  Ex.  10  of  the  preceding  Article. 
The  following  are  other  examples  in  illustration : 

Ex.  1.  A  heavy  homogeneous  bar  is  suspended  horizontally  by 
two  thin  strings  of  equal  length  attached  to  its  ends,  and  fiist- 
ened  to  a  horizontal  beam ;  one  string  is  cut,  find  the  change 
which  takes  place  in  the  tension  of  the  other  in  consequence. 

Let  m  be  the  mass  and  2  a  the  length  of  the  bar ;  let  (?  be  the 
length  of  each  string,  and  a  the  angle  which  each  makes  with 
the  vertical  in  the  position  of  rest ;  so  that  if  t  is  the  tension  in 
that  position  2  t  cos  a  =  mg.  At  the  time  t  after  one  string  is 
cut  let  (^  be  the  angle  between  the  uncut  string  and  the  vertical ; 
0  the  angle  between  the  bar  and  the  horizontal,  and  (r,  x)  the 
coordinates  of  the  centre  of  gravity  of  the  bar  in  reference  to  its 
initial  place.     Then  the  geometrical  conditions  are 

a?  +  fl  =  a  cos  ^  +  c  sin  <^,  z  +  c  ^  a&md-^-c  cos  <f>. 

Let  time-differential  coefficients  be  denoted  by  accents,  as  in 
Art.  126,  and  initial  values  by  small  subscript  cyphers.  Then 
differentiating  these  equations  twice,  and  bearing  in  mind  that 
initially  ^  =  o,         «^  =  a,         e^=  «^'=  0, 

we  nave         #/  ,  //  //         y%  //         •       «  // 

Xq  =ccosaif)Q  ,  ^^^'^=:aO^^  —  csma^^  . 

Now  the  equations  of  motion  at  the  time  I  are 

ma?''=  —  Tsin<^,         w/'=w^  — tcos<^, 

ma 


e''=  t:  a  cos  {6 +  <!>). 
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d^ri         „        c%     d^       R    ,    .  ^. 


.2  =^5 


dt' 

multiplying  these  respectively  by  rff,  dri,  d(,  adding  and  inte- 
grating, bearing  in  mind  that  ^^  + 1;^  =  a^,  and  that  the  action- 
line  of  R  lies  along  the  principal  normal  and  is  consequently 
perpendicular  to  the  tangent,  we  have 

j-^  —  fl2  o)*  (sec  a)^  =  2pz\ 

which  is  the  equation  of  vis  viva. 

Also  multiplying  the  first  equation  by  17  and  the  second  by  ( 
and  subtracting,  we  have,  after  integration, 

fdri         d(        J 

.'.      -^  =  2a). 

di 

So  that  the  angular  velocity  of  m  is  constant,  being  twice  that 
of  the  tube. 

406.]  Let  us  take  an  example  in  which  the  angular  velocity 
of  the  moving  tube  is  not  constant,  such  as  is  the  case  in  the 
following  problem. 

Determine  the  motion  of  a  heavy  particle  m  within  a  smooth 
tube,  so  thin  that  m,  the  mass  of  it,  may  be  neglected  in  the 
equations  of  motion,  which  is  bent  into  a  helix  rotating  about  a 
vertical  axis,  parallel  to  the  axis  of  the  helix  and  touching  it. 

Let  the  horizontal  plane  in  which  m  is,  when  all  is  at  rest,  be 
that  of  (^,  j^),  the  point  where  it  intersects  the  rotation-axis 
being  the  origin,  and  the  line  passing  through  the  point  where 
m  is  at  rest  being  the  axis  of  x,  and  the  axis  of  z  being  vertical 
downwards.  Let  0  be  the  angle  through  which  the  tube  has 
revolved,  and  O  +  ip  the  angle  through  which  the  vertical  plane 
containing  the  place  of  m  and  the  rotation-axis  has  revolved,  in 
the  time  t.     Then  the  coordinates  of  m  at  the  time  t  are 

X  =z2acoB<f>cos{0-^<l>),   y  =  2a cos (^ sin (0  +  0),    z  =2a^tana; 

^  =  a(l  +  cos2^),     i7=asin2^,     C=2^0tana; 

N  n  2 
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Let  one  of  the  &Umg  hemispheres  be  represented  in  the  im- 
nexed  figure,  having  moved  throng-h  the  angle  0.  Let  ap  be  the 
diameter  of  the  cleavage  plane  which  was  originally  vertical,  o 
being  the  point  at  which  P  rested  on  the  plane.  Let  m  be  the 
masB  and  a  the  ntdine  of  the  hemisphere;  let  pcq  =  0,  and  let 
G  be  the  centre  of  gravity  of  the  hemisphere,  eo  that 

Also  o<l  =  the  arc  pq  =  a6.  Let  {^,y)  he  the  place  of  o  at  the 
time  i ;  so  that 

X  =  a9  +  ccoa$;     j/  =  a—caa0. 

Difierentiating  these  expressions 
twice,  and  bearing  in  mind  that 
initially  fl  =  0,ff'=0, 

as  the  equations  of  motion  at  the 
time  t  are 

Mir"=  p,     mg"=  —  w^  +  E, 
m^^'  =  Eccostf— p(<i  — csin  tf), 

where  A"  =  -32^, 

.'.     mx^'=  \,    »Hj'|,"=— m^  +  Rq,     t»P6"  =  Bo<'— •'o"; 
whence  by  elimination, 

a^  +  P  403 

so  that  the  premnre  on  the  plane  is  initially  diminished  by  the 
motion. 

Ex.  4.  If  the  sphere  is  divided  into  n  eqoal  eectorial  wedges, 
all  having  a  vertical  diameter  acp  aa  a  common  edge,  and  being 
placed  on  a  rongh  horizontal  plane,  all  are  simultaneoosly  set 
free,  the  change  of  pressure  on  the  plane  ie  detei'mined  as 
follows : 

Using  the  same  notation  aa  in  the  preceding  example,  and 
taking  one  sectorial  wedge  to  be  the  moving  body,  if  u  is  the 
mass  of  the  sphere, 

3«a   .    w       ,9         ,(2         n      .    2w)        „  M 

^  _  ^1 1     _ 


16  ° 
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which  is  the  equation  of  relative  vis  viva ;  and  firom  which  <^ 
and  6  might  be  determined  in  terms  of  ^,  were  integration 
possible. 

407.]  Lastly,  let  us  consider  the  motion  of  a  heavy  particle 
moving  in  contact  with  a  surface  which  rotates  with  an  uniform 
angular  velocity  about  its  f-axis,  which  is  vertical  and  is  the 
fixed  2:-axis. 

Let  the  equation  to  the  surface  be 

of  which  let  the  partial  derived  functions  be  u,  v,  w ;  also  let 

then  we  may  suppose  the  particle  to  move  in  a  thin  space  con- 
tained between  two  parallel  surfaces  infinitesimally  near  to  each 
other ;  in  which  case  the  equations  of  relative  motion  are 


dt^  dt  mq, 

d^n  2    .  0    ^f  «  ^ 

dl^  dt  mq, 

d^(  B  w 


(47) 


=  -::  -P'y  ^ 


dt^  «Kl 

if  we  multiply  these  respectively  by  rff,  rfiy,  and  rff,  and  add  and 
integrate,  we  have 

where  c  is  a  constant  depending  on  the  initial  values  of  the 
several  quantities. 

If  r  is  constant,  or  if  the  particle  remains  at  rest  wherever  it 
is  put,  so  that  t?  =  0^  this  is  the  equation  to  a  paraboloid  of 
revolution. 

If  V  varies  as  the  distance  from  the  fixed  origin,  the  snrfiEUse  is 
a  quadric  surface  of  revolution. 

The  following  example  is  in  illustration  of  these  equations: 

On  a  rough  horizontal  whirling  table  revolving  about  a  ver- 
tical axis  with  a  constant  velocity  o)  a  heavy  particle  m  is  placed, 
in  relative  rest :  determine  its  subsequent  motion. 

Let  F  be  the  friction  between  the  particle  and  the  table ;  then 
the  equations  of  motion  are 

dt^         ^  dt  m  d$     y  /^v 
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The  equations  of  motion  of  m  are 

dt 


ni-Yr%     =     Ksin^  — Fcos^, 


m 


i«^     =     R  cos  ^  +  Fsin^— wiy,        V        (182) 

f^—hn —   =— R^sin^'+P(p  — e?)cos^; 
and  the  geometrical  equations  of  condition  are 

a?=  (p  +  pOsi^^-^su^C^  +  ^O,  I  /183) 

y  =  — p  +  (p  +  p')cOS^  — CC08(^  +  ^^.3  ^  ^ 

As  the  displacement  which  we  are  considering  is  very  small,  I 

shall  assume  0,  ^  and  -17  to  be  so  small  that  all  powers  of  them 

above  the  first  may  be  neglected.    Under  these  suppositions,  the 
preceding  give 

d^x       C         ,       p  +  p')rf2^ 
^=}p  +  p-.-^{ 


(184) 


and  substituting  these  values  in  the  first  two  of  (182),  we  have 

K  =  «,^  +  «,(^.flg;  (185) 

^^^ge-mP^ip'-c)^-^,;  (186) 

d^O 
which  determine  R  and  f  in  terms  of  -777  •    If  we  substitute 

dt^ 

these  values   in   the  last   of  (182),  and  omit  terms  involving 

powers  of  0  higher  than  the  first,  we  have 

which  is  the  equation  of  rotation  of  the  upper  body  about  its 
rotation-axis  through  o. 

d^O ,         ,  . 
Since  the  coefficient  of  -^  is  positive,  the  form  of  the  integral 

of  this  equation  will  depend  on  the  sign  of  the  coefficient  of  0. 

(1)  If  p'^  is  greater  than   <?(p  +  p');    then    the   integral   of 
(187)  takes  the  exponential  form,  and  0  will  continually  increase 
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VI  is  referred :  let  the  axis  of  f  be  the  vertical  line  at  p  measured 
away  from  the  earth  towards  the  zenith  of  p;  this  may  be 
assumed,  without  sensible  error,  to  pass  through  the  earth's 
centre.  Let  axes  of  ^  and  r}  be  in  the  horizontal  plane  at  p, 
and  be  respectively  N  and  s,  and  E  and  w ;  the  positive  direc- 
tion of  ^  being  taken  towards  the  south,  and  that  of  17  towards 
the  west.  Let  the  latitude  of  p,  viz.  poq,  =  A.  Let  the  plane 
of  the  meridian  of  p,  when  ^  =  0,  be  that  of  (a?,  z) ;  and  let  the 
earth's  radius  be  r.     Then  mon  =  (at:  and 

CM  =  iTQ  =  rcosXcoso)^, 
M  N  =  ^Q  =  r  cos  X  sin  o)^, 
N  P  =  Tq  =  r  sin  A  ; 

-jT^  =  — co^rcos  Acoscoi^,  \ 

^  * 


(It 


— -^  =  — w^rcosAsinai^, 


dt' 
d^z 


(49) 


df^ 
Also  resolving  co  along  the  axes  of  ^,  ly,  f,  we  have 

0)^  =  —  o)  cos  A,         o),  =  0,         0)^  =  0)  sin  A ;  (50) 

of  which  the  first  is  the  component  about  the  line  running  due 
s  and  N  in  the  horizontal  plane,  and  is  the  only  component  in 
that  plane :  and  the  last  is  the  component  about  the  vertical  at  P. 

Now  if  the  place  of  m  at  the  time  t  is  (a?,  ^,  z)  relatively  to 
the  fixed  axes,  and  is  (^,  ry,  f )  relatively  to  the  moving  axes 
which  originate  at  p  ;  then 

X  =  rcosA cos  co^  +  ^sinAcos  0)^  —  17  sin  (o^  +  C^osAcoso)^, 
y  =  rcosAsin  0)^  +  ^ sinAsin  a)^  +  »;cosa)^+f  cosAsino)/,  ^      (51) 
z  =  r  sin  A  —  ^cos  A  +  f  sin  A. 

On  comimring  these  with  (2),  Art.  2,  we  have 

aj  =  sin  A  cos  00  /,      ^^  =  —  sin  o)  ^,     Cj  =  cos  A  cos  co  t, 

a.^  =  sin  A  sin  co  ^,      ^2  =  ^^^  ^  ^»        ^2  ~  ^^^  ^  ^^  ^  ^>   ^      (52) 
cZg  =  —  cos  A ;  ^3  =  0;  c^=-  sin  A ; 

and  differentiating, 

r/^c7j  2  •     ^  *  ^^^h  2  •       4  ^*^i  2        Y  ^  X 

-7--*  =  —  co^  sm  A  cos  cor,  —  -  =      co*  sin  co^,  -77T  =  —  co  cos  A  cos  co?, 
(it^  di^  dt^ 

d''a,^  9.-.  J     d     Oq.  n  A       ^     ^2  2  \*  J 

-—•'  =  -- CO** sm  Asm  CO f, ——7  = —co^ cos  CO 5,  -rrr  =  —  co^cosA  smcor, 

^^'^^-0-  ^-0-  ^^-0- 

W^^'  dt^  ""'  d^^  ""' 
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and  gubftiitatbg  ihm&  qusatifim  in  (81),  (S2X  and  (SS^  ^ 
896,  tfaie  finoe  of  tiuigfozenoe  has  tlw  MLomtng  oompciiMBta^n, 

T,  =  -!,««,  [      (B) 

and  sabBtitaidng  firom  (60)  in  (24),  tiie  eomponanta  nf  the  cob> 
poond  oentrif ugal  force  aro 


rooBass  -*2»BinX^t 

7008)3=    2(ttanX^4-«MiX^)»  j-  (64) 

poosys:  — 2ooobX^- 

When  these  several  quantities  are  sabstitated  in  the  eqoatioDi  of 
motion  given  in  (29),  these  last  equations  become 

^^  — (oVsinXcoBX— fa>*(BinX)'— C«>*BinXcoBX— 2«»0inX^  ^^*\ 
g  -,a,«+2«(dnX^+C0Bxg)  =  l'.  •  (S 

-T^  — a)*r(co8X)*— foi^sinXcosX— fa)*(coeX)*— 2a)COBX^  =  z'. , 

These  equations  may  be  deduced  directly  from  (51)  without  the 
intervention  of  the  general  process,  which  has  been  investigated 
in  the  preceding  Articles.  For  we  may  take  the  second  /-difier- 
entials  of  x^  y^  and  r,  and  equate  the  sum  of  their  several  com- 
ponents along  the  axes  of  ^,17,  C  to  the  impressed  velocity-incre- 
ments acting  along  those  axes.  In  particular  problems  this  is 
the  most  convenient  method. 

409.]  In  reference  to  (63)  it  is  to  be  observed  that  they  are 
evidently  the  axial  components  along  the  moving  axes  of  the 
acceleration  due  to  the  so-called  centrifugal  force  which  the  par- 
ticle m  would  have  by  virtue  of  the  earth's  rotation,  if  it  were  at 
relative  rest  on  the  earth  in  the  place  which  it  has  at  the  time  U 
For  suppose  p  to  be  the  perpendicular  distance  from  the  place  of 
m  at  the  time  t  on  the  earth's  rotation-axis,  then  pa>'  is  the 
expressed  normal  acceleration  due  to  the  earth's  rotation.  Let 
this,  as  acting  on  m  at  (^,  ?;,  ^),  be  resolved  in  and  perpendicular 
to  the  plane  passing  through  p  and  the  earth's  axis ;  then  these 
components   are  respectively  oi^  (r  cos  X  +  f  sin  A  +  C  cos  X)  and 
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0)^17 ;  and  of  the  fonner  the  (-  and  C-a^i&l  components  are  respect- 
ively o)^  (r  cos  X  +  f  sin  X  +  f  cos  A)  sin  A, 

and  o)^  (r  cos  A  +  f  sin  A  +  f  cos  A)  cos  A ; 

and  these  are  X|,  Y|,  and  Z|  as  given  in  (53). 

It  is  evident  from  first  principles  that  these  are  the  effects  due 
to  the  force  of  transference  Similarly  (54)  are  evidently  the 
effects  of  the  compound  centrifugal  force. 

410.]  To  adapt  these  equations  to  the  actual  circumstances  of 
the  earth,  the  sign  of  co  must  be  changed,  because  the  earth  revolves 
from  west  to  east,  which  is  a  direction  opposite  to  that  assumed 
in  the  preceding  Articles.  To  determine  its  value,  we  will  take 
a  second  for  the  unit  of  time ;  then,  since  a  mean  sidereal  day 
contains  86164.09  seconds, 

*"  =  86r64;d9  =  13713  =  •^^^^'^^^^' 

which  is  a  small  fraction ;  and  consequently  ai*,  which  enters 
into  the  preceding  equations,  is  a  very  small  quantity.  Also,  in 
the  problems  to  which  we  shall  apply  the  equations,  ^,  i;,  C  ^^ 
be  always  very  small  fi'actions  of  the  earth's  radius  ;  and  thus  we 
may  for  a  first  approximate  solution  of  a  problem,  without  sen- 
sible error,  neglect  those  terms  in  the  left-hand  members  of  the 
equations  which  involve  products  of  these  coordinates  and  of  a>^ ; 
and  the  equations  become 


j-TT  — a)'*rsinAcosA  +  2a)smA  -rr  =  X, 
dt^  at 

^-2a.(8inX^ScoeX^)         =  y'. 
i-^--a)2r(cosA)2  +  2a)COsA^        =  z'; 


(56) 


where  x',  y',  7/  are  the  components  along  the  moving  axes  of  all 
the  absolute  velocity-increments  impressed  on  m. 

411.]  Now  I  propose  to  apply  these  equations  in  the  first 
place  to  the  motion  of  a  particle  projected  with  a  given  velocity 
and  in  a  given  direction  from  p,  the  place  of  observation,  which 
is  also  the  origin  of  the  moving  system  of  axes.  Although  the 
power  of  our  weapons  of  projection  has  been  very  greatly  in- 
creased of  late,  yet  still,  for  all  points  of  the  path,  f,  i;,  fare  but 
small  fractions  of  the  earth's  radius;  consequently  co^f,  co^iy,  ai*f 
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Suppose  that  for  certain  initial  values  of  the  variables  and 
their  ^-differentials,  say, 

0=01,        <^  =  <^i,       V^  =  V^i,--m] 

the  motion  is  represented  by  the  integrals, 

^  =  01,      <<>  =  *!,      V^  =  Vi, ... ;  (192) 

and  suppose  that  for  another  system  of  values,  say, 

0  =  0^,         0  =  <f>ii»f  > 

^^_w      ^*_.,  (193) 

dt"^^'      dt  -^2»---) 

the  motion  is  represented  by  the  integrals, 

^  =  02,    <^  =  *2,     v^  =  ^2.---;  (194-) 

and  so  on  for  n  systems :  then  for  the  systems  of  values  which 
are  the  sums  of  all  these  values,  viz. 

0  =  0^  +0,^  +...,        <^  =  <^i  +<^2  +•••>         ^  =  ^^1  +V^2  +•••» 
the  motion  is  represented  by  the  sum  of  the  partial  integrals ;  viz., 

0  =  01  +  02  +  ...,    \ 

<t>  =*i+*2  +  ...,  [  (195) 

i/r  =  yj  +  Y.^4....;   ) 

for  these  values  will  satisfy  the  differential  equations  of  motion 
by  reason  of  their  linearity  ;  and  they  reduce  themselves  to  the 
several  initial  values  when  ^  =  0 ;  thus  they  satisfy  all  the  con- 
ditions of  the  problem. 

The  preceding  processes  are  only  applicable  when  we  confine 
ourselves  to  small  motions  and  to  first  approximations.  If  a 
more  exact  determination  is  required,  we  must  return  to  the 
original  equations  of  motion  in  their  complete  forms,  and  sub- 
stitute in  terms  of  the  second  degree  relatively  to  the  variables 
those  values  which  we  have  found  in  terms  of  ^  to  a  first  ap- 
proximation ;  and  then,  neglectiug  all  the  terms  of  a  degree 
higher  than  the  second,  we  shall  have  new  equations  which  will 
differ  from  the  first  only  by  the  addition  of  a  new  member, 
which  is  a  known  function  of  t.  Values  of  ^,  <^, . . .  will  be  deter- 
mined from  these  to  an  approximation  higher  than  the  former. 
And  if  an  approximation  is  required  still  more  exact,  we  must 
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introduce  the  second  values  of  the  variables  in  the  original 
equations,  and  pursue  a  process  similar  to  the  former. 

377.]  The  following  examples  are  illustrative  of  the  process. 

Ex.  1.  I  will  first  take  the  simple  case  of  a  conical  pendulum, 
that  is,  of  a  heavy  particle  constrained  to  move  on  the  inside  of 
a  smooth  spherical  surface;  this  problem  is  the  same  as  that 
which  has  been  considered  in  Arts.  440  and  441,  Vol.  III. 

Let  us  refer  the  position  of  the  moving  particle  to  the  point 
of  suspension  of  the  pendulum  as  the  origin,  and  to  two  vertical 
planes  passing  through  that  point,  and  perpendicular  to  each 
other,  as  the  planes  of  (x,  z)  and  (y,  z),  the  axis  of  z  being 
taken  vertically  downwards.  Let  us  moreover  suppose  the  rod 
of  the  pendulum^  whose  length  =  ly  initially  to  be  in  the  plane 
of  (x,  r),  and  to  be  inclined  at  an  angle  =  a  to  the  z-vais  ;  and 
the  bob  to  be  projected  with  a  velocity  =  u  perpendicularly  to 
the  plane  of  (x,  z) ;  let  the  line  of  the  pendulum  at  the  time  t 
be  projected  on  the  planes  of  (a?,  z)  and  (y,  z) ;  and  let  the 
angles  between  these  projections  and  the  xr-axis  be  respectively 
0  and  y\f :  now  I  shall  assume  that  the  oscillations  of  the  pen- 
dulum are  always  small,  and  I  shall  consequently  consider  0  and 
i/r,  the  variables  which  determine  its  position,  to  be  so  small 
that  powers  of  them  higher  than  the  second  are  to  be  neglected. 
The  initial  values  of  0  and  i/r  are  respectively  a  and  0 ;  and  of 

-rr  and  -,v  are  0  and  -7  ;  then  the  equations  of  motion  are 
at  at  C 

7^^'  /    2       /12X  /i^V^        «U  ,2 

^  =  ,eos(f)*^;  v^  =  -^^sin(f)V 

Let  {x,y)  be  the  projection  on  the  horizontal  plane  of  (x,y)  of 
the  place  of  the  bob  of  the  pendulum  at  the  time  t ;  so  that 
x^lsinO  y  =  /sinV^ 

=  10  =lylf 

=  ^acos(t)*^,  =«(^)*sin(f)^; 

]et  y  =  X  tan  0 ;  then 

tan  <f)  =  rtan  (7)  t; 

K  k  a 
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M)  that  (^,  which  detennines  the  plane  of  oscillation  of  the  pen- 
dulam  at  the  time  t,  does  not  vaiy  directly  with  t,  and  con- 
sequently the  pendulum  does  not  revolve  uniformly.     Also 

which  represents  an  ellipse ;  so  that  the  bob  of  the  pendulum 
describes  a  path  whose  projection  on  the  plane  of  (^^y)  is  &n 
ellipse.  All  these  results  are  in  accordance  with  those  of 
Art.  441,  Vol.  III. 

Ex.  2.  Asystem  of «  heavy  rodsoAijAjAg,...,  of  given  lengths 
2^1,  2^29  •••>2^»  is  formed  by  means  of  smooth  joints  at  their 
extremities  a^,  a^,  ...,  as  in  Fig.  58,  and  is  suspended  by  the 
extremity  o  from  a  fixed  point.  Determine  the  small  oscillations 
of  the  system,  when  the  motions  of  all  are  in  the  same  vertical 
plane,  say  of  (a;,  y). 

Let  the  angles  which  the  rods  respectively  make  with  the 

vertical  o^  be  dj,  ^2»  •••  5  *^^  1®*  (^i>^i)>  (^2*^2)*  •••  ^  ^^^  places 
of  their  centres  of  gravity  at  the  time  t ;  let  m-^,  m^y  ^3, ...  be 
the  masses  of  the  rods,  and  k^yk^^ ...  their  radii  of  gyration  rela- 
tive to  axes  passing  through  their  centres  of  gravity,  and  per- 
pendicular to  the  plane  of  (ar,  y).  Let  x^,  y^,  Xg,  Yj*  •••  ^  ^" 
spectively  the  horizontal  and  vertical  components  of  the  actions 
of  the  joints  at  Aj  ,  A2, ... ;  then  denoting  time-differentiations  by 
accents,  the  complete  equations  of  motion  are 
m^  {a^^  H-  k^^)  ^/'=  ^m^ga^  sin  ^j  +  2  flj  (x^  cos  Q^  —  Yj  sin  ^1)  ;  (197) 


9th K K  =  ^2  { (Xi  +  X2) cos ^2 - (Yi  +  Y2) sin Q.^\\\       ^       ^ 


// ,,    ,  ^,  // 


^3^3    =~X2  +  X3,  ^3^3    =;/?3^-Y2  +  Y3,      )  , 

;»3  k^^  e^'  =  ^3  { (x,  +  X3)  cos  6I3  -  ( Y2  +  y3)  sin  (Jg } ; )       ^       ^ 


w -"-      -  -'" 


Wn kn  0n  =  «»  { x^.^  COS  6^  -  Y^.j  sm  (9, J  ;  J  ^       ^ 
but  the  variable  coordinates  are  subject  to  the  following  equations  : 

a-2  =  2fl,sin(9iH-asin(92,)  ,^01) 

3-3  =  2  rtj  sin (9i  +  2 ^2  sin 0.,  +  ^3  ^in  0^ , )  .202) 

^3  =  2d'iCosd^  +  2a2eos(?2  +  «3Cos^3;)  ^       ^ 

x^  =  2^1  sin(9i+  ...  +  2fl„_isin(9^_i  +  fl„sin(9„, )  ,203\ 

y^  ^  2fliCOs^i+...  +  2fl._iCOs^„_i  +fl'^cos^„.  J  ^       ^ 
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the  deviation  along  the  parallel  of  latitnde  is  always  westwards. 
When  the  particle,  after  its  ascent,  strikes  the  earth, 

__  4a>»^cosX 
''  -       3/      ' 
which  is  the  deviation  westwards  of  the  point  of  impact  on  the 
ground ;  and  varies  as  the  cube  of  the  velocity  of  projection. 

(3)  Let  the  particle  be  projected  due  westwards  at  an  angle 
of  elevation  equal  to  0  ;  then 

C08a  =  0,    cosj9=:cos0,   cos 7  =  sin 0; 
and  f  =  —  «  0)  sin  X  cos  ^^^ 


r\  —  ut  cos  d  +  tt «  sin  ^  cos X  ^*  —  o)^  cos X  —  > 

o 

f  =  w/sin^  — (^  +  «*«cosXcos^)^^; 


(65) 


the  first  of  which  equations  shews  that  the  projectile  generally 
deviates  northwards ;  when  the  projectile  strikes  the  ground, 
f  =  0 ;  in  which  case 

2«^sin(9  2tt8in(9  (_      2ufa       ^      ,) 

^=  —-^ 2i r= \^ costfcosX^, 

^  + 2  2^0)  cos  d  cos  X  9        19  i 

omitting  those  terms  which  involve  a>^:  in  this  case 

^          4w^  o)  sin  X  (sin  OY  cos  0  ,^^. 

C  = p '  (66) 

^^   •    «.»     4«3a)C0sX.,  .    ^xo     «,       ^xo.  /^-x 

»y  =  -8in2d+  — gp {(smd)2-3(cos^f};  (67) 

which  are  the  approximate  coordinates  of  the  point  of  impact  on 
the  ground.  The  terms  involving  a>  denote  the  effects  due  to 
the  earth's  rotation  :  the  former  gives  the  deviation  northwards ; 
and  the  latter  shews  that  the  range  measured  westward  is  in- 
creased or  diminished  according  as  ^  is  greater  or  less  than  60^. 

(4)  If  the  particle  is  projected  due  eastwards  at  an  angle  of 
elevation  equal  to  Oy  all  the  preceding  results  are  true  if  we 
replace  6  by  180°  — ^  ;  so  that  (66)  and  (67)  become 

t  —  ^^*'^  sin  X  (sin  Oy  cos  0  .     . 

«**  •    c^^      4«'a)C0sX 
-sm2d+  — „   , 
9  ^9^ 

80  that  in  this  case  the  deviation  of  the  projectile  is  southwards ; 

and  the  range  is  increased  or  diminished  according  as  the  angle 

of  *eIeTation  is  less  than  or  greater  than  60"". 


«♦       •      ft/»         ^WflOCOSA^,    .       -xo        «/  ^xox  //,rx\ 

ry  =  -  —  sm 2d  +  — a  2  —  {(sm d)2-3 (cos Of} ;       (69) 


I 
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where  e^,  f^,  jS^,  y^  are  four  constants  introduced  in  integration, 
which  are  to  be  determined  from  initial  or  other  circumstances. 

If  we  had  eliminated  0^  from  (208),  we  should  have  found  a 
linear  differential  equation  of  the  fourth  order  of  the  same  form 
and  coefficients  as  (209)  in  terms  of  0,^,  and  integrating  we  should 

have  ^2  =  E2  cos  (r^t  +  fi^)  +  f^  cos  {r^t  +  y^),  (211) 

where  Eg,  y^^  fi^^  y^  are  constants  introduced  in  integration,  and 
which  depend  on  initial  or  other  circumstances.  Thus  the  varia- 
bles which  determine  the  position  of  the  bars  consist  of  two 
circular  functions,  of  which  the  periodic  times  are  respectively 

2ir  2ir 

—  and  —  :  and  since  r,  and  u  have  no  common  measure,  what 

is  the  position  of  the  beams  at  any  time  never  recurs ;  but  if  r^ 
and  r^  had  been  such  as  to  have  a  common  measure  »,  a  given 

position  of  the  beams  will  always  recur  at  intervals  —  • 

Ex.  4.  An  uniform  heavy  rod  of  length  2  a  is  suspended  at 
one  end  from  a  fixed  point  by  means  of  a  string  of  length  f^ 
whose  weight  may  be  neglected.  The  rod  is  slightly  displaced 
from  its  position  of  equilibrium;  it  is  required  to  determine 
its  small  oscillations. 

Let  the  point  of  suspension  be  taken  for  the  origin ;  and  let 
the  horizontal  plane  through  it  be  the  plane  of  (^,  j^),  and  let  the 
r-axis  be  taken  positively  downwards.  Let  m  =  the  mass  of 
the  rod ;  and  at  the  time  Met  T  =  the  tension  of  the  string, 
{x^  y^  z)  be  the  place  of  the  extremity  of  the  string,  (x',  y\  /)  the 
place  of  the  centre  of  gravity  of  the  rod ;  (^,  i;,  f )  the  place 
of  any  element  dm  of  the  rod,  the  distance  of  which  from  the 
upper  extremity  =  *.  Then  the  equations  of  motion  of  the  centre 
of  gravity  of  the  rod  are 

d^oif 


m 


dV^ 


(212) 


but  since  the  displacement  of  the  string  and  beam  is  always 
small,  a?,  y,  x\  if  are  always  small,  and  approximately,  xr  =  /, 
/=  l'\-a\  consequently  for  the  preceding  equations  we  have 
their  approximate  values 
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The  equation  of  moments  relative  to  the  d^-axie  is 
but  approximately, 

80  that  we  have 

Jo         2a   Idi-'  ^       di"       aT        ^^' 

Similarly  the  equation  of  moments  relative  to  the  y-axis  is 

a^]^-(4a  +  8/)^  =  3^x'.  (215) 

These  two  equations  together  with  the  first  two  of  (-213)  are 
sufficient  to  determine  the  motion. 

Eliminating  y  between  the  second  of  (213)  and  (214),  we  have 

Now  the  four  roots  of  the  characteristic  of  this  equation  are 
evidently  impossible;  let  them  be  +  (— )*^i>  ±  (  — )*^2  5  *^®^ 
the  solution  of  (216)  is 

y=  EiC0s(ri/-ai)  +  FiC0s(r2^— aj; 
where  e^,  f^,  a^,  Oj  are  constants  depending  on  the  initial  or 
other  circumstances  of  the  beam  and  string.     The  other  variables 
have  the  following  values  : 

y=  E/cos(ri/—  ai)  +  F/cos(rj^—  cuj, 

a:  =  Eo  cos(ri^— ^i)  +  F2  cos(r2^— jS-J' 
a?'=  E/cos(ri^— )3i)H-F/cos(r2^— ^j); 

and  each  of  these  variables  involves  the  same  two  circular  func- 

2^         2^ 

tions,  of  which  the  periodic  times  are  respectively  —  and  — » 

although  the  amplitudes  of  vibration  and  the  commencement  of 
the  periodic  times  are  different  for  each.  All  the  undetermined 
variables  can  be  found  in  terms  of  the  initial  circumstances  of 
the  rod  and  string. 

£x.  5.  A  body  whidi  has  one  point  in  it  fixed  is  in  motion 
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ry  =  «^cos)3-f  «ft)(cosaBinX  +  coByco8X)^ 

— w^oobX^— »«*ooBy9-5-      (74) 

Again,  in  the  first  and  third  of  (72),  in  the  terms  inToIving 
(o^f  and  ay^C  let  (  and  f  be  respectively  replaced  by 

i^^cosa,     and     w^cosy—H^^*; 

then  integrating,  we  have 

-r^  —  ttcosa—tto)*  sin  X(eosasinX  + cosy  cobX)-^ 

+  a)VsinXcoBA-g  +  2a>sinAi7  =0; 

dC  .  ^* 

-r^— ttcosy  —  wco^cosX  (cosasinX  +  cosycosX) — 

+  a)V(cosX)*-^  +  2a>cosAi7  =  ^gt\ 

substituting  in  the  last  terms  of  these  the  value  of  17,  given  in 
(74),  and  integrating,  we  have 

f  =  tf^eosa  — ^^(osinXcos^^^ 

—  w  a?  sin  X (cos  a  sin  X  +  cos  y  cos X)  ^  +  ^ft)*  sin  X  cos  X  — ;    (75) 

A*  O 

f  =  tt/cosy  —  ^i/l^  —  U(jDCOs\cospt^ 

^3  ^4 

—  w  0)2  cos  X  (cos  a  sin  X  +  cosy  cos  X)  ^  +  ^a)^(cosX)2  — ;      (76) 

which  expressions  for  ^,  ?;,  fare  correct  as  far  as  terms  involving 
or  inchisive. 

414.]  Explanations  mig-ht  be  given  of  particular  cases  of  these 
equations,  similar  to  those  of  the  last  Article.  I  will  only  take 
two  cases : 

(1)  Let  the  body  fall  without  any  initial  velocity;  then  «  =  0, 
cos  a  =  cos  /3  =  0  ;  cos  y  =  -- 1  ; 

f  =  a)'-^^sin  X  cos  A  --  > 

o 

TJ   =    —  (O^COSX—  , 

The  first  equation  shews  that  there  is  a  deviation  of  the  falling 
particle  in  the  plane  of  the  meridian  towards  the  south  ;  and  the 
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second  shews  that  the  deviation  in  the  parallel  of  latitude  is 
towards  the  east ;  so  that  the  resulting  deviation  of  the  falling 
body  is  towards  the  south-east.  From  the  last  equation  it 
appears,  that  the  space  due  to  a  given  time  is  less  than  it  would 
be  if  there  were  no  rotation.  Hereby  then  we  have  correc- 
tions of  the  results  explained  in  the  first  ease  of  the  preceding 
Article. 

(2)  Let  the  body  be  projected  due  southwards  at  an  angle  of 
elevation  equal  to  ^,  so  that  cos  a= cos  0 ;  cos  )3  =  0 ;  cos  y = sin  d ; 
then 

(  =  wj?cos^  — wco^sin  A  sin(X  +  ^)^+^  cousin  XcosX  —  > 

rj  =  WO)  sin  (A. +  0)^^  —  0)^  cos X-s" » 
(=  utsind—-- tta)2cosXsin(X  +  (9)^+ ^a)2(co8X)2  -  \ 

when  the  projectile  strikes  the  ground,  C  =  0 ;  and  approximately 

.       2«^sin^     .       ... 

t  =  ;  m  which  case 

ry  = ~^ —  --  {sm  ^  cos  X  +  3  cos  d  sm  X} ; 

og 

so  that  the  deviation  along  the  parallel  of  latitude  is  westwards. 
In  the  investigation  of  this  problem,  given  by  M.  Poisson, 
Journal  de  TEcole  Polytechnique,  Cahier  26,  p.  1,  terms  are 
introduced  representing  the  resistance  of  the  air.  The  equa- 
tions, thus  enlarged,  do  not  admit  of  direct  integration  ;  the 
effect  however  of  the  resistance  of  the  air  is  determined  by  the 
method  of  variation  of  parameters.  The  student  desirous  of 
knowing  the  extent  to  which  mathematical  analysis  has  been 
applied  to  balistics,  must  consult  the  memoirs  of  M.  Poisson, 
contained  in  Cahiers  26,  27  of  the  aforesaid  Journal. 

415.]  Although  the  following  is  a  particular  case  of  the 
general  problem  of  projection  of  a  heavy  particle  as  treated  in 
the  preceding  Articles  and  has  been  solved  as  such,  yet  it  is  of 
so  much  interest  that  it  is  desirable  to  give  an  independent 
consideration  to  it.     The  problem  is  this  ; 

Determine  the  motion  of  a  heavy  particle  falling  &om  rest 
from  a  height  h  to  the  earth,  taking  account  of  the  earth's 
rotation. 

PRICE,  VOL.  IV.  CO 
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where  c^,  c^,  Vi,  72  ^^®  ^^^  constants,  which  are  to  be  deter- 
mined by  the  initial  or  other  circumstances  of  the  top.  In  this 
case  the  motion  is  stable,  and  the  top  makes  oscillations  about  its 
mean  place.  Thus  the  stability  of  the  motion  depends  on  the 
inequality  (228),  which  shews  that  the  angular  velocity  of  the 
top  about  its  own  axis  must  be  greater  than  a  certain  assigned 
quantity. 

(2)  If  c^w^  _  4j^fnffA  ;  then  r  =  +  (-)*a ;  and 

fl  =  (e?!  +  <?2  f)  sin  (at  +  y);  (230) 

where  Cj,  <?2,  ai^d  y  are  constants  depending  on  the  initial  cir- 
cumstances. This  result  shews  generally,  that  a  has  periodical 
values ;  but  that,  as  erj  +  c.^  t  increases  with  the  time,  its  maximum 
values  increase ;  and  thus  the  motion  of  the  top  is  still  oscil- 
latory, but  in  an  increasing  or  decreasing  orbit,  according  aa  c^ia 
positive  or  negative. 

(3)  I{(^n^  is  less  than  ^Kmgh,  then 

(      (4aw^^-c2«2)*      ,     ,,  2a-c    ) 

=  ±{±P  +  (-)*<r}; 

.'.     a  =  (•itf^'8in(<r^  +  yi)  +  <?2tf""'»<sin(<r^  +  y2)  ;  (^^l) 

where  ^1,  ^2>  yi>  ^^^  72  *^®  constants  to  be  determined  by  the 
initial  circumstance&  This  form  shews  that  a  increases  without 
limit  as  t  increases  without  limit ;  but  a  is  the  cosine  of  an  angle, 
is  always  small,  and  cannot  exceed  1 ;  consequently  this  form 
soon  ceases  fo  represent  the  motion  of  the  top. 

If  a  is  eliminated  from  (224),  we  shall  have  an  equation  in 
h  of  the  same  form  and  with  the  same  coefficients  as  (225) : 
hence  the  solution  will  be  of  the  same  form  as  that  of  a,  but  the 
constants  of  integration  will  be  different. 

This  problem  is  the  same  as  that  already  solved  in  Arts* 
313-327,  where  further  elucidation  has  been  given.  It  is  also 
that  of  the  motion  of  a  top  which  rotates,  with  its  axis  nearly 
perpendicular,  about  a  fixed  peg. 

379.]  Another  subject,  which  has  arisen  in  the  course  of  the 
preceding  examples,  requires  a  few  words  of  explanation.  We 
have  frequently  met  with  a  resistance  or  a  force  arising  from 
friction ;  and  we  have  assumed  the  force  to  act  in  a  direction 
contrary  to  that  of  the  motion :  we  have  spoken  too  of  a  friction 
of  rolling  as  distinct  from  a  friction  of  sliding.     This  distinction, 


664  bsulhyb  iionoir.  [4*7. 


Then  eqimtioiM  lepwMcnt  tocontdy  ^bm  Botian  of  Ami 
dnlom ;  bat  m  they  do  not  admit  of  oompMo  int^fnlMy  «• 
must  hare  leooune  to  methode  ct  appmiiinrtinw,  as  in  Hm  ]■»- 
oeding  Artidee.  We  shall  aappoee  the  eocteiit  of  oonillarirwi  t» 
be  rexy  small,  so  that  (^ i},  and  /^C^e  alwaja  small  quaiititHi; 
and  as  »'  is  a  tbij  small  ftaotkm,  we  diall  aegloet  ptodnela  of 
tibem  and  it;  that  ii,  the  eflhets  due  to  the  finoo  of  tmnaKiiuMi 
an  so  small,  that  thej  may  be  omittod,  but  those  doe  to  fle 
compound  centrifngal  force  haTO  an  qppieeiaUe  vnlue^  and  ants 
be  retained :  thus  the  equations  beeome 

417.]  Varioiis  methods  have  been  chosen  by  diflhrent  naathe- 
matidans  of  dealing  with  these  equations.  If  the  rotation  of  tint 
earth  is  neglected,  a»  =  0,  and  the  eqmtions  beoome  thoae  whidi 
express  the  motion  of  a  conical  pendulum,  aiid  which  have  al- 
ready been  discussed  in  Articles  440  and  441  of  Vol.  III.  We 
may  take  the  solution  of  these  simplified  equations  to  be  inform 
the  solution  of  our  actual  equations;  the  former  will  contain 
four  undetermined  constants  depending  on  the  initial  valnea  of 
the  velocity  and  coordinates  of  the  place  of  the  bob  of  the  pen- 
dulum ;  these  constants  may  be  considered  variable,  according 
to  Lagrange's  method  of  variation  of  parameters  ;  and  the  difier- 
ential  equations  of  motion  will  enable  us  to  determine  these  in 
terms  of  the  time,  whereby  we  shall  obtain  variable  elements, 
which  will  at  any  time  fix  the  position  of  the  place  of  the  pen- 
dulum. This  method  has  been  adopted  by  M.  Quet,  in  a  me- 
moir of  great  ability  in  Liouville's  Journal,  VoL  XVIII.  Paris, 
1858.  Other  mathematicians  have  followed  the  same  process 
under  a  different  form :  they  have  considered  the  terms  involving 
(i>  to  arise  from  a  certain  disturbing  function,  the  f-,  17-,  C-putial 
difTercntials  of  which  are  severally, 

— 2a)sinXj7>      2a)f8inX3f  —  cosX-rf)  >      2(i)C0sX-t?; 
at  ^        dt  (U^  dt 

and  then  they  have  pursued  the  method  indicated  by  Sir  W.  {L 
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Hamilton  and  Jacobi.  This  process  has  been  developed  by 
M.  Dumas  in  an  Academical  Dissertation,  *^  De  Motu  Penduli 
Sphaerici  rotatione  Terrse  perturbato,"  Konigsberg,  March,  1854, 
in  which  the  results  are  expressed  in  terms  of  the  higher  elliptic 
transcendents. 

Again,  other  mathematicians  have  adopted  a  method  of  ap- 
proximation depending  on  the  successive  omission  of  small 
terms.  The  original  investigation  of  M.  Binet*  was  made  on 
this  principle  ;  and  it  has  subsequently  been  applied  by  Hansen, 
''  Theorie  der  Pendelbewegung,"  Danzig,  1853.  I  have  treated 
the  equations  in  the  following  Articles  by  this  process,  because 
it  is  the  most  simple  and  the  most  natural,  and  indicates  the 
principal  results  of  the  equations  with  the  least  labour. 

418.]  Let  the  equations  (79)  be  multiplied  respectively  by 
2^/^,  2driy  2dCf  and  added;  then,  since  by  (78), 

idi+ridri-\^CdC=0,  (80) 

we  have 

which  is  the  equation  of  vis  viva,  and  from  which  the  effects  of 
the  compound  centrifugal  force  have  disappeared,  because  that 
force  does  no  work  along  the  tangent,  to  which  its  line  of  action 
is  perpendicular. 

Again,  if  we  multiply  the  second  of  (79)  by  f,  and  the  first  by 
Tj,  and  subtract  the  latter  from  the  former,  we  have 

d,\^^^l:^j^  (82) 

which  is  the  equation  of  moments  on  the  horizontal  plane. 

Now  let  us  refer  the  place  of  the  pendulum  at  the  time  t  to  the 
horizontal  plane  at  the  place  of  observation  and  to  a  vertical  line 
which  glasses  through  the  point  of  suspension.  Let  6  be  the 
angle  l)etween  this  vertical  line  and  the  rod  of  the  pendulum, 
and  let  yjr  be  the  angle  at  which  the  vertical  plane,  in  which  the 
pendulum  is  at  the  time  f,  is  inclined  to  the  plane  of  (f,  f),  which 
is  the  meridian  plane ;  yjr  increasing  positively  as  we  move  from 
the  £-axis  towaixis  the  ty-axis,  that  is,  as  we  revolve  from  south 
westwards,  and  on  northwards,  and  so  on  towards  the  east :  that 

*  See  Comptes  Rendus  de  TAcad^mie  des  Sciences  de  Fkuris,  185 1, 
p.  197. 
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is,  in  a  direction  opposite  to  that  in  which  the  earth  rotatfes.  Ako 
let  p  be  the  perpendicular  distance  from  the  bob  of  the  penda- 
lum  to  the  vertical  line  through  the  point  of  suspension.  Then 
if  the  path  described  by  the  bob  is  projected  on  the  horizontal 
plane,  p  and  V^  are  the  polar  coordinates  of  it,  the  pole  being 
the  point  directly  beneath  the  point  of  suspension :  thus  we 
have 

p  =  /sin 6,  f  =  IcosSy  )  /go^ 

f  =  pcos^  =  /sin^cos^,     i?  =psinV^  =  /sin  d  sin^  ;3 

...     de  +  dn^  +  dC^^P{{deY-h{eme)^dylf)^},  (84) 

idri--ridi  =  P{emefdf;  (85) 

thus  (81)  and  (82)  become 


(86) 


d .  |(8in  Of  ( -^  -  o)  sin  X)l  -  2  0)  cos  X  (sin  Of  cosfdO  =  O. 

As  these  two  equations  are  deduced  from  (79)  by  a  change  of 
coordinates,  they  have  lost  none  of  their  generality,  and  conse- 
quently they  express  the  general  motion  of  a  pendulum  to  the 
same  degree  of  accuracy  ;  and  that  is,  when  terms  involving  the 
products  of  0)^  and  either  £,  t;,  or  l—(  are  omitted. 

419.]  For  our  purpose  however  it  wall  be  sufficient  to  consider 

the  oscillations  of  the  pendulum  to  be  small,  and  thus  to  assume 

the  greatest  angle  of  inclination  of  the  pendulum  to  the  vertical  to 

be  so  small  that  cubes  of  it  and  all  powers  higher  than  the  cubes 

may  be  omitted.     Consequently  6  is  always  such  that  ^^  and 

d  6 
higher  j  owers  of  0  will  be  omitted  ;  also  -j.   ^^  *  small  quantity. 

Ijct  us  replace  /$  by  p,  as  we  may  by  means  of  (83) ;  because  we 
shall  thereby  obtain  the  i)o]ar  equation  of  the  curve  in  the  hori- 
zontal i)lane  into  which  the  path  described  by  the  bob  of  the 
l)endulum  is  i)rojected.  Then  omitting  6'-^  and  higher  powers  of 
0,  from  (38)  we  have  p  =  16  ; 

dp  _  jcle 
•'•     dt  ~  ^ dV 

Also  the  last  terms  in  the  second  equation  of  (86)  must  be 
omitted,  because  (sin^)^rf^  is  a  small  term  of  an  order  higher 
than  those  which  are  to  be  retainfl^B^us  (86)  become 


»2 
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Let  these  equations  be  integrated ;  and  let  us  suppose  the  pen- 
duUim  to  start  from  redt  at  a  distance  p  =  a  from  the  vertical 
line  passing  through  the  point  of  suspension ;  then 

,.'^-.mX(,'-.>)  =  0;  (89) 

eliminating    —  ?  we  have 

-a)2(sinX)''a«,     (90) 
{ff  ,    2/  •    x\il  (       4  .  ^  +  2/<o*(BinX)*  ,  , 

Now  the  right-hand  member  of  this  equation  is  a  quadratic  ex- 
pression in  p^,  which  has  two  roots,  both  of  which  are  positive, 
and  of  which  one  is  a^  and  is  the  greater  root ;  let  i^  be  the 
other :  also,  for  convenience  of  expression,  let 

|+a)2(8inX)«  =  «2;  (92) 

so  that  ,       olsinX  z^^. 

0  = a,  (93) 

Then  (91)  becomes 

so  that  a  and  6  are  manifestly  the  greatest  and  least  values  of  p. 
From  (94)  we  have  , 

'  p!!p _„at. 

the  negative  side  being  taken,  because  we  will  suppose  the  pen- 
dulum at  the  time  t  to  be  approaching  the  vertical  line  through 
the  point  of  suspension,  and  consequently  p  to  be  decreasing  as  t 
increases.    Let  also  ^  =  0,  when  p  ^a\  then  integrating,  we  have 

,.  =  qi%«_!zi^eos2«.;  (95) 
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which  gives  the  valne  of  p^  in  terms  of  t ;  and  shews  that  (1)  «* 
and  V^  are  respectively  the  greatest  and  least  valaes  otf^ ;  (2)  their 
valaes  recur  periodically;  and  (3)  the  periodic  time 

=  ^  = ^.yl^ :  (96) 

n        {^  +  /a,«(sinA)»}*  ^    ' 

this  result  evidently  agrees  with  that  of  the  common  simple 

pendulum,  when  «  =  0. 

To  find  the  relation  between  p  and  ^,  we  have  from  (89) 

dyy  .    ^  wa^sinX 

-TT  —  wsinX  = 

at  p 

1    .  t*        /««\                     1       a>sinX 
but  from  (93)  b  =  a  ; 


—  »sinX= 5 — ;  (97) 


—  (osinX^ ^;  (w) 


dylf  .    ^  nab 

.'.       -r; (OSinX^ 

ac  p 

abdp 
.-.     rf^-«8inXrf^  =  p{^a^_^)(p»-6*^ii  (99) 

whence,  by  integration,  with  the  assumption  that  rff  =  ylr^,  and 
p  =  Uy  when  ^  =  0, 

7  =  2^^  -  2i2^2eos2(Vr-V^o-«8mXO 

{cos(V^->/^o~a)sinXi?)}^       {sin(V^-Vfo--a)6inXO}^ 
= ^^ +  ^2  (AOOj 

420.]  If  ^  is  constant,  this  is  an  ellipse  whose  principal  axes 
are  respectively  2  a  and  2<5' ;  so  that  the  path  described  by  the 
bob  of  the  pendulum  projected  on  the  horizontal  plane  is  an 
eUipsc,  the  wliole  i)eriod  being  that  given  in  (96).     And  since 

.y  >  which  is  given  in  (97),  is  negative,  the  pendulum  revolves 

(Iv 

in  a  direction  opposite  to  that  in  which  y\r  increases  ;  that  is,  the 
direction  of  its  revolution  is  the  same  as  that  of  the  earth.  And 
since  (93)  shews  that  the  ratio  of  ^  to  «  varies  nearly  as  o),  ^  is 
small  compared  with  a,  so  that  the  eccentricity  of  the  ellipse  is 
very  large  ;  if  o)  =  0,  ^  =  0,  in  which  case  the  minor  axis 
vanishes,  and  the  pendulum  moves  in  a  plane  :  this  however 
cannot  be  the  case  when  account  is  taken  of  the  earth's  rotation, 
except  at  the  Equator,  when  sinX  =  0. 

Since  however  t  varies,  we  may  still  consider  (100)  to  represent 
an  ellipse  whose  principal  axes  are  2a  and  2b ;  and  whose  major 
axis  at  the  time  t  is  inclined  to  the  f-axis,  which  is  measored 
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southwards  along  the  meridian  at  an  angle  equal  to  V^q  +  <»>  sin  X^  : 
now  this  angle  increases  as  t  increases ;  and  consequently  the 
major  axis  revolves  in  azimuth  with  a  constant  angular  velocity 
equal  to  w  sin  A  in  the  same  direction  in  which  ^  increases. 
Thus,  if  the  path  described  by  the  bob  of  the  pendulum  is  pro- 
jected on  the  horizontal  plane,  it  will  be  a  revolving  ellipse, 
whose  major  axis  revolves  in  azimuth  with  an  angular  velocity 
equal  to  cosinX,  in  a  direction  opposite  to  that  in  which  the 
earth  moves  :  the  actual  path  will  thus  be  a  spiral  limited  by 
two  concentric  circles  whose  radii  are  a  and  i,  of  which  a  is 
the  greater  ;  the  spiral  never  extending  beyond  the  former,  nor 
coming  within  the  latter ;  and  the  point  where  it  meets  the 
larger  circle  advancing  with  an  angular  velocity  equal  to  usinX, 
in  a  direction  opposite  to  that  of  the  earth*i8  rotation,  and  oppo- 
site to  that  in  which  the  pendulum  itself  moves. 

This  is  the  law  which  the  expeiiment  exhibited  by  M.  Fou- 
cault  confirms.  We  have  already  given  a  simple  explanation  of 
it  in  Art.  41 ;  and  that  explanation  appeared  to  M.  Poinsot  (see 
Comptes  Rendus,  Tome  XXXII,  p.  206)  to  be  sufficient.  The 
preceding  investigation  however  shews  that  the  result  follows 
from  the  equations  of  motion,  when  small  terms  are  omitted. 
This  therefore  is  only  the  general  effect ;  but  there  are  sundry 
deviations,  owing  to  the  omitted  terms,  which  this  dynamical 
process  will  indicate  if  it  is  carried  to  a  higher  approximation, 
and  which  the  other  method  fails  to  shew ;  but  it  is  beyond  our 
purpose  to  enter  upon  these  small  disturbances  in  this  treatise. 
The  several  memoirs  already  alluded  to  contain  further  approxi- 
mations, and  to  them  I  must  refer  the  student.  I  should  also 
mention  that  M.  Poncelet,  whose  name  must  ensure  attention 
from  every  mathematician,  has  written  two  memoirs  on  this  sub- 
ject, which  are  inserted  in  the  Comptes  Rendus  de  I'Acad^mie 
des  Sciences  de  Paris,  Vol.  LI,  1860,  and  has  arrived  at  results 
differing  in  some  respects  from  the  preceding. 

421.]  The  motion  whose  circumstances  we  have  investigated 
has  been  imagined  to  be  that  of  a  bob  of  a  pendulum  fixed  by  a 
rod  of  given  length  to  a  point  fixed  relatively  to  the  earth  and 
moving  with  it,  and  the  effect  of  that  rotation  has  been  exhibited 
in  the  preceding  equations.  This  motion  is  consequently  that 
of  a  material  particle  moving  on  the  lower  concave  surface  of 
a  sphere^  whose  radius  is  I,  fixed  to  the  earth  and  moving  with 
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it ;  and  the  g^'nend  equations  are  applicable  to  any  other  kind 
of  constrained  motion  of  a  particle.  Iiet  as  take  another  ex- 
ample. 

A  ])artielo  moves  on  a  smooth  inclined  plane  fixed  to  the  earth 
and  moving  with  it:  it  is  required  to  determine  the  relative 
motion  of  the  jmrtiele. 

Jjct  the  plane  \yass  through  p,  the  place  of  observation,  see 
Fi^.  63«  whose  latitude  is  X ;  and  let  the  equation  to  it  be 

\  f  cosa  +  iycosjS  +  Ccosy  =  0.  (101) 

l^t't  ^f«  t;,  C^  1h'  the  place  of  m  at  the  time  / :  we  shall  a^some 
I  thoK('  ooonli nates  to  be  so  small  in  reference  to  r,  the  eartVs 

radius,  that  pnnluots  of  them  and  of  a>^  may  be  omitted.     Let  R 
ho  tho  normal  pressure  on  the  plane:    then   the  equations  of 
■,  motion  an* 

•  .  .,  +2cusinX-^  =  —  cosa, 

I  ftf"  (if  m 

j  ;;;!  -^^^  (sinx'^^  +C09X  ^)  =  ^  eos^  [  (102) 

.,.,  4--*'(»)eosX   .  =  —  cosy— ^. 

1  fff''  (It  m        '      ^ 

Although  it  is  oonvoniont  to  retain  a,  ;3,  and  y,  yet  we  shall  re- 
(j\iiro  thoir  values  in  terms  of  (^)  the  inclination  of  the  plane 
to  tlie  liori/ontiil  plane  of  (f,  r;),  and  of  the  angle  (^)  between 
the  t'-a\is,  whieh  is  southwards,  and  the  line  of  intersection  (the 
line  of  nodes)  of  the  plane  with  the  horizontal  plane.  In  refer- 
ence to  these  00s  a  =      sin^x/., 

oos/:J  =  -sin^x/^,  \  (103) 

cosy  =       QO^O, 

As  the  results  of  the  force  of  tnmsference  do  not  api>ear  in  the 
preceding  Oipiations,  and  as  the  line  of  action  of  R  is  j)er]K*n- 
dicular  to  the  relative  path  of  ///,  the  principle  of  vis  viva  is 
applicable.  Let  v  Ik?  the  relative  velocity  of  ?//,  and  let  us  sup- 
pose the  jmrtide  to  he  at  rest  at  (^^^,  r]^^,  fo)  ^vhen  /  =  0.  Then 
multiplying  (10:2)  severally  by //^,  ^/t;.  r/f,  adding  and  int<*gnit- 

ing,  wc  have  ^  =  O//  {:-Q  \  (104) 

which  shews  that  the  relative  velocity  of  the  moving  particle 
is  the  same  as  if  the  rotation  of  the  earth  was  not  brought  into 
l^onnt. 
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From  the  last  two  equations  of  (102)  we  have 
cosy-g  — cos^^  +2a)(eos\cosa— siiiXcosy)-^^  =^cos/3;     (105) 

therefore 
iiOsy-T7  —008)3  -T    +2a)(cos\eosa— sinXcosy)(f— fo)=^^co8j3.    (106) 

Similarlv 

•/ 

cos  a -J-  —cosy  J-  +2a)(eos\eosa— siii\cosy)(7;  — ?/„)=  — ^^cosa;  (107) 

cos)3  -J-  — eosa  -y-  +  2a>(eosXeosa— sinXco8y)(f— Co)  =  0.  (108) 

Again,  multiplying  (102)  severally  by  eosa,  cos)3,  and  cosy; 
adding,  and  omitting  the  terms  which  vanish  by  reason  of  the 
differential  of  (105),  we  have 

2 (n)sinX(co8/3-7T  —  eoso-T-)  +  2&)CosXrcosy-^ —008)3-1-)= ^eosy;  (109) 

substituting  in  which  from  (106)  and  (108),  and  omitting  terms 
involving  products  of  (d^  and  the  coordinates,  we  have 

—  =  ^co8y  +  2«cosXcosj8^^,  (HO) 

=  ^cos^— 2(D^^cosXsin^cos>/r ;  (HI) 

which  assigns  the  pressure  on  the  plane ;  and  shews  that  it  id 
diminished  or  increased  by  the  earth's  rotation  according  as  the 
line  of  nodes  lies  in  the  S.  W.  and  N.  E.  quadrants,  or  in  the 
N.  W.  and  S.E.  quadrants  ;  and  that  this  increase  or  diminution 
vanishes  when  the  line  of  nodes  lies  E.  and  W.  It  vanishes  at 
the  pole,  and  is,  csBteris  paribus,  a  maximum  at  the  equator ;  and 
it  also  vanishes  when  the  plane  is  horizontal.  It  also  varies 
as  the  time  during  which  the  particle  has  been  moving.  Since 
o)  cosX  is  the  component  of  the  earth's  angular  velocity  along 
the  tangent  to  the  meridian,  that  is,  along  the  N.  and  S.  line  on 
the  horizontal  plane,  the  change  of  pressure  on  the  plane  is  due 
to  that  component  only,  and  not  to  the  component  along  the 
vertical. 

Substituting  in  the  first  and  third  equations  of  (102)  the  value 
of  R,  given  in  (110),  and  integrating,  we  have 

-T-  +  2  0)  sin  X  (t;  —  Tjo)  =     ^  /cos  a  cosy  +  o)  cosX  cos  a  cos)3^  fi, 


-r.  +2a>cosX(r/  — r/o)  =  —f/t  (siny)^    +  o)  cos  X  cos/3  cosy  ^^  ;, 


(112) 
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Let  us  suppose  the  o^-axis,  to  which  a  corresponds,  to  be  initially 
in  the  inclined  plane,  and  ^  to  be  the  angle  thiongh  which  this 
axis,  and  consequently  the  cone^  rotates  in  the  time  t.  Let  a>  be 
the  instantaneous  angular  velocity  at  the  time  t ;  then,  relative 
to  the  three  principal  axes  of  the  body,  the  direction-cosines  of 
the  instantaneous  axis  are  evidently  sin  a  cos  ^,  sin  a  sin  0,  and 
cos  a ;  so  that 

0)1  =  ttsinacos^,  a>2  =  o>  sin  a  sin  0,  a>3  =  a}C0Sa;  (289) 
and  if  G  is  the  moment  of  the  impressed  forces  relative  to  the 
instantaneous  rotation-axis, 

o  =  L  sin  a  cos  0  +  M  sin  a  sin  0  +  K  cos  a.  (^^) 

Also  ••  =  S '  ^^^^ 

Now,  substituting  these  values  in  (240),  we  have 

{A(sina)2  +  c(cosa)*}-^  =  G. 

Let  ^  be  the  angle  at  the  time  t  contained  between  the  line  of 
contact  of  the  cone  with  the  plane,  and  a  straight  line  on  the 
plane  perpendicular  to  a  horizontal  line.  Then,  as  the  cone  rolls 
on  the  plane,  evidently 

^ad<f>=zatAnade;  (242) 

and  as  the  weight,  which  acts  at  the  centre  of  gravity  of  the 
cone^  is  the  only  force  which  impresses  angular  velocity  on  the 
body  relative  to  the  instantaneous  rotation-axis,  and  tends  to 

increased,  3^ 

G  =  M^  —  sin  a  sin  )3  sin  <^.  (^^) 

ft) 

Also  A  (sin  a)2  +  c  (cos  a)^  =  4^  ( ^  +  (tan  a)^}  a^  (sin  af ; 

,,    ,  d^(b  ^  (cosa)2sin^  .     .  /ciaax 

so  that        a -^^  =  -5^  /  «      x^rJ   /x       \gi  sm  <^ ;  (244) 

dt^  ^  (sm  a)3{6  +  (tan  a)^}       ^ '  ^       ^ 

which  equation  determines  the  motion. 

If  <^  =  <^Q  when  the  cone  is  at  rest,  then,  integrating  (244), 
we  have 

/^^\^       M\  (eosa)2sin/3         ,        .  ,  .  /o.ik\ 

If  the  cone  makes  small  oscillations  on  the  plane,  the  time  of  an 
oscillation  ^     (a(8inaf  {<^-f  (tana)^}  ^^ 

""     1       5^(cosa)^sin)3        ) 
If  the  cone  is  fixed  by  its  vertex  to  a  point  in  a  rough  perpen- 
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If  we  eliminate  t  from  these  equations,  we  obtain  the  equation 
f  2  =  ^?      {eosAsindco8Vr-8inAco8^}2,,'3  ;        (119) 

which  is  the  equation  to  the  semieubical  parabola,  and  is  that  to 
the  path  of  the  particle. 

If  0)  =  0,  £'  =  0,  and  the  particle  falls  down  the  plane  in  a 
straight  line  perpendicular  to  the  line  of  nodes ;  but  if  the  rota- 
tion of  the  earth  is  considered,  there  is  a  lateral  deviation  from 
the  rectilineal  path,  which  varies  as  the  cube  of  the  time  of  falling. 

It  will  be  obser\'ed  that  I  have  supposed  the  particle  to  start 
from  rest  from  (£q,  ?;o,  Q  ;  if  it  were  projected  from  that  point  on 
the  i)lane  with  a  given  velocity,  other  terms,  which  can  easily  be 
found,  would  be  introduced  into  the  preceding  equations ;  and  if 
£0  =  0,  the  resulting  equations  would  of  course  represent  a  parabola. 

422.]  If  the  plane  on  which  the  particle  moves  is  horizontal, 
the  equations  of  motion  are 

^-2a.smX^  =  0; 

and  if  we  suppose  the  particle  to  be  projected  from  the  origin  along 
the  plane  with  a  velocity  u  in  a  line  inclined  at  an  angle  /3  to 
the  axis  of  $ ;  then,  integrating  the  preceding  equations,  we  have 

-^  +2a)8inX»;  =  ttcosi3, 
a  I 

-T-  — 2(n)SinAf  =  i^sin^; 

which  equations  assign  the  relative  velocity  of  the  particle  at  the 
point  (^,  7j) ;  and  by  elimination  of  t  and  subsequent  integration 
we  have 

V^"^  2^m\>'  "^  ^''""2a)sinA>'  "i^^^sinXf ' 

which  is  the  equation  to  a  circle.     Consequently  the  particle 

u 
moves  in  a  circle  whose  radius  is  - — ; —  :  whose  centre  is  at  the 

.    r,  a  2a)Sin\ 

.      /       ?^sm/3       wcos^x^  .  J.    ^.  '»• 

point  (  —  - — -, — -  9  ■- — r— - ) ;  and  the  periodic  time  =  — r— -  = 
2(0 sm A    2(0 sm A''  ^  a>sinA 

43082'' 

— .— —  =  a  mean  solar  day  divided  by  twice  the  sine  of  the 

sm  A  ^  J 

latitude. 
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to  the  fixed  axes ;  ^,  17,  C  ^^^  coordinates  of  the  same  point,  re- 
ferred to  the  moving  axes ;  and  let  the  position  of  the  moving 
system  at  the  time  t  be  defined  in  the  usual  manner  by  the 
equations 

where  the  nine  direction- cosines  ^i,  tf2>  •••  ^""^  given  functions  of 
f.  It  will  be  convenient  to  introduce  the  usual  symbols  a>i ,  co^ ,  0)3 
for  the  angular  velocities  of  the  moving  system  of  axes,  estimated 
about  the  axes  of  f ,  17,  (  respectively.  Let  a  rotation  about  the 
axis  of  C  be  positive  when  its  direction  is  such  that  the  axis  of  f 
is  following  the  axis  of  77 ;  then,  with  similar  conventions  as  to 
the  other  axes,  we  shall  have 

a^a^'  +  *i  V  +  q  V  =  —  (^8  fl/  +  ^3  */  +  <?3  O  =  0)2, 

«2«/  +  *2V  +  ^2V  =  -  (^1^2'+  W+  ^1^2')  =  ^Z' 

Now  differentiating  the  equations  x  =  «i  f  +  ^2  'y  +  ^3  C  •  •  •  ^® 
obtain         ^,  ^  a,f +  ^2'?'  +  «3(r  +  «/f +<^  +  <C, 

/  =  ^r  +  «2^'+  «3C'+  Vf  +  ^2^+  4/C, 
^'  =  ^l^'  +  ^2^'+^3C'+^/f+Vl?+<?3'C; 

and  hence,  observing  the  above  values  of  co^ ... ,  and  the  known 
relations  between  the  nine  direction-cosines,  including  the  equa- 
tions <3fifli'  +  iiV  +  ^i^/  =  0»  •••  > 

«2^  +  *2/  +  ^2^=  ^'  +  <»3f— ^lf» 
«3^'  +  ^3/  +  ^8'2^=  C+^l^-^af  ; 

and  finally,  by  adding  the  squares  of  these  expressions  on  each  side 

x'* +yH  /2 = (f + a>,c-  a.37,)* + (V + 0.3^-  w,cr +(C+ «!'?  -  «2f )*• 

The  meaning  of  the  terms  in  this  expression  is  easily  seen :  thus, 
f'  is  the  velocity  of  the  point  (f,  77,  f)  relative  to  the  moving 
axes,  estimated  parallel  to  the  axis  of  ^;  and  t^^C^f^z^  is  the 
velocity,  relative  to  fixed  space,  and  estimated  in  the  same  direc- 
tion, which  the  same  point  would  have  if  (^,77,  C)were  invariable; 
the  sum  is  the  total  component  of  the  velocity  relative  to  fixed 
space.  Hence  the  value  of  t,  expressed  in  terms  of  the  new 
coordinates,  becomes 
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424.]  From  these  the  equations  of  the  axial  components  of  the 
moments  of  the  couples  are  to  be  formed:  let  us  take  that 
whose  axis  is  the  moving  axis  of  ^;  then  we  have 

s.»«|^(z'-z,-FcoBy-^j-)-f(Y'-y,-Fcos^-^)j  =  0; 

and  replacing  F  cob  y3  and  F  cos  y  by  their  viilueB  given  in  (19), 
this  becomes 

or  ^  at  at  ^  at 

-a.f|j.»»(,«+C«)  +  2a,,2.m,^+2«fS.«(:^=0;  (122) 
and  the  similar  equations  for  the  other  axes  are 

y^^^'i  -4^) = --{c(x'-xo-f  (z'-z,)} 

-c.,^2.m(C*  +  n  +  2a>^3.«^C^  +2«f3.;;*fg=  0;  (123) 

-a>^^y^2.»^(^HT/2)  +  2<Of2.«?f^  +  2a),2.f»i,^=0;  (124) 

and  by  means  of  these  six  equations  the  relative  motion  of  a  ma- 
terial system  of  invariable  form  may  be  determined. 

425.]  These  six  equations  of  relative  motion  may  be  com- 
bined into  a  single  equation  by  means  of  the  principle  of  virtual 
velocities.  For  suppose  8 «  to  be  any  arbitrary  geometrical  dis- 
placement of  the  place  of  m  at  the  time  t^  which  is  consistent 
with  the  geometrical  relations  of  the  system  ;  and  let  df,  617,  hC 
be  the  axial  projections  of  5«;  and  let  all  these  quantities  be 
type-quantities  ;  then  the  equations  of  motion  may  be  expressed 
by  means  of  the  single  equation, 

,m  j(x'-x,-Fcosa-  ^-f)  8f+(y^-y,-FC0S^-  ~)  5t, 


+  (z'~z,-Fcosy-j^)5c}=0.  (125) 


This  equation  is  indeed  equivalent  to  the  six  equations  by 
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reason  of  the  arbitrariness  o(  b^jiri,  bC\  for  these  quantities  in 
their  most  general  forms  involve  six  displacements,  whieh  ire 
independent  of  each  other ;  viz.,  three  of  tnuislation  and  three 
of  rotation ;  and  the  coefficients  of  these  separately  vanish.  If 
the  relative  motion  of  one  .or  more  of  the  particles  of  the  system 
is  constrained,  these  displacements  are  thus  Seu*  subject  to  ce^ 
tain  conditions,  and  consequently  are  not  independent ;  and  aD 
that  has  been  said  in  Art.  78  is,  mutatis  mutandis,  to  be  applied 
to  this  case. 

426.]  Let  us  suppose  that  the  conditions  to  which  the  system 
is  subject  do  not  involve  the  time  explicitly ;  then  we  may  take 
for  the  virtual  arbitrary  displacement  of  the  place  of  »  that 
which  actually  takes  place  in  the  time  df  by  reason  of  the 
motion  of  the  system,  and  of  the  forces  acting  on  it ;  so  that  in 
equation  (125)  we  may  put 

bi=i/l        bri^dri.        iC^dC;  (126) 

then,  since  fiom  (28). 

cos  a</f  +  cos  ;3</i7  + cosy  ^f=0,  (127) 

(125^  l^ecomes 


::o  that  if  V  is  tb.o  rola:ivo  velooitv  of  f-:-  at  the  time  f. 

Lot  ;;<  iuuri«\ir  ^u:  }<i<o  that  x',  y'.  z'.  x..  y,,  7,  do  not  cont^iin 
'  oxrlioitlv,  but  a;o  i\;iio:ii.'ns  of  ^\  -.  Oonlv:  then  bv  integration 

%- 

2.    .'--2.        '-  =  0/      2.*:  ,X'  '^'- y' /v-rz')'/f 

-•:/2.  mX.^;>'*v/,,  +  z,,/C):  (130) 

whin^in  •  is  tho  ir.itial  vu'.;;o  of  -.  and  1  and  0  denote  the 
Hir.itiniT  val;;o<  ot*  tho  rt'atiNo  c  oniinatos  of  the  place  of  m, 
oorrt^>i\'V.v;ir.ir  :o  :h.o  Uvv.  iv.a'  a:^l  tho  initial  values  of  the  left- 
h a  Ti vi  1 1  0 ir.  hi  r  v ^ :  1 1  \ 0  i\;  v.a  t  i on . 

Koj nation  .  loO-  is  thai  of  tho  rvhitivo  vis  viva  of  the  material 
systom  :  auvl  if  wo  oousiviov  i:  in  its  o\:.ur.tal  fonn  in  (129),  it 
irivt^  tho  inovou*out  of  tho  n^lativo  virv:?  viv.v  of  all  the  particles 
of  tho  s\sicm  in  tho  time  t».\  and  sho^^s  that  it  is  equal  to  the 
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• 

excess  of  twice  the  snm  of  the  products  of  the  impressed  momen- 
tum-increment of  each  particle  and  the  space  through  which  it  has 
acted  over  the  sum  of  the  products  of  the  momentum-increment 
due  to  the  force  of  transference  of  the  coordinate  system  (see  Art. 
395),  and  the  space  through  which  this  latter  force  has  acted. 

It  wHl  be  seen  that  f,  the  compound  centrifugal  force,  has 
wholly  disappeared  in  (129)  and  (130) ;  and  rightly  so ;  because 
its  line  of  action  is  perpendicular  to  that  of  the  relative  velocity 
of  m ;  whereas  into  the  equation  of  vis  viva  only  those  forces 
enter  whose  lines  of  action  are  in,  or  have  a  component  along, 
that  of  the  motion  of  m  at  the  time  t, 

427.]  It  is  expedient  to  mention  certain  particular  forms 
which  the  preceding  general  equations  take  in  special  cases, 
because  in  these  simplified  forms  they  are  frequently  applicable 
to  the  solution  of  problems. 

(1)  Let  us  suppose  the  origin  of  the  moving  system  to  move 
along  a  given  curve  in  the  plane  of  (^,  y) ;  and  the  system  to 
have  no  motion  of  rotation :  then  a^  =  d^  =  ^3  =  ^y  ^^^  ^  ^^ 
other  direction-cosines  vanish  ;  so  that  from  (21),  (22),  and  (23), 

and  (124),  being  the  equation  of  relative  moments  about  the  axis 

of  f,  becomes 

d  f  Ant        di\  ,.  ,         ,.  j^d^^o  d^^R 

=  s.7«(^y'-,x')-''J^?2.«f+^s.»/i,    (131) 

=  N-^^^a2.«»^+^^^3.m,.  (132) 

if  N  is  the  moment  of  the  couple  of  the  impressed  forces  whose 
axis  is  the  moving  ^-axis. 

If  the  material  system  is  of  invariable  form,  and  is  fixed  to  the 
moving  origin ;  and  if  r  is  the  distance  of  m  from  an  axis  perpen- 
dicular to  the  plane  of  (^,  r))  through  the  origin,  and  ^-  is  the 
angular  velocity  of  the  body  at  the  time  t ;  then  (132)  becomes 

^^■^r^  =  y--jP^-^^+-^t^^-'^v;  (133) 

by  which  equation  the  relative  angular  velocity  of  the  body  may 
be  determined. 
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(2)  If  the  origin  of  the  moviDg  axes  is  fixed  at  the  fixed  oiigiB. 
and  the  moving  axes  revolve  ahout  a  fixed  axis,  say  the  r-txk 
with  an  uniform  angular  velocity  =  a>  (say)  ;  if  ^  is  the  mgk 
between  the  axes  of  a?  and  ^  at  the  time  ^ ;  so  that 

flj  =  cos  0,         *!  =  —sin  fl,         <?!  =  O,    \ 

a.^  =  sin  0,         b^  =      cos  d,         ^r^  =  O,    v  (134) 

flg  =  0 ;  *3  =  0  ;  C3  =  1 ;  ) 

and  x<  =  — 0)*^,     Yj  =  — co'iy,  z^  =  O  ; 

then  (124)  becomes 

=  N-a)^J.»«(^«  +  i,«).  (136) 

Therefore  integrating,  we  have 

if  H  and  Hq  are  the  moments  of  inertia  of  the  system  about  the 
fixed  axis  at  the  times  t  and  0  respectively,  where  n  is  the  relative 
moment  of  the  impressed  couple  about  the  fixed  axis. 

The  equations  (132)  and  (136)  may  also  be  derived  directly 
from  (35),  without  the  intervention  of  the  general  forms  given 
in  (124). 

If  the  body  is  rigid,  and  the  origin  is  a  fixed  point  of  it,  then 
2.W/  {^'^'\-yf)  is  independent  of  the  time,  and  (136)  becomes 

'^2.;;;r2  =  N;  (137) 

which  is  the  same  equation  as  that  which  expresses  the  rotation 
of  a  rigid  body  about  a  fixed  or  an  instantaneous  axis. 

It  is  also  to  be  observed  that  (132)  is  reduced  to  (137): 
(1)  when  (^0' 3^0)5  ^^^  place  of  the  moving  origin,  is  fixed  al>so- 
lutely  :  (2)  wht  n  this  moving  origin  has  an  uniform  motion  ;  so 

that  --^-g-  =  -.y^  =  0  ;   (3)   when    the    moving    f-axis    passes 

through  the  mass-centre  of  the  body,  because  in  that  case 

2.wf  =  2.WT;  =  0. 
Also  the  equation  of  relative  vis  viva  which  is  given  in  (130) 
becomes  in  this  case 

'X.mv^^:i.,mv^  =  2/    2.w (xVf -}- yO/t/H-zV^ )  +  a)2(H  — hA 

0 

428.]  From  these  general  eqaiMk|^we  may  deduce  theorems 
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similar  to  those  of  absolute  motion  which  have  been  abready 
demonstrated  in  Chap.  III.  Section  2,  of  the  present  Volume.  In 
the  first  place,  the  relative  motion  of  the  mass-centre  of  a  material 
system  of  invariable  form,  or  in  which  the  internal  forces  mutually 
destroy  each  other,  is  the  same  as  if  the  whole  mass  of  the 
system  were  collected  into  it,  and  all  the  momentum  due  to  the 
external  forces,  the  forces  of  transference,  and  the  compound  cen- 
trifugal forces,  the  last  two  with  their  directions  changed,  was 
thereat  applied  in  lines  parallel  to  the  actual  lines  of  action. 

I^^t  (f,  fjy  C)  be  the  place  of  the  mass-centre  of  the  system  at 
the  time  t  relatively  to  the  moving  axes ;  and  let  (^,  rj\  f ')  be 
the  place  of  rn  at  the  same  time  relatively  to  a  system  of  parallel 
axes  originating  at  the  mass-centre  :  then  we  have 

17  =  ^  +  1?',  •  (138) 

Also  let  M  denote  the  mass  of  the  whole  moving  system  :  then 
the  newly  introduced  coordinates  are  subject  to  the  following 
conditions  :  j.;«f  =  x.mrj'^  3.^^=  0;  (139) 

3.w^=M^       3.«iiy  =  M^,       ^.m(=li(.  (1^) 

On  referring  to  the  analytical  values  of  the  momentum  due  to 
the  forces  of  transference  given  in  (21),  (22),  and  (23),  it  appears 
that  the  values  of  s.^x^,  x.mi^y  %.mz^  are  not  changed;  but 
they  m^y  be  expressed  as 

MX|,  MY|,  MZ| ; 

where  x<,  y^,  z<  are  the  values  of  X|,  T|,  Z|,  when  f,  1;,  f  are  re- 
placed by  I,  ?;,  C  s<>  ^h*^  ^^^  momentum  due  to  the  forces  of 
transference  may  be  applied  to  a  mass  M  at  the  mass-centre, 
along  lines  parallel  to  their  original  lines  of  action.  A  similar 
theorem  is  also  true  of  s.wzFcosa,  2.1a  P  cos  j3,  2.^/^  F cosy, 
which  may  be  replaced  by  mf  cos  a,  mfcosjS,  MFcoey;  so  that 
the  equations  (121)  become,  after  all  reductions, 


X^— FCOSa Tia  =  ^> 

M  dt^ 

2. my'     -      _        ^     d^'r]      ^ 

2.W7/        -         _  d^C        ^ 

__ y^-.pcosy-j^2  =  0; 

p  P  a 


(141) 
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...  in  terms  o{ PitP2,*»',  gn  j's****)  so  that  H  is  in  general  a 
fanction  o{ p^^p^, ...,  qi,  q^y ... ,  and  t. 

One  case  deserves  particular  notice,  becanse  it  occurs  in  most 
actual  dynamical  problems.  If  w  be  of  the  form  T+  u,  where  t  is 
homogeneous  and  of  the  second  degree  in  ^/^  q^^  •.. ,  and  u  does 

not  contain  j/,  q^^ . . . ,  then  p^  =  ^ — > , . . . ,  and  therefore 

aq^ 

hence,  in  this  case, 

H  =  2t— w  =  T— u, 

where  t  is  to  be  expressed  in  terms  of /?i,  p^, ...  j  qi,  q^i  ••*  • 

If  j^i,  ^2)"-  ^^  a  set  of  independent  coordinates,  say  n  in 
number,  then  the  system  (20)  gives  2n  separate  equations, 
namely,  those  obtained  by  giving  to  i  all  integer  values  &om 
1  to  w  inclusive  in  the  two  following : 

dq^  ^'       dp^  ^ 

We  shall  call  these,  as  Mr.  Cayley  has  done,  the  "  Hamiltonian  " 
equations*.  In  treating  of  their  general  properties  it  is  usually 
unnecessary  to  take  any  account  of  the  nature  of  the  problems 
which  give  rise  to  such  a  system.     H  is  to  be  considered  merely 

as  a  given  function  of^j,  jOg,  ...jA>  q\y  ?2>  •••>  ?»>  *^^  ^• 

482.]  The  complete  solution  of  the  2»  simultaneous  differen- 
tial equations  of  the  first  order,  represented  by  the  formula  (21), 
would  consist  of  2»  equations  involving  the  variables  /?i,..., 
^1 , ... ,  and  t,  with  2»  arbitrary  constants.  Any  one  such  equa- 
tion may  be  called  an  '* integral  equation;"  but  it  is  desirable  to 
distinguish  by  a  separate  name  that  particular  form  of  integral 
equation  in  which  a  function  of  variables  only  is  equated  to  an 
arbitrary  constant.  We  shall  call  such  an  equation  an  '^  inte- 
gral.''    Thus  the  general  form  of  an  integral  will  be 

C^f{Pv   '"Pnyq\^**'qny^)''> 

*  The  Lagrangian  equations  may  be  considered  as  a  particular  case  of 
a  more  general  form,  upon  which  the  solution  of  a  class  of  problems  in 
the  Calculus  of  Variations  depends ;  and  it  has  been  shewn  by  M.  Ostro- 
gradsky,  that  this  more  general  form  is  susceptible  of  a  transformation 
which  includes  that  of  Sir  W.  R.  Hamilton  as  a  particular  case.  See 
"Memoire  sur  les  Equations  differentielles  relatives  au  probleme  dcs 
isop^rim^tres,  1848."  M^m.  de  TAcad.  Imp^r.  des  Sciences  de  St.  P^ters- 
bourg.  Sciences  Math,  et  Phys.  t.  iv,  1850. 
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scheme  of  cosines  &c.  which  are  involved  in  (1)  of  the  present 
Chapter :  (3)  another  system  of  rectangular  axes,  fixed  in  the 
body  and  moving  with  it,  which  I  shall  take  to  be  a  principal 
system  at  the  point. 

In  reference  to  these  three  systems  respectively  I  shall  take 
the  place  of  m  at  the  time  ^  to  be  (a?,  y,  z\  (^,  ly,  C)>  (f '>  »?'>  O  5 
and  these  last  two  I  shall  take  to  be  connected  by  the  following 
scheme  of  direction-cosines ; 


Yi 

72 

73 

(142) 


60  that 

^  =  a2r  +  i3277'  +  y2C^    [  (148) 

To  determine  the  relative  motion,  these  nine  direction-cosines 
must  be  expressed  in  terms  of  ^ :  as  only  three  are  independent, 
it  will  be  eventually  more  convenient  to  determine  the  posi- 
tion &c.  of  the  body  by  means  of  Euler's  three  angles,  0,  ^t^  ^, 
according  to  the  process  of  Articles  3  and  4 :  the  relations 
between  these  three  angles,  and  the  nine  direction-cosines  being 
those  of  (20),  (21),  (22),  Art.  4. 

430.]  Now  we  have  two  modes  of  estimating  the  ang^ular 
velocity  of  the  body,  of  which  one  is  absolute,  and  the  other  is 
relative  to  the  moving  system  of  axes  ;  let  us  resolve  these  along 
the  principal  axes  at  the  time  t ;  let  o)/,  ca^^  oa^  be  the  axial 
components  of  the  former,  and  let  ^0^9(^2^  ^sbe  those  of  the  latter. 
The  difierence  between  them  is  evidently  due  to  the  angular 
velocity  of  the  moving  system :  and  consequently  if  we  resolve 
this  latter  along  the  principal  axes,  we  may  equate  each  com- 
ponent to  the  corresponding  excess  of  the  absolute  over  the 
relative  angular  velocity.     Thus  we  have 

a)i'  =  <»i  +  €4  (Of  +  Oa  o),  +  03  o)^, 

0)/  =  0)2  +  jSi 0)^  +  jSg 0),  +  i33a)f,    \  (144) 

ws'  =  «3+yi  ®f +y2<»«i+y3«^5 
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M  ^t  «st  tt,,  0, 1^,  ^  an  aD  empbyed  idatEndj  io  ttift  mofbg 
8]rstem  of  azei,  they  are  ommected  1)7  the  eqaatioBm  gina  h 
(120),  (121),  (122),  Artide  64. 

As  a)l^  ttg^  ^^  depend  on  the  oonatitiitioii  of  the  body,  m  Jk 
initial  dreainBtanoea,  and  on  the  fiwoes  wliiish  SMst  <m  it»  tibif 
moat  be  detennined  firom  eqnationa  of  mofikni*  in  tenna  of  #,  ^ 
^9  and  if  and  tbeir  values  sabstitated  in  (144) :  lieareby  we  ilnll 
have  three  equations  in  terms  of  0,  i^,  ^,  and  #,  aad  their  diflfenB- 
tials :  from  these,  by  integration,  tf,  ^  and  ^  maj-  be  exymaA 
as  functions  of  i^  and  the  rdatiye  position  of  the  body  wiU  be 
given. 

Since  ttj^  «»/,  ^^  *"^  ^  components  akng^  the  principal  am 
of  the  absolute  angular  velocity,  they  may  be  determined  hj 
Enler^s  three  equations  of  motion :  and  we  have 


o-^+(b-a)«,'<=w;^ 


(1«) 


where  a,  b,  c  are  the  principal  moments,  and  L,  m,  k  are  the 
moments  of  the  couples  of  the  whole  impressed  momentum- 
increments  on  the  body  about  the  principal  axes. 

431.]  By  means  of  these  relations  we  can  express  the  general 
equations  of  relative  vis  viva  and  of  moments  in  terms  of  the 
angular  velocities  about  the  axes  of  ^,  17^,  (^  which,  are  fixed  in 
the  body  and  move  with  it :  and  as  the  position  of  these  axes  is 
arbitrary  we  may  take  for  them  the  principal  axes  at  the  moving 
origin,  and  thereby  simplify  the  equations  of  motion.  For  this 
purpose  let  us  take  the  ^-differentials  of  (148),  bearing  in  mind 
that  £',  rj\  C  do  not  vary  with  L     Then 


d(_  ./rfoi       ,^  .  >/rfyi 
de"^  dt  "^"^  dt  "^^  dt 


^•-''^^^+f 


dt 


dt 


y     ' 


dt"^  dt'^^  dt^^  dt 


f  i 


(146) 


squaring,  adding  them,  and  taking  the  sum  of  them  for  eveiy 
element  of  the  moving  system, 
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i.m 


dfi 


='»f{(S)'+(t)'^(t)l 
-1(t-)%(t)%(t)] 


+  3 


+  3 


•»<"!(t)^.t)^(t)"} 


then  using  the  notation  with  respect  to  the  sammations,  which 
are  given  in  (25),  (26),  (27),  Art.  150,  and  the  equivalences  given 
in  (91)  and  (93),  Art.  59,  this  is 

^''*" j^2 =  A<«>i  +»^2  +Ca)3»-2Da)2ft)3-2Ea)3a)i  — 2Fa)ia)2;(I48) 

and  thus  the  equation  of  relative  vis  viva  given  in  (130)  becomes 

^/ .  (Aa)i2  +  Ba)/  +  Ca>3*  — 200)20)3  — 2Ea)3 0)1  — 2Fa)i 0)3) 

=  22.»»{(x'-x,)df+(y'-y,)di;  +  (z'-z,)rff}  ;      (149) 

the  compound  centrifugal  force  having  no  place  in  it,  because  it 
is  a  normal  force,  and  does  no  work  along  the  line  of  the  tangent 
to  a  particular  path.  Equation  (148)  is,  as  it  will  be  observed, 
the  same  as  (108)  in  Art.  111. 

This  equation  of  relative  vis  viva  is  general ;  as  however  our 
system  of  axes  of  (f ',  r]\  C)  is  principal,  d  =  E  =  f  =  0 ;  and 
thus 

r^.  (Aa>i^  +  Ba>22+Ca>32)  =  23.WI  {(x'-X,)rff+(lf'-Y,)rf7/  +  (z'-Z,)rff  }.  (150) 

If  0)1 ,  a).>,  0)3  are  replaced  by  their  values  as  given  in  (120),  (121), 
and  (122),  Art.  64.  the  expression  for  the  vis  viva  of  the  system 
will  be  given  in  terms  of  d,  <^,  y\f  and  their  ^-differentials. 

432.]  As  to  the  equations  of  moments  which  are  given  in 
(12^),  (123),  and  (124),  the  transformation  of  them  into  equiva- 
lents in  terms  of  o)^,  0)2,  0)3  may  be  effected  by  direct  substitution 
of  ^,  r)\  (\  and  the  angular  velocities  about  these  axes  for  (,  17,  C; 
or  by  special  processes ;  as  the  latter  method  is  the  shorter,  we 
will  take  it,  and  transform  separately  the  several  terms  of  the 
equations.     Let  us  take  first  the  left-hand  members  of  (122). 
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Let  i^y  ^2>  ^3  1^1  SB  in  Articles  94  and  219,  the  momoitB  of  tlie 
momenta  of  the  body  or  system  of  particles  about  the  sxm  of 
r>  l\  C'%  so  that 

^1=     Aa)i-Fa)2-Ea>8  =  (^^), 

Aa=-F«i  +  Ba)a-D«8  =  (^)^    J-  (151) 

A3  =  -Ea>i— Da)2  +  C6)3  =  {^2 — ); 

3 

if  2t  =  Aa)i*  +  B6)2*  +  Ca),'— 200)26)3— 2E»3a>i  — 2  Ftf>ia>2;   then, 
as  the  axes  of  ^,  r\\  C  are  principal,  d  =  e  =  p  =  O,  and 

^1  =  A«>i>    h  =  »®a>     ^3  =  00)3.  (152) 

As3. f« Tiy ^  — C;jt)  ^  ^^®  moment  of  the  momenta  about 

the  axis  of  ^y  of  which  the  direction-cosines  with  reference  to  the 
system  of  (£',  17',  CO  ^^^  «i»  Pv  71  > 

=  AtoiOi +  Ba)2)8i  +  Ca>3 yj  : 
similarly   ^.m{C—^  ^^)  =  a 6)^02  + 30)2)852+  00)373, 

^•^n^,7^""''^>)  =  ^'^i^"^"®^2iS3  +  CiOsy3. 

As  to  the  terms  of  the  right-hand  members  of  (122),  (123), 
and  (124),  let 

2.W  {t?(7/-z,)  -C(y'-y,)}  =  l'-l,,  j 

2.7/i  {C(x'-x,)-f  (7/-Z,)}  =  m'-m„  [  (154) 

2.»l{f(Y'-Y,)-r;(x'-X,)}  =n'-N,;) 

the  right-hand  member  in  each  case  being  the  axial  component 
of  the  excess  of  the  couple  due  to  the  impressed  forces  over  that 
due  to  the  forces  of  transference. 

As  to  the  second  terms  in  the  right-hand  members,  it  is 
evident  by  the  properties  of  moments  of  inertia,  see  (109),  Art. 
179,  that  their  equivalents  are  as  follows  : 

2.W  (rf-^-C)  =  Aaj^  +  BiSia  +CyiS  j 

2.w(C'  +  f')  =  Aa22  +  Bi32«  +  Cy2S  \  (155) 

And  as  to  the  third  and  fourth  temnyiii  the  right-hand 
members, 


(153) 
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..»,|f=..»{Kf+A,'+,.n(f'^+n'f+C't)}- 

omitting  the  terms  containing  the  products  of  the  coordinates. 
Substituting  these  values  in  (122),  we  have 

^(AcOiai  +  BcOgiSi  +  CcOgyi)  =  l'-I^-co^  ^(Aai»  +  B^i«  +  Cyi«) 

+  2«,(A'«3g^  +  B'^3f +  c'yat)'-       (1«^) 
similarly  from  (123)  and  (124)  we  have 

^  (a 0)102  + 80)2)82 +  CW3y2)  =  m'-M.-O),  j^(Aa2HB^2*+Cy2*) 

H.2^(V.Ht  +  .'A^+c-,.^);      (158) 

-(ao)i  03  +  30)^^3  +  00)373)  =  N'-N<-o)^^(Aa3« +8^32  +  0732) 

+2«.(.xt+3'ft#+o-n^);    (169) 

the  last  three  groups  of  terms  in  the  right-hand  members  of  each 
of  these  equations  being  due  to  the  compound  centrifugal  force. 

433.]  As  these  equations  severally  express  the  moments  about 
the  axes  of  f ,  77,  C  respectively  at  the  time  t  in  terms  of  the 
angular  velocities  &c.  about  the  principal  axes  of  f ',  ??',  f ',  we  can 
dedace  from  them  the  equations  of  moments  about  the  principal 
axes,  by  taking  the  components  of  them  along  these  axes.  Thus 
to  determine  the  equation  of  moments,  that  is  of  rotation,  about 
the  axis  of  f  ^  let  the  equations  (157),  (158),  (159)  be  multiplied 
respectively  by  04,  a^,  03,  and  added:  then  the  sum  of  the  left- 
hand  members  is  ^^ 

A-^  +  (o-B)a)2  0)3; 
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ments  are  functions  of  that  distance.  This  is  the  case  when  the 
pulse  travels  along  oa  in  a  positive  direction;  and  as  another 
pulse  may  also  travel  in  an  opposite  direction,  the  displacement 
due  to  this  will  be  a  function  of  — vt^Xy  that  is,  of  v^  +  ^ ;  and 
consequently  the  whole  displacement  will  be  the  sum  of  these 
separate  displacements.  Moreover,  also,  as  there  may  be  many 
pulses  travelling,  some  in  one  direction  and  some  in  the  opposite 
direction,  the  resultant  displacement  will  be  the  sum  of  all  these, 
and  will  be  correctly  represented  by  such  expressions  as  are  given 
in  (15).  This  result  also  follows  from  the  principle  of  super- 
position of  small  motions,  and  from  the  linear  form  of  the  differ- 
ential equations  (14).  These  observations  apply  to  the  second 
and  third  of  (15)  as  well  as  to  the  firsts  and  from  them  it  appears 
that  a  is  the  velocity  along  o  a  with  which  the  pulse  causing  the 
longitudinal  displacement  is  propagated,  and  b  is  the  velocity  of 
propagation  of  the  pulse  causing  the  lateral  displacement.  It 
appears  then  that  the  velocity  of  propagation  of  the  pulse  which 
causes  the  longitudinal  vibration  is  different  to  that  which  causes 
the  lateral  vibration. 

The  character  of  the  problem  is  such  that  the  displacements 
are  not  only  small  but  are  also  periodic,  so  that  f  and/  represent 
periodic  functions,  such  as  sines  and  cosines,  into  which  they 
may  be  developed  by  means  of  Fourier's  Theorem ;  suppose 
r  to  be  the  periodic  time;  then,  as  the  velocity  of  propaga- 
tion of  the  pulse  is  constant,  being  a  for  longitudinal  and  b 
for  lateral  displacements,  the  distances  through  which  the  pulse 
is  propagated  in  the  time  r  are  ar  and  br  respectively.  Let 
us  take  the  case  of  longitudinal  vibration  only,  as  it  is  repre- 
sentative, and  let  ar  =  A  :  then  fip^at)^  which  expresses  the 
displacement  due  to  the  positive  pulse  remains  the  same  if  a?  is 
increased  by  A,  and  t  is  increased  by  r ;  and  the  same  result  is 
true  for  successive  similar  and  simultaneous  increases:  so  that 
the  string  takes  the  form  of  a  series  of  equal  and  similar  curves. 
A  similar  result  is  of  course  true  for  the  displacements  due  to  a 
pulse  moving  in  the  opposite  direction.  The  curves  due  to  the 
transversal  displacements  are  called  ventral  segments,  the  length 
of  each  of  which  on  the  line  oa  is  ir.  More  will  be  said  on 
this  subject  in  future  Articles. 

454.]  Now,  supposing  the  points  at  o  and  a  to  be  fixed,  the 
form  of  the  functions  given  in  the  right-hand  members  of  (15) 
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434.]  I  propose  now  to  apply  these  equations  of  relative  vis 
viva  and  of  moments  about  the  principal  axes,  viz.  (150),  (165), 
to  the  motion  of  a  body  as  affected  by  the  diurnal  rotation  of  the 
earth.  I  shall  suppose  the  origin  of  the  moving  system  of  axes 
to  be  a  point  on  the  surface  of  the  earth,  and  this  point  or  place 
to  have  no  other  motion  than  that  due  to  this  diurnal  rotation. 

Let  us  take  a  plane,  whose  position  for  the  present  is  arbitrary, 
so  as  to  admit  of  subsequent  determination,  passing  through  the 
fixed  point  to  be  that  of  (f,  r)) :  this  plane  being  fixed  to  and 
moving  with  the  earth.  Through  the  fixed  point  let  a  straight 
line  be  drawn  parallel  to  the  earth's  polar  axis  ;  and  let  it  be  pro- 
jected on  the  plane  of  (f,  tj)  :  this  line  we  shall  take  to  be  the 
^-axis,  and  reckon  it  positive  in  such  a  way  that  when  the  plane 
is  horizontal  that  direction  shall  be  southwards  ;  and  the  positive 
direction  of  the  7;-axis  we  shall  take  to  be  such  that  that  direction 
may  be  westwards  when  the  plane  is  horizontal :  hereby,  if  the 
plane  of  (f ,  rj)  is  horizontal  at  the  place  of  observation,  we  shall 
have  the  same  arrangement  and  the  same  system  of  axes  as  in 
Fig.  63.  Let  the  positive  direction  of  of  be  so  taken  as  to  be 
away  from  the  earth's  surface  when  the  plane  of  (f,iy)  is  horizon- 
tal ;  and  let  v  be  the  angle  at  which  the  f-axis  is  inclined  to  the 
earth's  polar  axis  ;  so  that  when  the  f-axis  is  vertical,  v  is  the 
co-latitude  of  the  place  of  observation. 

Let  CD,  as  heretofore,  be  the  diurnal  angular  velocity  of  the 
earth.     Then,  taking  account  of  its  direction,  which  is  from  West 

to  East,  o)^  =  0)  sin  i;,       «,  =  0,       o);  =  — o)  cos  v. 

Let  us  suppose  the  body  to  move  under  the  action  of  the 
earth's  attraction,  whatever  are  the  other  forces  which  also  act  on 
it ;  then,  so  far  as  this  attraction  is  concerned,  x'— X|,  y^— y^,  z'  —  z^ 
are  the  components  of  gravity  (as  it  is  eommonly  called)  along 
the  axes  of  ^,  ?;,  C  at  the  time  t.  Let  us  moreover  suppose  the 
dimensions  of  the  body  to  be  such  that  the  earth's  action  is  the  same 
on  all  particles  of  it  of  equal  mass  ;  then  thus  fiEir  these  components 
are  constant,  and  may  be  replaced  by  constants  e,  f,  o,  where 

X'— X,  =  E,        Y^— Yj  =  P,        z'  — Z|  =  G. 

Hence,  if  m  is  the  mass  of  the  body,  and  (^  rj,  ()  the  place  of  its 
mass-centre  at  the  time  t  in  reference  to  the  axes  of  (f,  iy,  f), 

2.»2{(x'-.X<)</f+(Y'-Yj)rf7;  +  (z'H-Z^)rfC}=M(Brff+Frf^  +  Grff);(166) 
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and  tiie  right-haiid  member  being  eabatihited  in  (IBO)^  Urn 
expraMaon  may  be  integmted^  and  the  nloe  of  ilia  iiJalife  lii 
iriva  at  the  time  ^,  or  tbe  inoreaee  of  Tia  ▼£▼»  in  the  pMnga  fim     I 
one  podtion  to  another,  may  be  obtained. 

If  the  axis  of  ^  paaeea  thsongh  the  meai  eentane^  and  iiaflu 
diatanoe  of  the  maw  centre  firom  ifae  fixed  pointy  then  ?= i)^ 

If  {Md$+  9dri+ Ckf f)  ^uid  (my^ + V/a  +  B-^        (W7) 
AIbo  aa  to  the  equations  of  moments^ 

,L'-I,=Si(Gy,-»yJ,  If'-H^ssfiiCln-Oy^  1^-V^^ui(wn^m^ili 

ifi-n/ss:     ]fA(Ba|+Vaa+&oJ^    |-  (1«) 

Kj-h/  ss  0.  J 

485.]  Furthermore,  let  US  gnppose  theoonadtiitum  of  tlie  body, 
which  has  one  point  fixed  but  ia  otherwise  nneonelattned,  to  be 
such  that  a  =:  b,  and  o  to  be  so  small  that  it  may  be  omittad  in 
comparison  of  a  and  b.    Then  a^sb!^;  andc/ss  a,  tecapse 

2(/=A  +  B— os2a. 

Let  the  plane  of  (^»  i|)  be  horizontsl  and  the  aada  of  ^Tcviiosl, 
so  that  if  X  is  the  latitude  of  the  place,  p  =  90~X  ;  mnd  Mtsw 
s  0,  o  =  — ^.  As  the  only  other  force  acting  on  the  body  ia  the 
stress  at  the  fixed  point,  it  does  not  enter  either  into  the  equation 
of  relative  vis  viva  or  into  the  equations  of  momenta. 

Hence  the  equation  of  vis  viva  becomes 

Arf.  (<tti*+<tt3j^)  =  -2'igkdy^  =  ^2iigkd.  coe0 ; 
and  if  a  =:  MiP,  this  equation  in  terms  of  0  and  ^  becomes 

^^,  +  (8m  er^^  =  ^(cos  0,-<^0),  (170) 

if  0^  is  the  value  of  ^,  when  the  body  is  at  relative  rest. 

Also  taking  equation  (159),  which  is  that  of  momenta  aboat 
the  C~axis,  and  reducing  it  to  terms  involving  0  and  ^,  we  have 

dB 

s  2 o> (sin X cos (?~C06 Xsin(9sin^)sin0  —  •  (171) 

And  taking  equation  (164),  which  is  that  of  moments  about 
the  principal  axis  of  C%  <^d  reducing  it  to  terms  involving  6  and 
^,  we  have 
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J  0)3 


=  0)  cos  A.  (coijSi— (Ojai)  — 0)  sin  A.  (co^jSg— 0)203) 


=  0)  cos  A(  —sin  y  cos  ^-TT  —cos  V^  sin  ^^i  —  o)  sin  A  sin  d  -T- 
^  at  dt^  dt 

=  —  a)C0SA-r-(8iny  sin^j  +  cosm  A r- —  • 

dt^  '  dt 

d  C  ^d)  ^\/f  •         •    >%  •  ) 

/.  -77  <  -^  +cos^  -^  +ft)C0sA6in^sin^  — (osin  Acos^>  =  0.  (172) 

These  three  equations  (170),  (171),  and  (172)  are  sufficient  for 
the  complete  solution  of  the  Problem,  which  is  that  of  Foucault's 
Pendulum.  But  as  full  explanation  of  similar  equations  has 
been  given  in  Chapter  VI.  it  is  unnecessary  to  repeat  it  in  this 
place. 

436.]  It  is  however  desirable  to  consider  a  more  general 
problem  than  the  preceding,  in  application  of  these  principles  and 
equations,  and  so  I  propose  to  take  that  of  the  Gyroscope  of  M. 
Foucault.  This  is  a  problem  of  great  interest,  inasmuch  as  it 
exhibits  by  means  of  instrumental  observation  the  diurnal  rotation 
of  the  earth,  and  its  incidents,  and  also  the  latitude  of  the  place ; 
for  if  a  rapid  rotation  is  given  to  the  disc  of  the  instrument,  the 
j)08ition  of  the  axis  retains  a  fixed  direction,  that  is,  points  to  a 
fixed  star  in  the  heavens,  and  is  not  affected  by  the  earth's  rota- 
tion ;  tho  relative  effect  of  this  fact  is  to  show  an  angular  motion 
of  the  axis  of  the  instrument  on  any  plane,  that  angular  velocity 
depending  of  course  on  the  latitude  of  the  place  of  observation 
and  the  position  of  the  plane  at  it.  A  diagram  of  the  instrument 
has  been  given  in  Fig.  21,  and  the  construction  and  arrangement 
have  been  described  in  Art.  177.  The  centre  of  gravity  of  the 
whole  machine,  which  coincides  with  those  of  the  several  parts  of 
it,  is  at  the  centre  of  the  rotating  disc  ;  and  this  point  remains 
at  relative  rest,  whatever  are  the  rotations  of  the  disc  and  of  the 
metallic  circles.  At  this  point  therefore  the  systems  of  axes 
originate. 

Now  M.  Foucault  contrived  in  some  of  his  experiments  that 
the  axis  of  the  disc  should  be  constrained  to  move  according  to  a 
given  law,  fixed  relatively  to  the  earth :  we  will  in  the  first  place 
consider  the  case  in  which  the  axis  is  constrained  to  move  in  a 
given  plane,  and  investigate  the  phenomena  which  the  machine 
presents  under  that  constraint  to  an  observer  moving  with  the 
earth.     The  problem  in  its  dynamical  form  is  this : 
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Also  we  may  express  the  vis  viva  as  follows :  txansforming  the 
right-hand  member  of  (176)  into  its  equivalent  in  terms  ol  f, 
7i\  C\  &^d  consequently  of  a,  B,  c  the  principal  moments  of  tlie 
instrument,  and  taking  the  direction-cosines  i^vhich  are  gi?€n 
in  (174), 

2.«»{(cosr)2f2  +  7y^H-(8in  j/)^f  *  +  2  sin  1; cos  i'  f  f  } 

=  2.«^{(co8  pf(a,'e'  +  Pi'l'  +  Yi'n  +  <h^P  +  P^n"^  +  y^T* 
+  (sin,;)2(a32r^  +  ^3V+y3'n  +  28ini;cosi.(axa3r»-h/3iy33i,'»+yi7j! 

=  (cos  j;)  V(co8>/f)2  +  c'(8in  yf^f  +  A'(sin  y\tf  +  c'(co8  ^ff  +  A'(8in  vf 

=  c'  +  a'— (c'— A')(sinj;sin>/f)^ 

=  A  +  (c  -  a)  (sin  V  sin  >/f)2 ;  (178) 

/.  xwiv^  — X»^ro2=(c— A)(a)sini;)^{(sinV^)*— (sin^^)*};    (179) 

and  expressing  the  left-hand  member  in  terms  of  yfr  and  ^,  this 
becomes 

i(^)'-m  *  ^!(w)'-(t):} 

=  (c-A)(a)8ini;)2{(8inV^)2-(8inV^o)*|,   (180) 

which  is  the  equation  of  relative  vis  viva.  Since  01  sin  v  is  the 
component  about  the  axis  of  ^  of  the  earth's  diurnal  rotation, 
o)  sin  V  sin  y\f  is  the  component  of  that  angular  velocity  about  the 
axis  of  C\  that  is,  about  the  axis  of  the  gyroscope.  Thus  (179) 
shews  that  the  increase  of  vis  viva  of  the  instrument  depends  on 
the  increase  in  the  square  of  the  component  of  the  earth's  angular 
velocity  about  tlie  axis  of  the  instrument.  It  also  appears  that 
if  c  =  A  the  vis  viva  of  the  instrument  is  constant,  but  that 
otherwise,  the  variation  of  it  is  periodical.  This  equation  is 
that  of  the  conservation  of  energy. 

438.]  The  next  step  in  the  solution  of  this  problem  is  the 
formation  of  the  equations  of  moments,  about  the  axes  of  f ,  77,  f , 
i\  v\  C  respectively  of  which  the  general  forms  are  given  in 
Articles  432  and  433  ;  and  we  w411  first  take  those  of  Art.. 
432.  Now  bearing  in  mind  that  by  reason  of  the  symmetry  of 
the  instrument  wdth  respect  to  the  plane  of  (^,  rj)  in  which  the 
axis  of  the  instrument  always  is,  2.w^C=  2.w?7  ^=  0, 

l'-l,  =  x»2{77(z'-z,)-C(Y'-y<)} 
=  »'  sin  i;O0ft^yift  (t;  ; 
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By  similar  processes  we  can  shew  that 

m'  — M|  =  a)*sin  j;C08  j;2.«(C^  — ^); 
n'—  n<  =  (o)  sin  vY  2.W  f  Tj : 

here  :z.m^ri  =  :?.«»  (aia,P  +  ^i^2^'^  +  yiy2n 

=  (a'— c')siin/fCOSi/f  =  (c  — A)siii>/f  eos>/f ; 
and  similarly  2. 7n  (^  —  P)  =  (c  —  a)  (sin  ^)^ ; 

.  • .  l'—  L^  =  a)^(c  —  a) sin  i;  cos  r sin  ^  cos ^,    J 

m'  — M^=  a)*(c--A)sini;cosj/(sin>/f)^         >        (181) 
n'  — Nj  =  a)^(c  — a)  (sin  r)^sin  y\f  cos>/f.        J 

To  the  right-hand  members  of  the  first  two  of  these  equations 
terms  are  to  be  added  to  express  the  moments  of  the  couples 
which  arise  from  the  pressures  at  the  bearings  of  the  axes  ;  but 
as  I  do  not  propose  to  investigate  these  pressures,  but  only 
the  circumstances  of  the  motion  of  the  axis  of  the  gyroscope, 
it  is  unnecessary  to  add  them.  As  the  action  lines  of  these 
pressures  are  parallel  to  the  C'^'^i  ^^V  do  not  enter  into  the 
equation  of  moments  about  that  axis.  That  equation  is  (159), 
which,  when  adapted  to  the  special  circumstances,  takes  the  follow- 
ing value, 

A^^=  (c  — A)(cosin  j;)^8in^cos>/f  H-Ca)sini;cos>/f—  •    (182) 

Also  the  equation  of  moments  about  the  C^-axis  is  (164)  which, 
when  adapted  to  the  special  circumstances  of  the  problem,  takes 
the  following  form 

c—z^  =  (l  — L|)sm^  — (m  — -111)008 >/f—cw8inj;cos>/f-Tj- ; 

but  (l'— L|)  sin\/r  — (m'— M<)cos  >/f  =  0: 

Jcoo  .  .  dyb 

.'.     -3~  =  —  (osmvcosV^-n- ; 
at  at 

therefore,  if  0)3  =  n,  when  ^  =  ^^j, 

0)3  — n  =  (osin  j;(8in^Q  — sin^) ;  (^83) 

which  gives  the  angular  velocity  of  the  instrument  about  its 
own  axis  in  every  position  of  it.  The  expression  is  evidently 
periodic,  and  shews  that  0)3  =  n  sin  j;  whenever  sin^  =  sin^/^Q. 
Also,  since  cu  sin  1;  sin  ^  is  the  component  of  the  earth's  diurnal 
rotation  about  the  axis  of  the  gyroscope,  (183)  shews  that  the  sum 
of  the  relative  angular  velocity  of  the  instrument  about  its  own 

PKICE,  VOL.  IV.  Q  q 
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and  sabstituting  v  in  (189),  we  have 

A  ^g  =2cattsin];(coBi;— cosv^).  (191) 

Now  this  equation  is  the  same  in  form  as  that  which  expreaseiF 
the  motion  of  a  pendulum  under  the  action  of  a  constant  force 
whose  line  of  action  is  parallel  to  that  of  the  line  of  the  rod  of  the 
pendulum  when  it  is  at  rest.  Let  us  then  compare  the  motion 
of  the  rotation-axis  of  the  body  as  expressed  by  (191)  with  that 
of  the  pendulum  ;  and  let  us  assume  the  length  of  the  pendulum 
to  be   unity;    so  that  the  constant  force,  under  the  action  of 

which  the  rotation-axis  may  be  supposed  to  move,  is 1 

the  line  of  which  is  the  ^-axis,  and  is  the  projection  southwards  on 
the  plane  of  (f,  rj)  of  the  earth's  polar  axis.  Now  let  us  suppose 
Vq  to  be  a  small  angle,  and  the  angle  between  the  axis  of  thtr 
gyroscope  and  the  axis  of  ^  always  to  be  small ;  then,  as  on  a 
similiar  supposition,  the  pendulum  vibrates  through  small  arcs  to 
equal  distances  on  either  side  of  the  vertical  line,  so  will  the  rota- 
tion-axis of  the  disc  vibrate  over  equal  small  ang^les  on  either 
side  of  the  ^-axis.  And  as  the  pendulum  remains  alwa}"8  at 
rest  in  a  vertical  line,  if  it  is  ever  at  rest  in  it ;  so  will  the  rota- 
tion-axis always  be  at  relative  rest  along  the  ^-axis,  if  it  is  evtr 
at  rest  in  it.     If  tlierefore  the  rotation-axis  is  on  the  f-axis  when 

—-  =  0  it  always  remains  on  it,  and  has  no  oscillation. 
(it 

Also,  as  the  pendulum  lias  two  positions  of  rest,  one  of  stable 
equilibrium,  when  it  hangs  vei*tically  downwards  from  its  j)oint 
of  suspension,  and  another  when  it  is  balanced  on  its  point  of 
suspension,  the  centre  of  gravity  having  its  lowest  and  it  s  highest 
position  in  the  two  eases  respectively  ;  so  are  there  two  positions 
of  relative  rest  of  the  rotation-axis  of  the  disc,  one  of  which  is  of 
stable,  and  the  other  of  unstable  rest.  Now  if  o)  and  n  have  the 
signs  given  to  them  in  (191) ;  that  is,  if  the  direction  of  n  is  con- 
trary to  that  of  the  earth,  then  the  rest  of  the  rotation-axis  will 
be  stable  or  unstable,  according  as  the  axis  coincides  with  the 
positive  or  negative  direction  of  the  f-axis.  And  the  contrary 
will  bo  the  ease,  when  the  direction  of  n  is  the  same  as  that  of 
the  earth. 

If  the  rotation -axis  is  in  its  position  of  stable  rest,  and  is 
slightly  disturbed  therefrom  by  an  extHtaMW  force,  it  oscillates 
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in  the  plane  of  (f,  rj)  over  a  small  angle  on  either  side  of  the  line 
of  rest ;  and  if  t  is  the  time  of  an  oscillation, 

T  =  7r{ ^^[*-  (192) 

If  however  the  rotation-axis  is  in  its  position  of  unstable  rest, 
and  is  slightly  displaced  therefrom,  it  goes  farther  from  that 
position  and  does  not  return  to  it,  until  it  has  passed  through 
360°  in  its  plane  of  motion. 

441.]  In  particular  cases  these  results  take  forms  which  are  of 
considerable  interest. 

(1)  If  the  plane  of  (^,  ?;),  in  which  the  rotation-axis  of  the 
body  is  constrained  to  move,  is  horizontal  at  the  place  of  obser- 
vation :  and  if  the  latitude  of  the  place  is  A  ;  then  sin  i;  =  cos  X  ; 

and  from  (192),  f         a        )i 

^       ^'  T  =  ';ri ^1   •  (193) 

IcnwcosA)  ^       ' 

In  this  case  the  ^axis  is  the  meridian  line,  of  which  the  positive 
direction  is  that  towards  the  south.  If  the  direction  of  the  rota- 
tion of  the  body  is  the  same  as  that  of  the  earth,  the  position  of 
rest  of  the  rotation-axis  will  be  of  stable  or  unstable  equilibrium 
according  as  it  is  drawn  &om  the  point  towards  the  north  or 
towards  the  south  ;  and  if  the  rotation  is  contrary  to  that  of  the 
earth,  the  rotation-axis  will  be  in  stable  or  unstable  rest  according 
as  its  direction  is  due  south  or  due  north. 

(2)  If  the  plane  of  (f,  77),  in  which  the  rotation-axis  is  con- 
strained to  move,  is  the  meridian  plane  at  the  place  of  observa- 
tion ;  then  v  =  90" ;  and  the  line  of  relative  equilibrium  of  the 
rotation-axis  is  parallel  to  the  earth's  polar  axis ;  and  the  equi- 
librium of  the  axis  is  stable  or  unstable  according  as  the  direction 
of  rotation  is  contrary  to,  or  is  the  same  as,  that  of  the  earth.  In 
this  case  C    a    li  .       v 

^  =  ^3^1'  ^^^^ 

SO  that,  cseteris  paribus,  the  time  of  oscillation  is  less  in  this  case 
than  it  is  when  the  rotation-axis  moves  in  the  horizontal  plane  ; 
and  generally  the  oscillations  in  the  meridian  plane  are  quicker 
than  in  any  other  plane. 

(3)  These  last  results  however  are  not  limited  to  the  meridian 
plane ;  for  sin  1;  =  1  for  all  planes  drawn  at  the  place  of  observa- 
tion parallel  to  the  earth's  polar  axis. 
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(A}  If  the  pkne  of  if.  ri)  is  perpendicular  to  the  earth's  pokr 
axis.  2=0:  and  t  =  x ;  so  thai  the  lotation-axis  of  the  gyro- 
scope if  at  re&l  for  all  pagiti<His  in  that  plane. 

1 5 1  If  the  number  of  oscillations  of  the  rotation-axis  in  the 
meridian  plane  is  determined  by  observation,  T  is  known ;  and 
consequently,  from  ( 1941. 

(195) 


tt»  = 


COT* 


and  thus  the  angular  velocity  of  the  earth  may  be  determined. 

{6)  If  T  and  T^  are  the  times  of  oscillation  of  the  rotation-txi- 
in  the  horizontal  and  the  meridian  planes  res|>ectively  at  a  given 
place,  corresponding  to  the  same  value  of  n,  then 

COSA  =  —5  • 

From  all  these  theorems  we  conclude,  that  if  the  phenomena 
of  the  g-yroscope  are  observed  with  sufficient  care,  M'e  can  by  them 
determine  the  meridian  line  and  the  altitude  of  the  pole  at  the 
place  :  and  consequently  the  latitude :  we  can  determine  also  the 
dinx^tion  of  the  diurnal  rotation  of  the  earth,  and,  from  (195),  the 
mean  length  of  the  sidereal  day.  All  these  resnlts  then  arecon- 
iinnations.  if  tlu-y  are  required,  of  the  evidence  of  that  motion  of 
the  earth  which  astronomical  phenomena  suggest  to  us.  And 
althongh  the  jroof  of  the  diurnal  rotation,  thus  acquired,  may 
not  be  as  j^aljaMe  as  that  afforded  by  astronomical  observation, 
yet  it  is  not  to  be  rojt  ctcd  as  useless,  nor  is  its  investigation  to  W 
regaixled  as  idle  sjHculation  ;  for  evidence  supporting  theories  of 
cosmieal  j»heuoinena  is  cumulative ;  and  the  value  of  any  addition 
to  it  increases  in  geometrical  ratio. 

412.]  Also  in  the  gyroscope,  as  ordinarily  constructed,  certain 
parts  can  be  clamj)ed  so  that  the  axis  of  rotation  of  the  disc  or 
Imll  can  move  only  on  the  surface  of  a  right  circular  cone,  the 
vertex  of  which  is  at  the  mass-centre  of  the  instrument.  We 
will  take;  the  axis  of  this  cone  to  be  the  C-axis,  the  plane  of 
(f,  rj)  being  that  which  is  perjiendicular  to  it,  and  passes  through 
the  fix(»d  j)oint ;  the  axes  of  f  and  tj  being  so  placed  that  if  the 
iixIh  of  the  cone  is  the  vertical  line  at  the  fixed  point,  they 
liccorne  nvjMctivcly  the  lines  drawn  southwards  and  westwards. 
Lot  p  Im»  the  angle  between  the  axis  of  the  cone  and  the  earth's 
|M)Iar  uxih  ;  and  let  a  l>e  the  semi- vertical  angle  of  the  cone,  so 
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do 
that  ^  =  a  =  a  constant,  and  consequently,  —  =  0.    Hence,  by 

(tv 

Art.  64, 

•     J  ^^  •  J  ^V^  d4>  dylf     ,,^o\ 

co^  =  sin  a  sm  <^  ^  >   cog  =  sm  a  cos  <^  -t^  >   coa  =  -^  +  cob  a  -~  ;  (196) 

=     cos<^  cos\/r -8in<^  sin>/rcosa,  \      02=    cos  0  sin  ^  +  sin  <^  cos  ^  cos  a,  ^ 

=  — 8in<^cos^  — cos<^sin\/rcosa,  >      jSj  =  ~^^^^  s^^V'  +  ^^^^^^V^^^^  f  (^^'. 
=     sin  \/r  sin  a  ;  ;      yg  =  —cos ^  sin  a ;  ) 

03  =  sin  <l>  sin  a,     /S^  =  cos  </>  sin  a,     y^  =  cos  a.  (198) 

We  have  to  express  the  equations  of  relative  vis  viva  and  of 
angular  velocity  of  the  disc  about  the  axis  of  C  which  is  its  axis 
of  rotation,  in  terms  of  <f>  and  yjr  and  their  ^-differentials. 

As  to  the  equation  of  relative  vis  viva  ;  since  all  that  has  been 
said  in  Art.  436  as  to  the  pressures  at  the  bearings  of  the  axis  is 
applicable  to  the  case,  we  may  take  equation  (176)  as  its  ex- 
pression :  then  if  we  suppose  n  to  be  the  initial  rotation  of  the 
disc,  and  its  axis  to  be  initially  at  relative  rest,  the  left-hand 
member  becomes,  by  means  of  (196), 

and  the  coefiicient  of  co^  in  the  right-hand  member,  when  trans* 
formed  by  means  of  (197)  and  (198)  as  in  Art.  437,  takes  the 
form  0)2  (c  —  a)  { (sin  v  sin  a)^  { (sin  \lf)^  —  (sin  yj^of] 

+  2  sin  a  cos  a  sin  i;  cos  i;  (sin  ^  — sin ^/r^)}  ; 
so  that  the  equation  of  relative  vis  viva  is 

A  {^maf^J-:,  +  c  i-^-  +cosa  -^)  -cn^ 

=  0)2  (c  —a)  sin  V  sin  o  {sin  v  sin  o  {(sin  V^)*— (sin  V^©)^} 

+  2  cos  j;  cos  a  (sin  y\f  —  sin  y^^ } .  (199) 
Also  the  equation  of  moments  about  the  f '-axis  is  as  follows ; 
taking  the  equation  as  given  in  (164),  we  have 

)  — ?  =  2.W  (^Yj  —  T^'Xi)  +  Ca)sini;()3ia)i  — ajCOj^)  — Ca)COSj;(/33a)i— agCOjj),    (200) 

the  pressures  at  the  bearings  of  this  axis  not  entering  into  the 
equation,  as  their  lines  of  action  are  parallel  to  the  axis. 
Now 

=  2.m  {(^,r-a,7;0(x'-X,)  +  (^,r-a2T?')(^'-Y,)  +  (^3r-a37,')(z'-zO} 
=  -2.;;^{(^,^-a,7;0x,+(^2^-a2T,0y.  +  (^3f-«3V)z,}  =0,     (201) 
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If  then  the  fanction  v  is  known,  the  integral  equations  of  the 

problem   will  be  expressible  as  follows :    since  3—  =  3—  5  we 

shall  have  n  equations  ^  =  p..     Also,  since  s  contains  flj,  ... 

a„_i  only  as  they  are  contained  in  v,  3—  =  -;— ,  so  that  there 
will  be  »  — 1  equations, 

£,  =  V  (88) 

The  remaining  integral  equation  is  -jj  =  constant.     But 

^s  __  rfv 

dk  ""  dA 

and  therefore,  putting  r  for  the  constant,  we  may  write  the 

equation  dv 

^=t  +  r.  (39) 

In  this  way  we  should  obtain  a  solution  involving  the  canonical 
elements  Ann         n       \ 

It  is  to  be  observed,  that  the  only  one  of  the  integral  equations 
containing  t  is  the  equation  (39).  And  it  is  evident,  that  if  the 
2  n  integral  equations  were  solved  algebraically,  so  as  to  express 
each  of  the  2  n  elements  (40)  in  terms  of  the  variables,  that  is; 
so  as  to  obtain  2 »  "  integrals "  properly  so  called,  only  one  of 
these  integrals  would  contain  t^  and  would  be  of  the  form 

r  =  — ^  +  <^(i?i,  ...A»?i5  ...?»)* 
Lastly,  it  is  to  be  noticed,  that  whenever  the  constant  of  vis  viva 
is  one  of  a  set  of  canonical  elements,  the  element  conjugate  to 
it  is  the  constant  r,  which  is  added  to  t. 

499.]  Although  the  preceding  theory  assigns  in  a  very  re- 
markable manner  certain  forms  in  which  the  integral  equations 
of  the  system  (21)  are  capable  of  being  expressed,  yet  it  gives  no 
assistance  whatever  towards  the  actual  integration  of  that  sys- 
tem. For  the  discovery  of  the  function  s,  according  to  Sip 
W.  R.  Hamilton's  definition  of  it,  would  require  a  knowledge  of 
a  complete  set  of  integrals,  and  according  to  Jacobi's  definition, 
would  depend  on  the  solution  of  a  partial  diSerential  equation 
(&4)y  which  is  a  problem  as  difficult  as  the  integration  of  the 
flTitem  (21)  itBel£    In  &ct,  the  most  hopeful  way  of  attempt- 

l^<_  .ntiDi, yoi.. IT.  XX 
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them.     It  may  be  observed  that  the  time  of  a  small  oscillation 
of  the  rotation-axis  of  the  disc 

(cncosini;)  ^       ' 

this  quantity  vanishes  when  o  =  0  and  becomes  infinite  when 
sin  i;  =  0. 

444.]  Let  us  now  consider  the  motion  of  the  gyroscope,  when 
its  axis  is  entirely  unconstrained. 

Let  the  line  passing  through  the  centre  of  gravity  of  the  in- 
strument and  parallel  to  the  axis  of  the  earth  be  the  C'^xia ;  so 
that  the  plane  of  {$,  rj)  is  parallel  to  that  of  the  earth's  equator ; 
let  the  line  of  intersection  of  this  plane  with  the  meridian  plane 
of  the  place  be  the  f-axis  reckoned  positively  away  from  the 
earth,  and  let  the  >;-axis  be  taken  positively  westwards ;  then, 
0)  being  as  heretofore  the  angular  velocity  of  the  earth, 

«^  =  0),  =  0  ;     0)^  =:  —0) ;  (207) 

X,  =  -G|2(r  cos  A  +  f) ;     Y<  =  z,  =  0.  (208) 

The  nine  direction-cosines  which  connect  the  principal  system 
of  the  instrument  with  the  system  of  f ,  ^,  C  as  determined  above, 
and  also  a»,,  m.^,  (O3  have  their  most  general  values;  hence  the 
system  will  have  three  degrees  of  relative  freedom,  and  conse- 
quently three  independent  equations  will  be  required  for  the 
solution  of  the  problem  ;  these  we  will  take  to  be  the  equations 
of  (1)  relative  vis  viva;  (2)  moments  about  the  axis  off;  (8) 

moments  about  the  axis  of  T;  and  they  will  contain  -77  ^  17- » -^r  > 

•^  dt    dt     dt 

the  further  values  of  d,  V^,  0  to  be  obtained  by  integration  deter- 
mining the  position  of  the  axis  at  any  time  t. 

To  determine  the  equation  of  relative  vis  viva,  we  have  the 
following  values,  supposing  a  to  be  the  angular  velocity  initially 
communicated  to  the  disc,  and  the  axis  of  the  instrument  to  be 
initially  at  relative  rest, 

=  2coy   2.m(rco8\-hf)rff  =  co^N.w^l 

=  »  0)2  (c  -  a)  {(sin  V^)2(sin  d)2  -  (sin  V^o)^  (sin  ^oH,  (209) 
where  \/^q  and  Oq  are  the  initial  values  of  ^  and  0, 
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And  for  moments  about  the  axis  of  C  takings  equation  (159j, 
we  have 

^^{A(a)ia3  + 0)2^3)  + 00)373}  =  2.i»{f  (y'-Y,)-i,(x'-x,)} 

'+«^{A(a3^+y3,«)  +  cy3*]; 


but 


3.w{C(Y'  +  y,)-7,(x'  +  x,)}  =  0; 

A(a3'  +  ^3')  +  Cy3''  =  A  +  (c-A)y3«  =  A  +  (c - a) (cos (?)«  ; 
so  that  the  equation  becomes 

|, {A(8in^)2'2  +  ca>3Cos^}  =  co(c-a)^^  (cos  (?)«  ;         (21C 

and  integrating  between  the  given  limits 

A(sin^)-  ^  +  c(a)3cos^~ncos^o)  =  ^(c— a){(cos^)*  — (cosdo)^}.( 

Also  for  moments  about  the  axis  of  C,  takings  equation  (164] 

wo  have  ^^^ 

C--^  =  2A'a)(a)2a3-a)i^a) 


dt 


.  je 

=  — ca)sin^37; 
at 


.'.    0)3  — n  =a)(cos^— cos^o).  (21$ 

These  three  equations,  viz.  (209),  (211)  and  (212),  are  ind( 
pendent,  and  are  sufficient  for  the  solution  of  the  problem.  It  i 
evident  that  in  their  general  forms  they  do  not  admit  of  furthe 
integration ;  they  give  rise  however  to  the  following*  equations. 

Eliminating  0^3  by  means  of  (211)  and  (212),  we  have 

A  (sin  Of  —rj  =  (cos  ^0  ~  cos  6)  [  a  o){cos6  +  cos ^q)  +  c  (n  —  co cos  OJ } ;  { 
and  substituting  this  value  of  -jj  in  (209),  we  obtain  a  value  0 

-7-  in  terms  of  0  only,  from  which,  theoretically,  6  may  be  found 

in  terms  of  / ;  these  expressions  shew  that  the  values  of  0  ami 

xjf  are  generally  oscillatory,  and  have  nutatory  values   in    the 

plane  of  the  meridian  and  in  the  plane  parallel  to  that  of  th( 

earth's  equator.     Let  us  however  take  some  j)articular  cases. 

445.]  If  the  disc  of  the  gyroscope  is  not  initially  pat  into  ro- 

(16 
tation,  so  that  n  =  0,  then        =  0  ;  thus  0  docs  not  vary   bul 

(( c 
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is  constantly  equal  to  Oq',  hence  (213)  shews  that  -r-  =  0,  and 

hence  also  0)3  =  0 ;  so  that  notwithstanding  the  diurnal  rotation 
of  the  earth  the  axis  of  the  disc  remains  at  relative  rest. 

If,  however,  we  suppose  n  to  be  very  great  in  comparison  of  w, 
as  is  ordinarily  the  case  with  the  gyroscope,  we  may  omit  all 
powers  of  co  above  the  first,  retaining  the  first  however  as  other- 
wise the  effect  of  the  earth's  rotation  would  not  appear  in  the 

equations;  then  eliminating  -^  between  (209)  and  (213)  we 

A  (sin  oy  -TTg  =  en (cos^o  —  cos 0) 

{ 2  A  0)  (sin  ^o)^  +  c  (n  -  2(0  cos  ^0)  (cos  ^  -  cos  ^0) } .  (214) 
To  simplify  the  form  of  this  equation,  let 

c2n(n-2coco8^o)  =  A*X•^  )  ,^^^. 

cn{ccos^o(n  — 2a>cos^o)--2Aa)(sin^o)^)  =  A*>i^cosa; )  ^       ^ 

whence  cosa  =  cosO,-  ^f^^_^^^Q^){^^^^f  ?         (216) 

which  gives  a  real  value  to  a  in  the  ordinary  case  of  the  gyro- 
scope.    Making  these  substitutions  in  (214),  we  have 

{^mBf-:^  =  >i2(co3^o-c^s^)(cos^-cosa);         (^17) 

so  that  0  always  lies  between  a  and  0^,  which,  as  shown  in  (216), 
are  two  angles  nearly  equal ;  consequently  the  inclination  of  the 
rotation-axis  of  the  disc  to  the  earth's  polar  axis  is  nearly  con- 
stant, only  varying  between  limits  which  are  very  nearly  equal 
to  each  other. 

Integrating  (217)  we  have 

cos  ^0  + cos  O      cos  ^0  — cos  a  ,^  /^lox 

cos^=  ^2 + ^ cos*^;  (218) 

and  replacing  cos  a  by  its  value,  and  omitting  2(0  cos  ^^  when 
subtracted  from  n,  we  have 

cos  e  =  cos  ^0  -  —(sin  ^o)*  (1  -  cos  a  —  iJ)  •  (219) 

If  we  substitute  this  value  of  cos^  in  (213)  and  omit  terms  in- 
volving the  square  and  higher  powers  of  o), 

.-.    t/r-t/fo  =  a)/J-— sin— /?,  (221) 

"  en       A  ^      ' 

where  \/^q  is  the  value  of  \/f,  when  ^  =  0. 


•    .•» . 
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If  then  we  oonndar  the  fint  tenne  io  (S19)  and  (UOX^lidk 
are  the  prineipal  termi^  it  appten  thtt  f^  xotetioii-ttrii  of  fti 
disc  levolves  Qnifimnly  ranaid  ati nis  pMaM  to  flie  etflli'inii 
in  a  dizeetion  contrary  to  thai  of  ike  eacih,  and  tliaft'it  ii  la- 
elined  to  1^  axis  at  an  angle  altndift  eoiMlBiit :  nndlMUhiflni 
general  preoeadonai  motion  tha  aadb  hia  alao  nHkUoli  of  nntriioi 
both  parallel  to  and  perpendietthr  to  tha  plana  af  tha  eaitf  • 

equator;  and  that  the  periodic  tnne  of  thaaa  nnfeationa  s  — ; 

80  that,  tiie  greater  the  initial  ttlgiihur  mlocifey  at  tha  diao,  tti 
shorter  is  the  periodic  time. 

446.]  I^rom  this  investigation  then  the  fbUorwii^ 

(1)  If  the  disc  of  the  gynuseope  has  not  aay  initial  angnhr 
velocity,  it  remains  at  relative  rest  mth  tha  earCii,  wliaiiier  As 
earth  rotates  or  not 

(2)  If  the  disc  rotates  with  a  veiy  rapid  angular  valoaitj,  aad 
its  axis  is  placed  in  a  position  of  relative  aqoililiriiini  with  Aa 
earth,  then  that  equilifariom  would  eontinaa  if  tha  aarth  did  not 
rotate ;  but  if  the  earth  rotates^  the  aada  of  diaa  haa  a  nJatiia 
motion. 

(8)  And  the  direction  in  which  this  motioa  talcda  place  does 
not  depend  on  that  of  the  angular  veloditjr  of  tha  diao,  hot  is 
always  opposite  to  that  of  the  angular  velocity  of  the  earth ;  and 
consequently,  if  it  is  observed,  it  indicates  the  direction  in  whidi 
the  earth  rotates ;  and  thus  its  motion  supplies  evidence  of  the 
rotation  of  the  earth. 

(4)  The  angle  of  inclination  of  the  rotation-axis  of  the  disc  to 
the  axis  of  the  earth  is  nearly  constant  throughout  the  motion 
of  the  disc  :  there  are  however  small  nutational  variations  of 
this  angle  as  well  as  of  the  precessional  velocity  of  the  axis,  the 
periodic  time  of  which  decreases  according  as  the  angular  velocity 
of  the  disc  increases. 

For  further  investigations  of  the  subject  of  the  gyroecope,  I 
must  refer  the  student  to  a  memoir  by  M.  Quet  contained  in 
Liouville's  Journal,  Vol.  XVIII,  and  to  another  Mathematical 
investigation  by  M.  Yvon  Villarceau,  p.  843,  Vol.  XIV,  Nou- 
velles  Annales  des  Math^matiques,  Paris,  1855. 
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CHAPTEE  IX. 

THE    MOTION   OF   ELASTIC   BODIES. 

447.]  The  principles  and  laws  of  motion  have  thus  far  been 
applied  to  rigid  bodies,  and  to  systems  of  rigid  bodies,  the  con- 
stituent molecules  of  which  have  been  assumed  to  be  in  a  state 
of  relative  rest  during  the  motion ;  and  the  equations  of  motion 
by  which  problems  have  heretofore  been  solved  have  been  de- 
duced from  these  principles  thus  restricted.  Our  purpose  is  to 
apply  them  more  generally.  Ere,  however,  we  do  so,  there  are 
two  reasons  why  we  should  repeat  as  concisely  as  possible  the 
modification  of  the  equations  which  this  assumption  of  the  rela- 
tive rest  of  the  constituent  molecules  introd^uces.  (1)  Because 
we  have  come  to  the  end  of  our  investigations  on  that  subject, 
and  it  is  good  once  more  prominently  to  restate  the  conspicuous 
principle  of  the  process  so  frequently  employed :  and  (2)  because 
in  the  present  chapter  we  shall  investigate  equations  expressing 
the  motion  of  a  particle  which  is  not  at  rest  relatively  to  its 
neighbouring  particles,  all  being  constituent  molecules  of  a  body  ; 
and  our  research  will  include  the  varying  form  of  flexible  bodies, 
(as  they  are  called,)  the  molecules  of  which  move  relatively  to 
each  other;  and  our  conception  of  such  motions  will  be  more 
exact  when  they  are  contrasted  with  those  of  the  molecules  of  a 
rigid  body  in  their  chief  differences. 

The  equations  of  motion  of  a  rigid  body  are  found  by  the 
following  process :  Let  dm  be  an  element  of  the  body,  and  let 
(a:,  f/,  z)  be  its  place  at  the  time  ^,  relatively  to  a  system  of  coor- 
dinate axes  fixed  in  space.  Now  this  particle  is  supposed  to  be 
under  the  action  of  certain  external  forces,  whereby  a  certain 
velocity  or  velocity-increment  is  impressed  on  it.  In  consequence 
of  this  external  force  it  would  have  a  definite  expressed  velocity - 
increment  if  it  were  alone,  and  thus  free  from  all  constraint  from 
its  surrounding  molecules.  As  it  is  not  free,  the  constraints 
enter  as  other  forces,  which,  affecting  its  motion^  produce  a 
change  of  its  expressed  velocity-increments:  these  constraints 
we  consider  as  internal  forces,  which  produce  their  own  efiects ; 
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the  form  ^  (q^  a^,  a^^ ...  a^  dq,  and  so  &r  as  one  each  term  is 
concerned,  we  should  have 


S=/    ^^(jftfiJ^gt'-O^J'* 


/ 


where  a  is  an  arbitrary  function  of  a^,,.,a^.  Differentiating 
this  with  respect  to  a,.,  we  obtain 

that  is, 

r^dd>  ,         d    r^      .  ,  .dK 

from  which  it  is  evident  that  differentiating  first  and  integrating 
afterwards  will  not  in  general  give  the  same  result  as  the  con- 
verse process. 

We  see  however  that  the  values  of 

/:>  /:.^«.- 

will  be  the  differential  coefficients  with  respect  to  ^2,^29  •••  of 

<l>,dq,  provided  that  a,  which  nuist  be  the  same  in  each  of 

these  integrals,  be  so  assumed,  that 

0  (A,  «!,..•  a,;  ^  =0 

for  eveiy  value  of  i.  This  condition  may  be  secured  in  either  of 
two  ways :  first,  by  taking  a  =  0,  or  a  ss  any  determinate  con- 
stant ;  that  is,  not  involving  a^, ... ;  or  secondly,  by  taking  for 
A  any  root  of  the  equation 

or,  which  is  the  same  thing,  a  value  of  q  which  would  make  p 
vanish. 

505.]  As  an  illustration  of  the  principal  formulse  hitherto 
established,  we  will  take  the  important  problem  of  the  motion 
of  a  single  particle  about  a  fixed  centre  of  force,  in  treating 
which  our  object  will  be  to  obtain  a  set  of  canonical  elements. 
The  advantage  of  this  form  of  solution  will  appear  afterwards. 

Let  m  be  the  mass  of  the  particle,  a,  y,  z  its  rectangular  coor- 
dinates at  the  time  ^,  referred  to  fixed  axes  having  their  origin 
at  the  centre  of  force. 

Then  if  r,  0,  X  be  polar  coordinatesj  such  that 

d?  =  rcosAcos^,  y  =  rcosXsin^,  «^  =  rsinX, 


.2  =^; 
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d^f  o  >     «     dn         R         , ,  . 

rf*w  o  ^      df         R     .     .  ,. 

multiplying  these  respectively  by  rff,  dri,  d(,  adding  and  inte- 
grating, bearing  in  mind  that  ^^  +  ^^  =  a\  and  that  the  action- 
line  of  B  lies  along  the  principal  normal  and  is  consequently 
perpendicular  to  the  tangent,  we  have 

which  is  the  equation  of  vis  viva. 

Also  multiplying  the  first  equation  by  17  and  the  second  by  ( 
and  subtracting,  we  have,  after  integration, 

j.dri        d(        2 

.'.     ^  =  20,. 

So  that  the  angular  velocity  of  m  is  constant,  being  twice  that 
of  the  tube. 

406.]  Let  us  take  an  example  in  which  the  angular  velocity 
of  the  moving  tube  is  not  constant,  such  as  is  the  case  in  the 
following  problem. 

Determine  the  motion  of  a  heavy  particle  ni  within  a  smooth 
tube,  so  thin  that  m,  the  mass  of  it,  may  be  neglected  in  the 
equations  of  motion,  which  is  bent  into  a  helix  rotating  about  a 
vertical  axis,  parallel  to  the  axis  of  the  helix  and  touching  it. 

Let  the  horizontal  plane  in  which  m  is,  when  all  is  at  rest,  be 
that  of  {x,y),  the  point  where  it  intersects  the  rotation-axis 
being  the  origin,  and  the  line  passing  through  the  point  where 
9»  is  at  rest  being  the  axis  of  w,  and  the  axis  of  z  being  vertical 
downwards.  Let  0  be  the  angle  through  which  the  tube  has 
revolved,  and  0  +  <l>  the  angle  through  which  the  vertical  plane 
containing  the  place  of  m  and  the  rotation-axis  has  revolved,  in 
the  time  t.    Then  the  coordinates  of  m  at  the  time  t  are 

X  =  2acos^cos(d  +  ^),   y  =  2a  cos <^  sin  (^  +  0),   z  =2a<^tana; 

^  =  a(l4-coB2^),    i7=asin2^,    C^^^<l>^^^9 

Kn  a 
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these  however  mnst  be  expressed  in  terms  of  the  new  variables ; 
*^^^^  c=mf^  (cos  X)2  d'=  ^„ 

Thus  we  have  the  three  integrals 

c  =  0„  (ii) 

*=  {(8ecX)«fl,«  +  X,*}t;  (iii) 

and  if  it  be  recollected  that  the  meaning  of  (u,  v)  is  now 

d(u,v)     d{u,v)       d(u,v) 
d^)'^  d{j^'^  d{}^^ 
it  will  be  found  on  trial,  not  only  that  (^,  c)  =  0,  (^,  ^)  =  0,  as 
we  know  a  priori,  but  also  that  (c,  k)  =  0. 

Hence  we  may  apply  the  method  of  Art.  502  to  the  equations 
(i),  (ii),  (iii) ;  that  is,  we  may  find  v  from  the  equation 

rfv  =  r,dr  +  e,de  +  Kd\^ 
in  which  r,,  ^„  X,  are  to  be  expressed  in  terms  of  r,  ^,  X,  ^,  <?,  i, 
by  means  of  (i),  (ii),  (iii). 

It  will  be  found  without  diflBculty  that 

X,=  {>t2-c2(8ecX)*}*; 

and  it  is  obvious  that  r,dr  +  6^d0  +  \^d\  is,  as  it  ought  to  be,  a 
perfect  differential. 

Supposing  V  to  be  found  by  integration,  the  three  remaining 
integral  equations  w^ould  be,  Art.  502, 

dy  dv  ^^      Q 

dh^^"^^'         ^  =  ^        ^  =  ^' 
where  r,  a,  fi  are  three  new  constants. 

•  The  conclusions  of  Art.  504,  however,  shew,  that  we  may  per- 
form the  differentiations  before  the  integrations,  if  the  inferior 
limits  of  the  latter  be  properly  chosen ;  and  in  accordance  with 
the  rule  there  laid  down  we  may  take  0  as  the  limit  for  0  and  X, 

and   a  root  of  the  equation  2m  {h  +^  (r)}  — ^  =  0,  say  p,  as 

|he  limit  for  r.     This  being  understood,  we  should  have 

'    v  =  y''^|2«2(>i  +  ^(r))~pjV  +  <?^+y'V--^(secX)«}*rfX; 


407.]  ON   A   MOVING  SUEFAOB,  549 

which  is  the  equation  of  relative  vis  viva ;  and  from  which  ^ 
and  0  might  be  determined  in  terms  of  t,  were  integ^tion 
possible. 

407.]  Lastly,  let  us  consider  the  motion  of  a  heavy  particle 
moving  in  contact  with  a  surJEsice  which  rotates  with  an  uniform 
angular  velocity  about  its  C'^^i  which  is  vertical  and  is  the 
fixed  ;?-axis. 

Let  the  equation  to  the  sur&ce  be 

^(^.^,0  =  0; 

of  which  let  the  partial  derived  functions  be  u,  v,  w ;  also  let 

u2  +  v2  4-w*  =  Q«; 
then  we  may  suppose  the  particle  to  move  in  a  thin  space  con- 
tained between  two  parallel  surfaces  infinitesimally  near  to  each 
other ;  in  which  case  the  equations  of  relative  motion  are 


dt^         ^  dt       mq 

di^  '  dl       mq, 

d^C  EW 


(47) 


=  -::  -^; 


dt^  mq, 

if  we  multiply  these  respectively  by  d(,  dti^  and  dC  and  add  and 
integrate,  we  have 

where  c  is  a  constant  depending  on  the  initial  values  of  the 
several  quantities. 

If  t;  is  constant,  or  if  the  particle  remains  at  rest  whoever  it 
is  put,  so  that  v  ^  0,  this  is  the  equation  to  a  paraboloid  of 
revolution. 

If  V  varies  as  the  distance  from  the  fixed  origin,  the  surface  is 
a  quadric  surface  of  revolution. 

The  following  example  is  in  illustration  of  these  equations: 

On  a  rough  horizontal  whirling  table  revolving  about  a  ver- 
tical axis  with  a  constant  velocity  a>  a  heavy  particle  m  is  placed, 
in  relative  rest :  determine  its  subsequent  motion. 

Let  p  be  the  friction  between  the  particle  and  the  table ;  then 
the  equations  of  motion  are 

dt^         *  di  m  ds     X  /^q. 
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(w,  f/\  and  therefore  a  is  evidently  the  longitude  of  the  ascending 
node. 

Lastly,  equation  (vi)  shews  that  when  r:=p^  sin X  =  sin  i.  sin  /3; 
but  from  the  triangle  above  mentioned  we  have  also  sin  X  = 
sin  I .  sin  5  ;  hence  we  see  that  when  r  =  p,  5  =  /3,  from  which  it 
is  evident  that  )3  is  the  angle  between  the  least  distance  and  the 
node. 

508.]  We  shall  briefly  indicate  the  application  of  these  results 

to  the  case  of  the  undisturbed  motion  of  a  planet  about  the  sun. 

Let  fi  =  mass  of  sun  +  mass  of  planet;  then,  m  being  the  mass 

tnu, 
of  the  planet,  we  shall  have  for  the  force-function  <^(r)  =  —  ; 

also,  from  the  ordinary  theory  of  elliptic  motion,  we  have 

A  =  —  -— ,         A  =  ««{/ia(l  — e^)}*,        <?  =  f»{/ia(l  — tf*)}*cosi. 

Hence  we  have  the  following  set  of  canonical  elements,  ar- 
ranged in  conjugate  pairs.  The  signs  of  the  first  pair  have  been 
changed,  which  is  obviously  allowable,  and  J9  is  put  for  a(l— ^), 
that  is,  for  the  semi-latus-rectum ; 

-^ ,  time  of  perihelion  passage  ; 

tn{fxj))^  cos  i,  longitude  of  node; 

^(Mi')^i  distance  of  perihelion  from  node. 

These  elements  were  first  given  by  Jacobi. 

509.]  Variation  of  elements.  Returning  to  the  general  form 
of  the  difierential  equations^ 

let  us  suppose  that  a  complete  set  of  integrals  c^^  C29 ...  c^n  has 
been  obtained,  where  c^,  c^, ...  represent  certain  functions  of  the 
variables  i^i,  ?i> ...  ,  and  ^,  which,  by  virtue  of  the  differential 
equations,  have  constant  values;  and  conversely,  jo^,  J32»  •••  *™ 
given  functions  of  <?i,  Cg,...,  and  t  Now  let  C|, ...,  <?8fi  continue 
to  represent  the  same  functions  of  the  variables  and  t,  but  let 
the  variables  be  determined  as  functions  of  ^  by  a  different  set 
of  differential  equations,  say^ 

^*        d^i'       ^'     d§:  ^^^^ 

where  q   is,  like  h,  a  given  function  ot  Pi,...f^f  ?!>•••  ?»»  ^t 
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-    Snppooe  that  for  certain  initial  yalnai  of  the  ynuSMm  aad 
ihar  MiffiBientialfl,  ny, 

the  motion  is  repveaented  bjr  the  integralai 

0  =  Oj,     ^s*|,     V^  =  Tj,-.;  (192) 

and  aappose  that  for  another  flTstem  of  yalnes,  aajr, 

*"^«'    W"^ ) 

the  motion  is  represented  by  the  int^gials, 

*=6i,    ♦=♦„    *  =  n»— 5  0**) 

and  so  on  for  •  systems :  then  for  the  systems  of  yalnes  whidi 
are  the  sams  of  all  tiiese  valoes^  vis. 

the  motion  is  represented  by  the  som  of  the  partial  integrals;  vis., 

0  =  ©1  +  82+...,    J 

<^  =#i+#2  +  ,„,  I  (195) 

for  these  yalaes  will  satisfy  the  differential  equations  of  motion 
by  reason  of  their  linearity ;  and  they  redace  themselyes  to  the 
several  initial  values  when  ^  =  0;  thus  they  satisfy  all  the  con- 
ditions of  the  problem. 

The  preceding  processes  are  only  applicable  when  we  confine 
ourselves  to  small  motions  and  to  first  approximations.  If  a 
more  exact  determination  is  required,  we  must  return  to  the 
original  equations  of  motion  in  their  complete  forms,  and  sub- 
stitute in  terms  of  the  second  degree  relatively  to  the  variables 
those  values  which  we  have  found  in  terms  of  ^  to  a  first  ap- 
proximation ;  and  then,  neglecting  all  the  terms  of  a  degree 
higher  than  the  second,  we  shall  have  new  equations  which  will 
differ  from  the  first  only  by  the  addition  of  a  new  member, 
which  is  a  known  function  of  t.  Values  of  0,  <^, . . .  will  be  deter- 
mined from  these  to  an  approximation  higher  than  the  former. 
And  if  an  approximation  is  required  still  more  exact,  we  must 
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^^nantities,  and  denoting,  for  a  moment,  the  new  form  of  a  by 
^^  we  shall  have,  by  the  elementary  properties  of  the  symbol 
2jU,  t?),  Ai-t.  466, 

/     f       K      da,        .     da,        .  da  ,  , 

■  in  which  the  first  term  vanishes,  since  (c^ ,  Cj)  =  0. 
**      The  general  form  is  evidently,  omitting  the  line  over  n, 

,      da ,        .     da,        .  da  ,  .  , ... 

:.  c,  =_(.,,cJ+^^^(.„.,)  +  ...  +  ^— (e,„.c<),        (48) 

y  involving  2«— 1  terms  on  the  right-hand  side.  And  by  giving 
,  to  }  the  values  \y  2,  ...  2m^  we  obtain  a  set  of  2»  differential 
equations,  which  will  involve  only  the  new  variables  Cj,  <?2»  ••• 
instead  of  j^u^^g*  ••• »  when  the  terms  (c^,  ^J  ... ,  which  are  given 
functions  of  the  old  variables,  are  expressed  in  terms  of  the  new. 
It  follows,  from  what  was  proved  in  Art.  490,  that  when  so  ex- 
pressed they  will  not  contain  t, 

510.]  But  the  formula  (48)  undergoes  a  remarkable  simplifi- 
cation when  ^i,...^2n»  ai'e  &  set  of  canonical  elements;  for  in 
that  case  all  the  terms  {c^^  cj,  (cjj,  c,), ...  vanish  except  one, 
namely,  that  in  which  c^  is  combined  with  its  conjugate  element, 
and  then  the  term  is  either  4-1  or  —  1. 

Suppose  then  that  a^,  ...  a^^  ^i, ...  i»  are  canonical  elements, 
80  that  (a,,  h^  =  1,  (^^,  fl.)  =  — 1,  and  all  other  combinations 
give  zero.     The  formula  (48)  will  be  seen  at  once  to  give 

,         da  ,      da  ,.^. 

which  are  the  transformed  equations  in  this  case,  and  are  of  the 
same  general  form  as  the  original  equations. 

These  formulae  were  discovered  in  a  particular  case  by  La- 
grange; namely,  that  in  which  flfj,  ^i, ...  are  the  initial  values 
of/?i,  ^1, ... .  The  extension  to  canonical  elements  in  general  is 
due  partly  to  Sir  W.  R.  Hamilton  and  partly  to  Jacobi. 

There  are  many  points  of  interest  and  importance  connected 
with  the  further  development  and  application  of  the  theory  of 
the  variation  of  elements,  but  we  cannot  afford  space  for  them 
here. 

511.]  We  shall  conclude  this  Chapter  by  a  brief  notice  of  an 
addition   to  the   general  thcoxy  of  the  Hamiltonian  equations 
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BO  that  ^,  which  detennines  the  plane  of  oscillation  of  the  pen- 
dulom  at  the  time  /,  does  not  vaij  directly  with  i^  and  oon- 
seqoently  the  pendulum  does  not  levolYC  nniformly.    Also 

which  represents  an  ellipse ;  so  that  the  bob  of  the  pendolam 
describes  a  path  whose  prqjection  on  the  plane  of  (4j,  jf)  ia  an 
ellipse.  All  these  results  are  in  accordance  with  those  of 
Art  441>  VoL  UL 

Ex.  2.  A8yBtemofaheaYyrodsOA|,A|A2,...,of  ^venleng^ths 
2«i,  2agy...y2a,  is  formed  by  means  of  smooth  joints  at  their 
eoctremities  a^,  a,,  ...»  as  in  "Eig,  68,  and  is  suspended  by  the 
extremity  o  from  a  fixed  point.  Determine  the  small  oscillationB 
of  the  system,  when  the  motions  of  all  are  in  the  same  vertical 
plane^say  of  («,jf). 

Let  the  angles  which  the  rods  respectively  make  with  the 
vertical  Ojf  be  0|,  0,» ... ;  and  let  («i, jfi),  (^g'^s)'  •••  ^  ^®  places 
of  their  centres  of  gravity  at  tbd  time  t ;  let  «a|,  s^,  si,, ...  be 
the  msssfiB  of  the  rods^  and  i^^  i^^ ...  their  mdii  of  gyration  rela- 
tive to  axes  passing  through  their  centres  of  gravity,  and  per- 
pendicular to  the  plane  of  (a?,  Jf).  Let  x^,  t^,  x,,  t,,  ...  be  re- 
spectively the  horizontal  and  vertical  components  of  the  actions 
of  the  joints  at  a^  ,  a^,  . . . ;  then  denoting  time-differentiations  by 
accents,  the  complete  equations  of  motion  are 
Ml  {a^  +  *i*)  ^i"=  — «»i^^i  sin  ^1  +  2  a^  (Xj  cos  0^  —  y^  sin  0^ ;  (197) 


// ^    .  «.         _  ..  // 


rn^k^e^'^  flfg  {(Xi  +  X2)co8^2-(Yi  +  Y2)8in^2}  ;J        ^        ^ 


// «.    ,  ^  _.  _  // 


^3^8    =-X2  +  X3,  ^3^3    =«f3^-Y2  +  Y3,      J  ,^^g. 

^3  V  ^3''=  «3  {  (^2  +  X3)  cos ^3  -  (Y2  +  Y3)  sin  ^3} ;  J       ^       ^ 


// V  _.  _  // 


«»»  K^  ^n-  «•  { x,_i  cos  ^, -  Y,_i  sin  ^« }  ;  J  ^       ^ 
but  the  variable  coordinates  are  subject  to  the  following  equations : 

«r2  =  2aisin^^  +  a8in^2»)  /jqi) 

5^2  =  2aiCOs^i  +  a2C08^  ;  J  ^       ' 

fl?3  =  2ai8in^i  +  2a28in^2+«38iii<^3,?  /202) 

^3  =  2fliC0S^4  +  2a2C0S^2  +  ^3C08^3;J 

a?„  =  2aisin^i+...  +  2a,_i8in^,_i  +  a,8in^,,)  , 

jr,  j=  2ajC0sfli+  ...  +  2a,_iC0s^».j  +a»cos^,.)  ^       ' 
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^'  and  by  the  substitution  of  these  values  of  j^j, ...  j9„,  h  and  C 
might  be  expressed  in  the  same  way :  we  shall  prove  that  after 

jf  this  substitution  the  equation  (51)  would  still  subsist,  the  dif- 
ferentiations being  all  performed  only  so  far  as  the  variables 
would  appear  explicitly.  But  since  h  and  C  would  no  longer 
contain  i'l, ...  jc^  explicitly,  all  the  terms  in  (51)  which  involve 

I  differentiation  with  respect  to  these  m  variables  would  disappear ; 
and  the  equation  would  become 

*      ^Pm+i(lqm+i      dq^+1  djhn+i     *"'      dj)^  dg^      dq^  dp^         '  ^     ^ 
in  which  the  number  of  terms  is  diminished  by  2m. 

In  this  equation  H  is  a  given  function  of  the  quantities  (52) ; 

but  as  it  does  not  involve -3 — ,  ...  •= — >  the  variables  ^i,..,, 

dqi  dq^  ^^ 

would  be  treated  as  constants  in  integration.  Any  solu- 
tion of  it  will  be  a  function  of  the  same  quantities  (52), 
and  will  be  an  integral  of  (50) ;  but  the  number  of  distinct 
solutions  will  be  less  by  2;»  than  those  of  (51).  In  fact  (53) 
will  be  satisfied  by  «m+ij  •••  ^m  im+i>...i»>  but  not  by  a^,  ... 
^m>  ^i>  •••  ^m;  &i^d  it  follows  that  any  solution  c  of  (53)  will 
satisfy  the  conditions  (<?,  a^  =  0,  ((?,  a^)  =  0,  but  any  two  solu- 
tions, ^,  e,  will  not  necessarily  satisfy  the  condition  (<?,  e)  =  0. 

512.]  We  proceed  to  demonstrate  what  has  been  stated  in 
the  last  Article.  Let  h,  when  transformed  by  substituting  for 
j^D  •••i'm  ^he  values  obtained  from  the  given  integrals  a^,  •••  a^ 
in  terms  of  the  quantities  (52),  be  denoted  by  H.  The  equation 
(51)  is  iC 

but  by  the  elementary  property  of  the  sjrmbol  («,  t?),  before 
referred  to,  we  have 

(h,  0  =  (H,  0+^J«i>0+.-+5Jk»  0; 

in  which  the  expression  (h,  C)  is  to  be  formed  by  differentiating 
H  with  respect  to  the  variables  only  so  far  as  they  appear  expli- 
citly.    Thus  the  equation  (51)  becomes 

and  this  would  still  be  satisfied  by  putting  ^  =  any  integral  of 
(50).     But  if  f  be  any  one  of  the  integrals  fli, ...  a,,  4a,+i ...  i», 
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where  e^,  Pj,  j8i,  yj  are  four  constants  introduced  in  integration, 
which  are  to  be  determined  from  initial  or  other  circumstances. 

If  we  had  eliminated  0^  from  (208),  we  should  have  found  a 
linear  differential  equation  of  the  fourth  order  of  the  same  form 
and  coefficients  as  (209)  in  terms  of  0,^,  and  integrating  we  should 

l^ftve  0^  =  E2COs(ri^  +  /3,)  +  P2Cos(r2^  +  y2),  (^H) 

where  e^,  v^,  ^2)  72  '^^  constants  introduced  in  integration,  and 
which  depend  on  initial  or  other  circumstances.  Thus  the  varia- 
bles which  determine  the  position  of  the  bars  consist  of  two 
circular  functions,  of  which  the  periodic  times  are  respectively 

—  and  —  ;  and  since  r^  and  r^  have  no  common  measure,  what 

is  the  position  of  the  beams  at  any  time  never  recurs ;  but  if  r, 
and  r^  had  been  such  as  to  have  a  common  measure  »,  a  given 

.  2-77 

position  of  the  beams  will  always  recur  at  intervals  -     • 

Ex.  4.  An  uniform  heavy  rod  of  length  2  a  is  suspended  at 
one  end  from  a  fixed  point  by  means  of  a  string  of  length  /, 
whose  weight  may  be  neglected.  The  rod  is  slightly  displaced 
from  its  position  of  equilibrium ;  it  is  required  to  determine 
its  small  oscillations. 

Let  the  point  of  suspension  be  taken  for  the  origin ;  and  let 
the  horizontal  plane  through  it  be  the  plane  of  (a?,  j^),  and  let  the 
.^-axis  be  taken  positively  downwards.  Let  m  =  the  mass  of 
the  rod ;  and  at  the  time  t  let  T  =•  the  tension  of  the  string, 
(;c,  yy  2)  be  the  place  of  the  extremity  of  the  string,  [x',  y\  /)  the 
place  of  the  centre  of  gravity  of  the  rod ;  (f,  ??,  C)  the  place 
of  any  element  dm  of  the  rod,  the  distance  of  which  from  the 
upper  extremity  =  *.  Then  the  equations  of  motion  of  the  centre 
of  gravity  of  the  rod  are 


(212) 


but  since  the  displacement  of  the  string  and  beam  is  always 
small)  X,  y,  x\  /  are  always  small,  and  approximately,  z=  i, 
^=  l+a;  consequently  for  the  preceding  equations  we  have 
their  approximate  values  • 

jit. 
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and  (55)  will  then  only  be  satisfied  hy  C=  a^,  in  the  sense  that 

all  the  differential  coefficients  of  C  vanish  separately ;  that  is^  in 

the  sense  that  the  equation  is  satisfied  by  patting  C  =  ^^7 
constant. 

It  follows  therefore  that,  in  the  ordinary  sense,  (55)  is  satis- 
fied by  ^m+i, ...  a^,  ^m+i»  •••  ^a)  expressed  in  terms  of  the  quan- 
tities (52),  but  not  by  the  remaining  integrals  of  the  canonical 
set. 

If  the  distinctive  notation  of  (55)  be  omitted,  and  the  equa- 
tion be  written  at  length,  the  result  is  the  equation  (53)  of  the 
last  Article. 

These  formulae  require  some  alteration  in  the  case  in  which 
the  principle  of  vis  viva  subsists ;  but  we  have  not  space  to  enter 
further  into  the  subject. 

513.]  In  taking  leave  of  the  subject,  it  is  proper  to  mention 
the  investigations  of  Jacobi,  contained  in  his  Memoirs,  entitled, 
"Theoria  nova  multiplicatoris  systemati  eequationum  differen- 
tialium  vulgarium  applicandi,"  Crelle's  Journal,  Vols.  XXVII 
and  XXIX.  These  investigations  are  only  so  far  connected 
with  the  subject  of  this  Chapter,  that  they  are  applicable  to  the 
Hamiltonian  equations  as  a  particular  case.  But  although  the 
results  are  interesting  and  important,  they  are  omitted  here 
because  the  demonstration  depends  on  the  properties  of  func- 
tional determinants,  and  could  not  be  given  without  a  long 
digression. 


THE     END. 
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problem  of  the  motion  of  a  heavy  body  having  a  point  fixed,  at 
which  two  of  the  principal  moments  are  equal,  say,  a  =  b,  and 
the  third  principal  moment  c  is  greater  than  a,  the  centre  of 
gravity  being  in  the  c-axis,  at  a  distance  h  from  the  fixed  point ; 
and  the  angle  between  the  c-axis  and  the  vertical  being  always 
small. 

Let  the  fixed  point  be  the  origin,  and  let  the  vertical  line 
passing  through  it  be  the  r-axis :  and  let  h  be  the  distance  of  the 
centre  of  gravity  along  the  (r^n^  from  the  origin :  then 

\,^=,mghh\        u  =  '-mgAa\         N  =  0; 

and  (220)  become 

d^a     ..         .     db 
^^-,-(2a-c)«^ 

of  which  the  form  is 


^  yn  -(^A-c)«;^+«2(c-A)a  ^mgha\  ) 


±(-)ir„  +(-)i 


r 


2> 


(228) 


(224) 


dr^  dt 

whence  eliminating  d,  we  have 

'^)^+2(2a^  +  ^-');^+^«a  =  0.  (225) 

Now  the  characteristic  of  this  equation  is 

r*  +  2  (2  a*  +  ^^)  r"  +  ^*  =  0.  (226) 

Solving  this,  we  have 

v=  ±(-)M«±(a-  +  /3^)n 
=  ±  (_)i  |i|zf  «  +  (c-«'-4A>.^/})i  j  .  ^227) 

and  thus  we  have  three  cases : 

(1)  If  c-;/^  is  greater  than  \kwgh  ;  that  is,  if 

«2  is  greater  than  ii?^  ,  (228) 

the  four  values  of  r  are  impossible ;  let  them  be 


then  the  solution  of  (225)  is 

a  =  f  1  sin  (rj  /  +  yj  +  c^  sin  (r^  t + y^  ;  (229) 
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From  (181)  it  sppean,  that  u  =  m,  only  when  z=y  =  0; 
that  ia,  the  maaft-centre  is  the  only  point  at  which  the  bod/  will 
strike  an  obetacle  as  if  it  were  a  mass  equal  to  its  own  mass  ; 
and  in  this  case  p  =  q. 

If  the  centre  of  percussion  is  the  point  of  impact,  P  e=  q  ;  bat 

M  =  -5 — i — ,. — 5 =-rs  =  m  7-    „  ;  (184) 

a^V  +  ^l^o  +«'**  ^  +  * 

and&om(91),  (fc  A  +  A' 


BO  that  the  momentmn  is  produced  by  a  mass  smaller  than  m, 
moving  with  a  greater  velocity.  Although  therefore  against  a 
fixed  obstacle  the  momentum  of  the  blow  t  is  the  same,  whether 
the  obstacle  be  at  the  mass-centre  or  at  the  centre  of  percussion  1 
yet  against  a  particle  of  finite  mass,  say  m',  the  effects  will  be 
di^rent.  Theee  we  proceed  to  investigate ;  and  we  shall  deter- 
mine both  the  velocity  of  m'  after  impact  from  the  body,  as  well 
as  the  velocity  of  the  impinging  point  of  the  body  after  impact 
on  m'. 

863.]  Let  V  and  v'  be  the  velocities  of  the  body  and  of  m' 
after  collision  at  the  point  (x,  jr) ;  let  e  =  the  elasticity ;  and 
let  us  suppose  m'  to  be  at  rest  when  the  impact  takes  place  ; 
then,  from  Art.  263,  Vol.  Ill, 


(135) 

If  we  equate  to  zero  the  x-  and  j'-difi^erentials  of  v',  the  point 
will  be  determined  at  which  m'  must  be  struck  so  that  it  may 
move  after  collision  with  the  greatest  velocity :  this  process  gives 

-  =  ^ ;  (187) 

which  Bhews  that  the  point  of  greatest  percussion  is  in  the  liiiQ 
joining  the  mass-centre  and  the  centre  of  impulsion.  If  r  if 
the  distance  of  the  required  point  from  the  mass-centre,  tlu% 
as  in  Article  359, 

r=  ~i'+h''  +  U'(l  +  ~)l*-  (IJ 

Thns  there  are  two  points  at  which  a  body  impinging 


u 
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particle  n'  will  oaose  it  to  more  after  ooUiBioQ  with  a  maximum 
velocity;  these  points  are  equidistant  from  the  spootaneouB 
centre  which  coireeponds  to  the  centre  of  impulsion,  and  that 
on  the  positive  side  of  the  spontaneoos  centre  lies  farther  from  it 
than  the  mass-centre.  These  two  points  are  the  centres  of  great- 
est percussion  when  bi'  =  oc  ;  that  is,  when  the  mass  of  the  par- 
ticle against  which  the  body  impinges  is  infinitely  great,  and  is 
thus  equivalent  to  a  fixed  obstacle. 
And  corresponding  to  these  distances, 

of  which  valoes  one  is  positive  and  tiiie  other  ia  negative ;  the 
former  shews  that  the  particle  m'  will  move  with  a  velocity 
whose  direction  is  the  same  as  that  of  Q ;  the  Utter,  which  cor- 
responds to  the  point  of  percussion  on  the  aide  of  the  spontaneons 
axis  away  from  the  maas-centre,  gives  a  velocity  of  >»'  in  the 
opposite  direction. 

In  a  similar  way  may  the  pcnnt  be  det«miined,  at  which,  if 
the  body  impinges  on  m',  the  vriodty  of  the  point  of  impact 
aftier  collision  will  be  a  maximam ;  for  if  we  take  the  t-  and  y- 
partial  difierentiale  of  (135),  and  equate  them  to  zero,  the  points 
will  be  determined  by  means  of  these  two  equatuMU. 

364.3  Now  at  the  instant  when  the  body  has  impinged  against 
a  fixed  obBtacle  at  the  point  {x,  y),  that  point  of  the  body  is  at 
rest;  yet  there  remains  the  motoentnm  p",  which  is  given  in 
(100),  whose  point  of  application  is  u,  see  Fig.  41 :  as  v  bowerer 
is  a  point  in  o's,  which  is  the  8HiB|BeoaB  axis  rvlatire  to  B 
ae  a  centre  of  impnloim  at  whiol^^^^p'  produces  d«  cftct 
on  n ;  and  thus  tainiHBL  pf  th^^^^^Bfaot  instant  if  doe  to 
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given  in  (100) ;  and  consequently  if  «'  =  the  velocity  of  the 
mass-centre, 

m"  m         a^ar'  +  l/^f  +  aH^         *  ^     ^ 

And  if  a'  =  the  angular  velocity  about  the  spontaneous  axis 
through  B  due  to  p^,  and  i£  p  =  the  perpendicular  distance  from 
the  centre  of  gravity  on  that  line, 

mj>a'=z  p',  (143) 

^{a^{X'-x^^y{x^y^y^x)Y^\h^{y--y^^rx{x,^y^y^x)]^. 

If  the  point  {x^y^  lies  on  the  line  joining  the  mass-centre  and  the 
original  centre  of  impulsion,  these  expressions  become  much 
simplified  ;  because^  in  that  case, 

thus  the  equation  to  the  spontaneous  axis  through  r  becomes 
a2(a?-«?o)f+*'(j'-yo)^  =«'^  +  iV-«'«^o-iVyo;  (144) 

^^  {a^{x^x,f  +  b^{y-y,f]^'  ^      ^ 

, _  Q  {a'{^-^of-^i\y-yof}^ .  ..... 

a  particular  case  of  this  last  simplification  is  that  in  which 
the  obstacle  is  placed  at  a  centre  of  greatest  percussion ;  see 
Art.  359. 

Questions  exactly  analogous  to  those  which  I  have  alluded  to 
in  Art.  359  arise  out  of  the  preceding  values  of  w'  and  n',  and 
give  points  which  may  be  called  points  of  greatest  reflexion  and 
of  greatest  conversion. 

365.]  Thus  as  to  u';  the  problem  may  be  to  determine  the 
place  of  a  fixed  obstacle,  or  of  a  particle  of  given  mass,  so  that 
it  may  be  a  maximum ;  or  the  place  of  a  fixed  obstacle,  so  that 
it  may  have  a  given  value ;  say,  be  equal  to  the  original  value  of 
the  velocity  of  the  mass-centre  but  in  an  opposite  direction ;  or 
to  find  the  place  of  the  obstacle,  so  that  //  may  be  equal  to  0. 

As  to  critical  values  of  «'  I  would  observe,  that 

p'  Q p 

?/=  —  = }  by  reason  of  (92) ; 

mm 
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BO  that  whatever  values  of  x  and  y  give  critical  values  for  p,  also 
give  critical  values  for  p^  and  for  u^ :  these  values  have  been 
already  investigated  in  Art.  350,  and  give  what  are  therein  called 
centres  of  greatest  percussion ;  these  centres  then  are  also  centres 
of  greatest  reflexion.  Also,  since  there  are  two  such  centres,  we 
have  also  two  critical  values  of  u\ 

"i  -   m  2P  ' 


*«  ~   «  2A'  '  ' 


(147) 


Q 

The  latter  of  these  is  positive,  and  is  evidently  greater  than  —  * 

which  is  the  original  value  of  the  velocity  of  the  mass-c«ntre : 
this  is  paradoxical :  it  seems  contrary  to  the  first  principles  of 
mechanics  that  a  body  should  strike  against  a  fixed  obstacle,  and 
aflber  impact  rebound  with  the  velocity  of  the  mass-centre  greater 
than  that  velocity  before  impact.  But  consider  this  in  reference 
to  Fig.  46  ;  v  and  V  in  it  are  the  centres  of  greatest  percussion, 
and  consequently  of  greatest  reflexion  ;  and  u\  corresponds  to  the 
point  v',  so  that  when  the  obstacle  is  placed  at  that  point,  and 
the  body  impinges  against  it,  the  velocity  of  G  after  the  impact 
is  greater  than  before.  The  body  moves  by  the  blow  Q,  which  is 
given  at  c,  from  below  to  above  the  paper ;  and  rotates  about 
the  axis  o  s ;  if  however  it  impinges  against  the  obstacle  at  v^, 
that  angular  velocity  becomes  modified,  and  os,  which  was  at  rest 
before  the  impact,  moves  in  the  direction  CQ,  and  the  velocity 
of  G  is  increased.  We  must  not  however  hence  infer  that  the 
momentum  of  the  body  is  increased ;  for  that  would  be  contrary 
to  the  principles  of  mechanics ;  but  some  of  the  momentum, 
which  is  due  to  the  angular  velocity,  by  means  of  the  obstacle 
becomes  momentum  of  translation ;  and  hence  it  is  that  the 
velocity  of  the  mass-centre  is  after  impact  greater  than  it  was 
before.  Thus,  a  ball  from  a  rifled  gun,  having  velocity  both  of 
translation  of  its  mass-centre  and  of  rotation  about  an  axis 
through  that  centre,  may  have  its  velocity  of  translation  in- 
creased by  meeting  with  an  obstacle,  and  thus  may  be  carried 
£Eirther  than  if  it  never  met  with  such  an  obstacle.  This  is  one 
of  the  peculiar  and  surprising  £EUits  of  ricochet  practice. 

366.]  If  «*'=—  —  >  the  velocity  of  the  mass-centre  will  be 

tn 
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nfter  impact  tha  Bune  as  it  ^nw  before  bat  in  an  opposite  diree* 
lion;  then 

wbich  is  the  equation  to  an  ellipse  (fdnular  to  the  central  ellqia^ 
^nd  similarly  sitnated ;  the  points  which  give  this  vidoe  of  ^mn 
called  points  of  perfect  refleaion ;  and  the  ellipse  (148)  is  called 
the  ellipse  of  perfect  zeflezion. 

Again,  as  to  a^ ;  it  is  a  function  of  0  and  jr ,  and  the  iralnea 
of  those  quantities  may  be  found  which  wiU  give  to  o'  a  critical 
Yalue.  Also,  those  may  be  found  which  will  assign  a  point  on 
idiich,  when  the  body  impinges,  the  angular  velocity  after  im- 
pact wiU  have  a  given  value;  say,  be  equal  to  that  before  impact^ 
and  in  an  opposite  direction.  Points  which  give  these  yaloeB  to 
ff  are  called  respectively,  points  of  maximum  conversion,  points 
of  given  conversion,  and  points  of  perfect  conversion, 

llius,ifA'  =  0,  p'sO;  and 

so  that  for  all  points  on  the  ellipee  given  by  (98),  r  =  q,  r^  =  o, 
«'  ss  o,  o^  =  0 ;  that  is,  if  the  obstacle  is  on  that  ellipse,  the 
body  impinges  on  it  with  a  momentum  equal  to  that  of  originiJ 
impulsion ;  the  mass-centre  of  the  body  is  brought  to  rest,  and 
there  is  also  no  angular  velocity;  in  fact  the  body  is  brought  to  rest. 

If  ft'=  _  Q  (?%y^V).,   g^  (89j^  ^  ^ha^  ^ijg  angular  ve- 

locity  after  the  impact  is  equal  to,  but  of  contrary  direction  to, 
that  before  impact,  then,  if  we  take  the  particular  case  given  in 
(146),  we  have 

{aHx^x,f  +  l^{y^,,f}i  ^      (a^V  +  6V)i . 

which  gives  an  equation  of  the  fourth  degree  in  terms  of  x  and 
y;  all  points  on  the  curve  expressed  by  which  are  points  of 
perfect  conversion. 

To  determine  the  points  for  which  of  has  a  critical  value,  the 
d?-  and  jr-partial  differentials  of  (148)  or  of  (146)  must  be  equated 
to  zero :  in  the  general  case  however  they  lead  to  results  so  much 
complicated  that  it  is  useless  to  insert  them. 

867.]  In  the  preceding  Articles,  see  Art.  849,  (49)  and  (50), 
and  Art.  862,  (188),  it  has  been  shewn,  that  a  body  may  be 
equivalently  replaced  by  two  particles  of  definite  and  determinate 
masses  at  the  ends  of  an  immaterial  rigid  and  straight  bar,  so 
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far  as  the  effects  of  momentum  commnnicated  to  the  body  by  a 
blow,  and  the  effects  of  impact  of  the  body  on  a  fixed  obstacle 
are  concerned.  This  property  is  of  considerable  use  in  the  solu- 
tion of  another  problem  :  A  body  of  given  mass  moving  with  a 
given  velocity  impinges  on  a  given  body  at  a  given  point,  it  is 
required  to  determine  the  motion  of  the  bodies  at  the  instant 
after  impact. 

I  will  assume  the  line  of  motion  of  the  moving  mass  to  be 
in  a  central  principal  plane  and  to  be  parallel  to  a  principal 
axis  of  the  body  on  which  it  impinges.  Let  m  be  the  mass  of 
the  latter  body,  »*'=  the  impinging  mass,  of  which  let  the  velo- 
city at  the  point  of  impact  be  t/ ;  let  the  line  of  motion  of  m'  be 
in  the  central  principal  plane  of  (^,  ^),  and  be  parallel  to  the 
axis  oiy ;  let  c,  see  Fig.  46,  the  point  of  impact,  be  in  the  axis 
of  a;  at  a  distance  =  x  from  the  mass-centre  G ;  and  let  h  be 
the  radius  of  gyration  of  the  body  about  the  axis  Gxr,  which  is 
perpendicular  to  the  line  of  action  of  the  blow.     Let  o  be  the 

spontaneous  centre  reciprocal  to  c  ;  so  that  o  o  =  — ^  •     Now  in 

Art.  362  we  have  shewn,  that  so  far  as  concerns  blows  given  by 
it,  the  body  m  may  be  replaced  equivalently  by  two  masses 
M  and  m',  which  are  therein  assigned,  of  which  the  former  is 
placed  at  c,  and  the  latter  at  o ;  and  that  as  o  is  a  centre  re- 
ciprocal to  c,  the  mass  m'  placed  at  o  neither  affects  nor  is 
affected  by  the  blow  given  at  c ;  so  that  as  far  as  the  momentum 
of  a  blow  at  c  is  concerned,  the  effect  of  the  body  will  be  the  same 
as  that  of  the  mass  m  placed  there :  all  this  is  explained  in 
Art.  862.  The  problem  then  which  is  proposed  for  solution  is 
this ;  m'  moving  with  a  velocity  i/  impinges  on  M  at  rest :  it  is 
required  to  determine  the  motion  of  m  and  m'  after  collision. 
The  principles  of  Art.  263,  Vol.  Ill,  are  suflScient  for  the 
purpose,  and  may  be  applied  as  follows: 

Let  V  =  the  velocity  of  m  after  impact ;  v'=  the  velocity  of 
m'  after  impact ;  and  let  e  =  the  elasticity.     Then,  since 

-=TO'  <^^^) 

_  (l+g) m'ip^x^y  .     > 

V^^f^+^llI^,  (152) 

H  h  !% 
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tims  tihe  momentam  of  m  after  impttot  s  m  t 

^^q+^)^^  (168) 

and  ihis  is  the  momemtmn  of  the  body  at  the  point  c,and  ie  fiiat 
wUbb  haa  hitherto  been  denoted  by  Q^ 

The  momentum  imparted  to  the  body  deereaaee  aa  as  inoraaaea ; 
and  Taniahea  when  d^  ss  oo  ;  and  the  greateet  yaloe  is  that  which 
eorreaponds  to  d^  =  0. 

If  the  bodiea  are  perfectly  inekstie,  «  =  0 ;  in  which  caae  the 
momentam  imparted  to  the  body 

Snppoae  now  that  m'  and  t^  are  imaUeay  with  the  condition 
of  their  piodnefe  being  conatant ;  that  ia,  the  momentam  of  the 
impinging  ball  ifl  constanti  althoogh  ita  maaa  and  velocity  vary ; 

~y»  n^ff^y^v^\  (166) 

and  sappose  moreover  that,  whatever  ia  the  distance  from  G  at 
which  m^  impinges,  the  momentam  imparted  to  the  body  is 
the  same  ;  say,  ss  si  v^ ;  then, 

and  conBeqnently  m'  (P  +  a?*)  is  constant,  =  Wo^^  ^7  5 

...    «'  =  ;^;  (156) 

in  which  equations  m^  and  if  are  expressed  as  functions  of  d?,  and 
are  thus  determinable  for  any  distance  from  the  mass-centre  of 
the  point  of  impact. 

Thus,  if  a  hammer  is  to  be  constructed  and  used,  so  that  the 
same  quantity  of  momentum  is  to  be  imparted  to  a  body  whose 
mass  is  m,  whatever  is  the  distance  of  the  point  of  impact  fit)m 
the  mass-centre,  the  momentum  of  the  blow  of  the  hammer 
being  always  the  same,  then  the  mass  of  the  hammer  and  the 
velocity  of  the  blow  are  given  by  (156)  and  (157). 

368.]  The  following  are  examples  in  which  these  principles  are 
further  applied. 

Ex.  1.  Two  uniform  rods  ab  and  bc,  having  a  joint  at  b. 
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are  placed  in  the  same  straight  line,  ab  is  stmck  at  ▲  by  a 
blow  whose  momentum  is  q,  in  a  line  perpendicular  to  ab, 
it  is  required  to  determine  the  subsequent  motion  of  a  b 
and  BC. 

Let  m  and  tnf  be  the  masses,  and  2a  and  2a^  the  lengths 
of  the  rods ;  and  let  g  and  o'  be  their  respective  mass-centres. 
Let  7  and  v'  be  the  velocities  of  translation  of  the  mass-centres, 
and  A  and  of  the  angular  velocities :  let  x  be  the  reaction  at  b, 
which  is  at  right  angles  to  the  rods.  Let  o  and  o^  be  the  instan- 
taneous centres,  and  let  6  o  =  w,  g^o^  =  a/. 

.\    ipn  =  v,    a?'n'=  v',    (a-a?)a  =  (a'+a<)a';  also 

«IV  =  Q  +  X, 


maa 

-g-  =  Q-x; 


(168) 


X  = 


8'  ftt'  +  2«t* 

n       2a'  i»'  +  2«i      ^   .^  ,      , 

7>  =  qT  — Z. —  =  2,  \im  =  /;i  and  a  =  a  ; 
XI       oa        fit 

Displacement  of  A  __  (a-fa?)n  _2(i»  +  «i')_      t      _     / 
Displacement  of  c      (a— a?')n'""        m        ""    '  ""      ' 

Ex.  2.  Three  uniform  and  equal  thin  rods  ab,  bc,  CD  are 
antinged  as  three  sides  of  a  square  having  joints  at  B  and  c :  the 
end  A  is  struck  in  the  plane  of  the  rods  and  at  right  angles  to 
A  B  by  a  blow  whose  momentum  is  Q.  It  is  required  to  compare 
the  angular  velocities  of  a  b  and  c  D,  and  the  displacements  of 
A  and  D. 

Let  m  be  the  mass,  and  2a  the  length  of  each  rod ;  let  G 
and  g'  be  the  mass-centres  of  a  b  and  c  d  respectively,  G  o  =  a?, 
G^o^=  (x!\  and  let  t and  t^  be  the  reactions  at  Band  c  respectively. 

Then  (1)  as  to  a  b. 


(fit  /       atL\ 


(159) 


CLX  =  V. 

(2)  as  to  b  G, 

T— t'  =  m  (a—x)Q,  =  «»(«  +  «?') n', 

the  displacements  of  B  and  c  being  equal  and  in  the  same 
direction. 
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(3)  B8  to  C  D, 


T— t'^^v       -     aft 


(160) 


m.        2  6 

(Sx—a)Q—2aa'      .  /    .  ^   / 

=si '-^ =(o— af)n  =  (<i+«^n  ; 

_  17a      n'  _  1 
•*•    *~'2r'      a-7' 
Displacement  of  a  _  (a+seja  _ 
Displacement  o£  D  ~  (a—af)  a'  ~ 

If  B  c  were  a  thin  string  whose  mass  might  be  neglected,  then 

t'=t:  6a  ,      a  n'      1 

Displacement  of  A  ^ 
Displacement  of  d 

Ex.  3.  An  uniform  rod,  moving  parallel  to  itself  with  a 
velocity  v,  impinges  on  a  smooth  plane  which  is  perpendicular 
to  the  line  of  motion  of  the  rod,  the  rod  being  inclined  at  an 
angle  to  the  line  of  motion.  Determine  the  initial  circum- 
stances. 

Let  m  be  the  mass  and  2a  the  length  of  the  rod  ;  then  if  n  is 
the  initial  angular  velocity,  v^  the  initial  velocity  of  the  mass- 
centre,  Bq  the  momentum  of  the  impact,  and  a  the  angle  between 
the  rod  and  the  normal  to  the  plane,  the  equations  of  motion  are 

w  v  =  Bq  +  W2  Vq  ;    —^  -  =  fl  Rq  sin  a ;  v^  =  a  sm  a  n,  whence  n,  Kq 

and  Vq  may  be  found. 

369.]  Ex.  4,  A  heavy  spherical  billiard  ball  on  a  rough  hori- 
zontal table  is  struck  by  a  cue  at  a  given  point  with  a  blow  of 
given  intensity  in  a  given  direction  ;  it  is  required  to  determine 
the  resulting  motion  of  the  ball. 

Let  a  =  the  radius,  m  =  the  mass  of  the  ball ;  Q  =  the  mo- 
mentum of  the  blow ;  a  =  the  angle  at  which  its  line  of  action 
is  inclined  to  the  plane  of  the  table. 

Let  the  horizontal  plane  which  passes  through  the  centre  of 
the  ball  and  is  parallel  to  that  of  the  table  be  the  plane  of(^,y) ; 
and  let  the  line  in  it  parallel  to  the  vertical  plane  which  con- 
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tains  the  line  of  q  be  the  axis  otx;  let  ^  =  the  horizontal  dis- 
tance from  the  centre  of  the  ball  to  the  vertical  plane  which 
contains  the  line  of  blow ;  and  let  k  be  the  perpendicular  distance 
on  the  line  of  blow  from  the  point  where  A  meets  the  vertical 
plane  containing  that  line. 

Let  Fcos/3  and  FsinjS  be  the  components  parallel  to  the 
axes  of  X  and  y  respectively  of  the  friction  against  the  table 
which  is  brought  into  action  by  the  blow ;  let  n^,  a2>  ^3  ^®  ^^® 
resulting  angular  velocities  about  axes  through  the  centre  of  the 
ball  which  are  parallel  to  the  coordinate  axes ;  and  let  Uq  ,  v^ 
be  the  resulting  expressed  velocities  of  the  centre  of  the  ball, 
parallel  to  the  coordinate  axes.  Then  the  equations  of  transla- 
tion parallel  to  the  axes  of  x  and  y  are 


uuq  =  qcosa^Fcos)3, 
uvq  =  — F  sin  p 


■} 


and  if  a  is  the  moment  of  inertia  of  the  ball  about  an  axis 
through  its  centre, 

An^  =  —  q/isina— aFsinj8, 

Afig  =        q^  +  ^FC0S)3, 
Arijj  =  — Q^COSCU 

If  B  =  the  pressure  of  the  ball  on  the  table,  due  to  the  blow, 

B  =:  qsina; 

since  the  line  of  action  of  b  passes  through  the  centre  of  the  ball, 
it  produces  no  effect  on  A^,  A29  or  A3. 

Thus  the  axial  components  of  the  velocity  of  the  point  of 
contact  of  the  ball  with  the  plane  are  UQ^ao^y  Vq  +  uOj^;  con- 
sequently, if  s^  =  (u^^aci^f  +  (vo + a  Aif, 

as  )3  is  the  angle  at  which  the  initial  path  of  the  point  of  contact 
is  inclined  to  the  axis  of  ^, 

eos/3  sinjS         1 


tiQ-aa^       Vo  +  an^       s* 


(161) 


and  since  the  friction  acts  as  a  retarding  force  along  the  line  of 
motion  of  the  point  of  contact,  its  line  of  action  is  thus  de- 
termined ;  and  the  friction  is  known  in  terms  of  the  pressure  b, 
so  that  the  four  unknown  quantities  UqjVq^  a^,  Q^  are  involved  in 
four  independent  equations,  and  may  be  determined  without 
difficulty ;  and  thus  the  initial  motion  of  the  ball  will  be  de- 
termined.    Applications  of  these  results  will  be  made  hereafter. 


'  f  ■■-  ^-.-".-irsrf  ■  ••,.-  '"■'■oil 
*    -#  -'      ■«   ' 


irt  Ji  worn  OH  A  nop.  H^BIIL 


S7D.]  Bk.  5.  A  bo^  «  Mili  en  a  prop  and  ii  ikmk,  hf  m 
VUm  ivhoM  mmominm  is  q,  tiie  fine  <£  waMm  ef  tihe  Umt 
feeing  in  a  eentnl  frineipel  ]^ane»  end  feieUel  te  eoe  eenini 
prineqnl  eade;  and  tiie  Ime  ef  xeeetion  ef  tiie  prop  limig  is 
the  aame  pxineipel  jdane,  and  peielM  to  llie  fine  e^ 

Lei  onnhe  a  eintnt  prineqial  exie  ef  tte  bedf  wiieee  mmm 
ie  «f  end  imei  emKhn  ie  o«  Let  o  be  tiie  piop  end  n  the 
pnnt  of  apflioation  ef  tiie  lilowwhoee  momentnm  ie  q^  end  ef 
eAidiqnietiiefiiieof  eetien;  tibie  fine  ef  motion  fating  in  the 
emiaeel  prfiwiiMJ  i^ane  nee:  eee  1%.  47.    It  ie  ofident  fimt  if 

»Mnentinn  of  the  jneinnie  borne  bftiie  props  q;  enppoeelMMr* 
efesrthatliiepoint  of  impeotoftiieblovieniivbeKeenater;  let 
Tt  SB  the  m^Mnentnm  borne  by  cv  end  let  i^  be  timt  appfied  at  o» 
niiidi  18  the  Bp<Hiteneoos  eentre  xeoiiaooel  to  o»  both  tlioBe  being 
dn0  to  q;  then  tibe  pxennize  f^  doep  not  a&ot  the  pieeme  at  c^ 
whieh  is  a  point  xeciprooal  to  o,  so  that  p  is  the  whole  pmesme 
on  the  prop. 

are  the  eomponentB  <^  q,  q  =  r— ^; 

and  i.(A+^)  =  q(^+ar); 

.-.    p  =  <i5^;  (162) 

which  aeedgns  the  pressure  borne  bj  the  prop.  If  a?  =  A,  p  =  q  ; 
that  is,  the  blow  is  applied  at  the  prop,  and  the  pressore 
borne  by  the  prop  is  equal  to  the  momentum  of  the  blow.     If 

X  ^  — T '  that  is,  if  the  blow  is  struck  at  o,  the  spontaneous 

centre  relative  to  c,  p  =  0. 

p  increases  as  x  increases,  and  p  is  greater  than  q  when  x  is 
greater  than  h :  it  follows  therefore  that  by  means  of  an  inter- 
vening body  «s,  a  blow  of  given  momentum  can  produce  a  pres- 
sure of  any  intensity  on  a  given  prop.    If  ^=oo,  p=:oo. 

If  however  the  blow  is  caused  by  a  hammer  of  mass  m\  and 
impinging  with  a  velocity  v'  on  a  point  whose  distance  from  the 
mass-centre  is  x ;  then,  from  (154), 
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and  therefore       p  =  ^-^.^J^^^^^+i^^ .  (164) 

If  in  this  exjvetasion  m'  and  v'  have,  for  a  distance  x^  the  values 
found  for  them  in  (156)  and  (167),  then  the  momentum  of  the 
blow  of  the  hammer  is  always  the  same,  and  the  momentum 
borne  by  the  prop  is  given  by  (162),  and  may  consequently  be 
of  any  magnitude  whatever. 
P  is  a  maximum  in  (164)  when 

^=->l'±(>l'2^^i±!??.'*2)*,  (165) 

where  go  =  A'=  -j ;  which  gives  two  points  equidistant  from  o. 

Thus  if  i«  =  ^' ;  and  h  =  >l'=  ^, 

fl?  =  (-l±3*)i. 

Similarly  may  the  points  of  impact  be  determined,  so  that  the 
momentum  of  the  pressure  borne  by  the  obstacle  may  be  of  a 
given  value. 

I  cannot  conclude  this  subject,  in  which  I  have  borrowed 
largely  from  the  Memoirs  of  Poinsot,  contained  in  Vols.  II  and 
IV  of  the  second  series  of  Liouville's  Journal,  without  alluding 
to  a  remark  which  he  makes  of  the  process  by  which  the  cir- 
cumstances of  motion  of  a  rigid  system  having  a  fixed  axis  or  a 
fixed  point  may  be  deduced  from  those  of  a  similar  free  system. 
He  considers  a  fixed  point  to  be  a  particle  of  a  certain  definite 
mass,  introduces  this  mass  and  its  incidents  into  all  the  equa- 
tions of  motion,  and  in  the  final  results  makes  this  mass  infinite ; 
and  this  particle  of  infinite  mass  he  considers  to  be  a  fixed 
point ;  on  which,  of  course,  as  to  translation,  a  finite  force  has 
no  efiect ;  but  for  an  axis  passing  through  that  point  the 
moment  of  inertia  of  the  body  is  finite,  and  consequently  the 
impressed  couples  will  produce  their  own  rotatory  efiects. 


Section  2. — Motion  of  a  free  invariable  sydem  under  the  action  cf 

finite  accelerating  forces. 

371.]  We  now  come  to  the  most  general  case  of  absolute 
motion  of  a  body,  or  of  any  system  or  systems  of  material  parti- 
cles under  the  action  of  finite  forces.  Many  processes  have 
been  devised  for  the  purpose,  and  several  of  them  are  especially 
adapted  to  particular  classes  of  problems.     All  however  are 
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founded  upon  the  principle  of  D'Alembert ;  and  their  equations 
of  motion  are  derived  from,  or  are  identical  with,  those  six 
equations  in  which  we  have  expressed  that  theorem.  I  propose 
to  apply  these  to  the  solution  of  problems  of  motion  in  prefer- 
ence to  other  and  derived  processes;  because  we  shall  hereby 
maintain  an  uniformity  of  process  and  of  principle,  and  because 
the  circumstances  of  the  problems  will  be  resolved  into  their 
most  simple  elements.  We  shall  indeed  take  the  forms  which 
these  equations  admit  of,  in  virtue  of  the  theorems  proved  in 
Section  2  of  Chap.  Ill ;  we  shall  consider  the  motion  of  trans- 
lation of  the  mass-centre,  by  assuming  all  the  forces  to  act  on  a 
particle,  whose  mass  is  equal  to  the  whole  mass  of  the  moving 
system,  placed  therein;  and  in  our  inquiry  into  the  rotation 
of  the  system,  we  shall  assume  the  mass-centre  to  be  a  fixed 
point,  and  the  body  or  material  system  to  rotate  about  an  axis 
passing  through  that  point.  Thus  the  motion  of  the  system  in 
the  first  place  depends  on  the  two  following  groups  of  equations : 

W'^-S)  =  0,  I-  (166) 

If  M  is  the  mass  of  the  whole  moving  system,  (J*,  y,  z)  is  the 
place  of  the  mass-centre  at  the  time  t,  and  if  (x\  y\  z')  is  the 
place  of  m  relatively  to  a  system  of  coordinate  axes  originating 
at  the  mass-centre,  and  parallel  to  the  original  system  of  axes ; 
then,  by  the  theorems  of  Section  2,  Chap.  Ill,  these  take  the 
forms  -.d^^x 

-dry  _ 

Tt' 
.dH 

dt^ 


u-r^  =  5.»^x, 


M-7;2  =  ^•"'Y' 


M-rnr    =  5.W«Z  ;  , 


(168) 
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•-{^(^-^)-''('-''#)}=<'' 


(169) 


By  reason  of  the  former  of  these  last  two  groups,  the  motion  of 
translation  of  the  body  is  reduced  to  that  of  a  single  material 
particle  whose  mass  is  M ;  and  to  this  motion  all  that  has  been 
said  in  Vol.  Ill  is  applicable.  The  second  group  reduces  the 
motion  of  rotation  to  that  of  a  body  rotating  about  an  axis 
passing  through  a  fixed  point  of  it ;  and  consequently  to  this 
motion  all  that  has  been  said  in  the  preceding  Chapter  is 
applicable.  The  problem  therefore  requires  two  processes  in 
combination,  each  of  which  has  been  separately  discussed ;  and 
little  else  remains  than  to  illustrate  the  combination  by  means 
of  particular  examples.  Indeed  I  have  already  anticipated  the 
process  in  the  investigation  of  the  phaenomena  of  terrestrial 
precession  and  nutation  in  the  preceding  Chapter ;  because  we 
have  assumed  the  centre  of  the  earth  to  be  fixed,  whereas  it 
has  a  motion  of  translation  in  space. 

In  investigating  the  motion  of  rotation  of  the  body  about  the 
point  which  is  assumed  to  be  fixed,  we  may  use  the  simplifica- 
tions and  substitutions  of  the  last  and  preceding  Chapters. 
Thus,  if  0)^,  o)y,  (»)g  are  the  angular  velocities  at  the  time  t  about 
any  three  coordinate  axes  originating  at  the  fixed  point,  (169) 
become  (54),  of  Art.  156 ;  which  however  it  is  unnecessary  to 
repeat  in  this  place  as  we  shall  employ  simplified  forms  of  them. 
We  shall  investigate  the  angular  velocities  of  the  body  at  the 
time  t  relatively  to  the  three  principal  axes  of  the  body ;  and  the 
equations  for  determining  these  are 

A-^-f(c-B)a)jja)3=  L, 


(170) 


dt 

because  hereby  (theoretically  at  least)  the  angular  velocity  of 
the  body,  and  the  position  of  the  instantaneous  rotation-axis 
relatively  to  the  principal  axes,  may  be  determined  at  the  time 
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t ;  and  thanoe  we  mmj  detemuiie,  a8  in  the  preeeding  C]iapter» 
the  motion  of  the  bodj  in  zeference  to  fixed  axes,  bj  meuui  of 
the  thiee  connecting  ang^  0,  ^,  ^. 

And  if  the  podtion  of*  the  rotation-axia  which  pasBee  through 
the  masB-centre  of  the  body  ia  invftriable  lektiTely  to  the  bodj, 
then  the  rotation  is  determined  by  the  limple  eqnfttkm, 

dM^  moment  of  impteased  ibreeB  nTl\ 

di "~  moment  ci  inertia  ^      ^ 

In  the  abbtion  of  mechanical  problems,  the  theorema  of  yis 
vrrsi  and  of  oonaerration  of  aieasi  may  fxeqnentiy  be  applied,  to 
the  saving  of  considerable  tnmble;  not  indeed  because  they 
contain  any  truth  besides  those  inyolYcd  explicitly  or  implicitly 
in  the  equations  of  motion,  bat  because  they  an  first  intsgiala 
of  these  equations.  In  a  didactic  tveatise,  however,  as  deameaa  of 
conception  and  accmaoy  of  expzession  are  of  pazamoont  import- 
ance ;  and  as  these  will  be  obtained  when  the  oizeamstances  of  a 
problem  are  xoBolved  into  their  simplest  elements;  so  in  the 
fidlowing  problems,  the  equations  of  motion  are  generally  given 
in  their  original  fiorms,  and  tar  the  complete  solution  of  a  pro- 
blem two  successive  integrations  are  required.  In  some  cases 
the  equations  of  areas  and  the  equation  of  vis  viva  will  be  given 
directly:  and  the  latter  will  frequently  present  itself  in  the 
derived  form  which  has  been  proved  in  Art.  113 ;  viz.,  the  vis 
viva  of  the  system  is  equal  to  the  sum  of  the  vis  viva  of  the 
whole  system  condensed  into  its  mass-centre,  and  of  the  vis  viva 
of  the  several  particles  relative  to  the  mass-centre. 

372.]  The  following  are  problems  on  the  motion  of  rigid 
bodies. 

Ex.  1.  A  heavy  homogeneous  sphere  rolls  down  a  rough  in- 
clined plane ;  it  is  required  to  determine  the  motion. 

We  suppose  the  sphere  to  be  placed  at  rest  on  the  plane,  and  to 
roll  down  it  so  that  the  point  of  contact  describes  a  straight  line 
perpendicular  to  the  line  of  intersection  of  the  inclined  and  hori- 
zontal planes.  Let  Fig.  48  represent  a  section  of  the  sphere  and 
plane  at  the  time  t,  made  by  a  vertical  plane  passing  through 
c  the  centre  of  the  sphere.  Let  a  be  the  point  of  the  sphere 
which  was  originally  in  contact  with  the  plane  at  the  point  o ; 
let  a  be  the  radius  of  the  sphere;  op  =  9,  acp  =  d,  m  =  the 
mass  of  the  sphere,  f  =  the  friction  of  rolling,  R  =  the  pressure  of 
the  sphere  on  the  plane,  a  =  the  angle  of  elevation  of  the  plane. 
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Now  c  evidently  moves  along  a  straight  line  parallel  to  the 
plane ;  so  that  for  its  motion  of  translation  we  have 

M^  =  M^sina-P; 

and  if  c  is  considered  fixed,  the  sphere  evidently  rotates  about  a 
horizontal  axis  parallel  to  the  plane ;  and  if  ^  is  the  radius  of 
gyration  of  the  sphere  relative  to  this  axis, 

and  since  the  plane  is  perfectly  rough,  so  that  the  sphere  does 

not  slide,  ds  =  adO ;  also  X^  =  -=-  ; 

5 

d^s        d^e     5     . 

which  assigns  the  motion ;   also  B  =  Mucosa,   p  =   — ^ • 

If  the  plane  were  perfectly  smooth,  the  impressed  velocity- 
increment  along  the  plane  would  be  ^  sin  a;  so  that  the  rough- 
ness of  the  plane  which  causes  the  rolling  diminishes  the  action 
of  gravity  along  the  plane  by  two-sevenths  of  its  full  value. 
If  the  rolling  body  were  a  circular  cylinder  with  its  axis  holl- 
ar 
zontal,  then  >P  =  — ;  and 


^  =  o^sina; 


d^_2 

dt^^Z 

so  that  the  roughness  of  the  plane  would  diminish  the  action  of 
gravity  along  the  plane  by  one-third  of  its  full  value. 

Ex.  2.  A  hollow  spherical  shell  is  filled  with  fluid  and  rolls 
down  a  rough  inclined  plane ;  determine  its  motion. 

Let  M  and  m'  be  the  masses  of  the  shell  and  fluid  respectively ; 
and  let  k  and  J^  be  the  radii  of  gyration  of  them  respectively 
about  a  diameter ;  let  a  and  a'  be  the  radii  of  the  exterior  and 
interior  surfaces  of  the  shell ;  then,  employing  the  same  nota- 
tion as  in  Ex,  1,  we  have 

d^8 
(m  +  m')^  =  (M  +  iO^sina— F. 

As  the  spherical  shell  rotates  in  its  descent  down  the  plane,  the 
fluid  has  only  motion  of  translation ;  so  that  the  equation  of 
rotation  is  d^Q 
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If  tlie  interior  were  solid,  mnd  rigidly  joined  to  the  shelly  the 
eqofttion  of  motion  would  be 

{(M+iO«*+MiP+ii'i6^)  ^  =  (M+il')«»^Bina. 

Thm  if  #  and  /  are  the  spaces  through  which  the  centre  moves 
dniing  the  time  t  in  these  two  cases  respectiyelj,  then 

7""     rM+iO<i«+MiP     • 

so  that  a  greater  space  is  described  by  the  sphere  which  has  the 
fluid  than  by  that  which  has  the  solid  in  its  interior. 

Kthe  densities  of  the  solid  and  the  fluid  are  the  samCi  replac- 
ing i  and  i^  by  their  valoesi 

"Ejl  8.  A  heavy  right  circular  cylinder  is  composed  of  two 
sabstancesi  whose  volnmes  are  equal,  and  whose  densities  are  p 
and  /;  these  substances  are  arranged  in  two  di£brent  forms ;  in 
one  case,  that  whose  density  is  p  occupies  the  central  part  of  the 
wheel,  and  the  other  is  placed  as  a  ring  around  it ;  in  the  second 
case,  the  places  of  the  substances  are  interchanged ;  t  and  f  are 
the  times  in  which  the  cylinders  roll  down  a  given  rough  in- 
clined plane  from  rest ;  shew  that 

fi:f^::6p+7p':5p'+7p. 

Ex.  4.  A  homogeneous  heavy  sphere  rolls  down  within  a  fixed 
rough  spherical  bowl ;  it  is  required  to  determine  the  motion. 

Let  the  circumstances  be  as  represented  in  Fig.  49,  where  b  is 
the  radius  of  the  bowl,  a  is  the  radius  and  m  is  the  mass  of  the 
rolling  sphere  ;  and  let  us  suppose  the  sphere  to  have  been  placed 
at  rest  in  the  bowL  Let  ocq  =  <^,  qPA  =  d,  bco  =  a  ;  then  as 
the  sphere  rolls  and  does  not  slide,  aO  =  b^a—tp);  let  a>  be  the 
angular  velocity  of  the  sphere  at  the  time  t^  so  that 

"^     dt      '^       dt       "         a     dt 
In  reference  to  cm  and  oc  as  coordinate  axes,  let  {x^}/)  be  the 

place  of  p  at  the  time  t ;  so  that 

y  =  4— (i— fl)co8<^,     X  =  (i— fl)sin<^; 
then  the  equation  of  vis  viva  is 
ida?^      dy^      2fl*     o ) 
^  \W  ■*■  5^  ■*■  "5"       J  "^  2«fy  (eos«^-eosa)  : 
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whence  we  have 

(*-«)^  = -7^(«M*-cosa); 

from  which  <^  may  be  expressed  in  terms  of  t  by  means  of  elliptic 
functions. 

If  K  is  the  pressure  of  the  sphere  against  the  bowl, 

,,       \d<b^                 .             17cos6  — lOcosa 
B  =m(b-'a)'^  -^mffcosff)  =  mff ^-= ; 

so  that  the  pressure  at  the  lowest  point  =  mp = »  and 

the  pressure  vanishes  when  17  cos  <^  =  10  cos  a 

If  F  is  the  friction  at  the  point  of  contact  at  the  time  tj 

,-       .d^<b            .    ^        2maem<b 
¥  =  m{b-a)  ^  +  mff&m(l>  =  ^ — ^; 

as  this  =  0,  when  <^  =  0,  there  is  no  friction  at  the  lowest  point 
of  the  bowl. 

If  the  ball  rolls  over  only  a  small  arc  at  the  lowest  part  so 
that  a  and  0  are  always  small,  then  replacing  cos  <^  and  cos  a 

by  1  —  ^  and  1  —  "o  respectively,  we  have 

•*•    *  =  «^  {7(1=7)}*' •■ 

thus  the  ball  comes  to  rest  at  points  whose  angular  distance  is 
d  on  both  sides  of  o,  the  lowest  point  of  the  bowl ;  and  the 

periodic  time  =  tt  )  — ^^ — -  ^  ;  consequently  the  oscillations  are 

performed  isochronously  with  those  of  a  simple  pendulum  whose 

7 
length  is  ^  (*—«). 

Ex.  5.  A  heavy  uniform  beam  of  length  2  a  and  mass  m  slides 
down  between  a  smooth  vertical  wall  and  a  smooth  horizontal  plane, 
the  beam  moving  in  a  vertical  plane.     Determine  the  motion. 

Let  the  intersection  of  the  horizontal  and  vertical  planes  and 
of  the  plane  of  motion  of  the  beam  be  the  origin,  and  let  (^,y)  be 
the  place  of  the  centre  of  gravity  of  the  beam  and  0  its  inclina- 
tion to  the  horizontal  plane  at  the  time  t ;  so  that  a  =  acos d, 
^  =  fl  sin  0. 
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Hence  the  equation  of  vis  viva  is 


if  a  is  the  inclination  of  the  beam,  when  at  rest,  to  the  horizontal 

plane;  4a^  dO^      ^      .  ,  ,    ^, 

.•.  -g-^=  2^a(sino— sind), 

whereby  0  may  be  expressed  in  terms  of  t  hj  means  of  dliptic 
functions. 

If  X  and  T  are  the  pressures  against  the  Yertical  wall  and  the 
horizontal  plane  respeddyely, 

x  =  ^-TTi  = ^7 (2smo— Ssind): 

Y  =  »f^  +  «i  ^  =  ^  {l-6  8ina8in^  +  9(sin  d)*}, 

2 
Hence,  when  sin  ^  =  »  sin  a,  the  beam  leaves  the  vertical  wall  but 

o 

does  not  leave  the  horizontal  plane ;  the  pressure  on  which  is  a  max- 
imum, and  is  =  ^  — ^—  •  Thus  the  subsequent  circumstances 
of  motion  become  changed,  the  beam  has  a  constant  horizontal  velo- 
city =      Q       (sina)^  J  and  also  an  angular  velocity  =  (— ^ — )  ' 

about  a  horizontal  axis  passing  through  the  centre  of  gravity ; 
finally  the  beam  becomes  horizontal  and  lies  in  the  plane. 

Ex.  6.  A  heavy  homogeneous  sphere  rolls  down  the  rough  face 
of  a  wedge  ;  the  wedge  rests  on  a  smooth  horizontal  plane,  along 
which  it  slides  by  reason  of  the  pressure  of  the  sphere ;  it  is  re- 
quired to  determine  the  motions  of  the  sphere  and  of  the  wedge. 

The  circumstances  of  motion  at  the  time  t  are  delineated  in 
Fig.  50.  m  =  the  mass  of  the  ball,  m  =  the  mass  of  the  wedge  ; 
a  =  the  radius  of  the  ball,  a  =  the  angle  of  the  wedge  ;  Q  the  apex 
of  the  wedge,  o  the  place  of  Q  when  ^  =  0  ;  o'  the  point  on  the 
wedge  which  was  in  contact  with  the  point  a  of  the  sphere,  when 
t  =  0]  at  which  time  let  us  suppose  all  to  be  at  rest ;  a c p  =  ^, 
the  angle  through  which  the  sphere  has  revolved  in  the  time  /. 

Let  o  be  the  origin,  and  let  the  horizontal  and  vertical  lines 
through  it  be  the  axes  of  x  and y;  o q  =  a?';  and  let  (a?, y)  and 
(Af  i)  be  the  places  of  the  centre  of  gravity  of  the  sphere  at  the 
times  t  =  f,  and  ^  =  0  respectively. 
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Then  the  equation  of  vis  viva  is 

Also,  as  no  external  force  acts  parallel  to  the  axis  of  ^,  the  centre 
of  gravity  of  the  two  moving  bodies  moves  in  a  vertical  straight 
line,  so  that  f»(^-A)  +  Ma?'  =  0. 

Also  from  the  geometry, 

X  =  A  +  a?'— a^cosa,        y  =  ^— a^sina; 


,\  a?  =  A a^cosa. 


M  +  ^ 

Whence 

7 M^-f  {4  + 10  (sin  g)^} Mffl+  {2  +  5 (sin a^} nf'  dO^  _  2^0^11  a 

5(m  +  w)«  dt^"        a 

and  thns  d,  and  thence  x  and  y,  may  be  determined  in  terms  of  t 
Also  from  above 

(/«  +  M)(a?— ^)sino— M(y— ^)coso  =  0; 

which  shews  that  the  path  described  by  the  centre  of  the  sphere 
is  a  straight  line. 

Ex.  7.  A  heavy  beam  o  v,  see  Fig.  51,  turns  about  a  hinge  at 
o,  and  its  end  p  rests  on  a  smooth  inclined  plane  or  wedge, 
which  slides  along  a  smooth  horizontal  plane  which  passes 
through  o :  it  is  required  to  determine  the  motion  of  the  beiuin 
and  of  the  inclined  plane. 

Let  m  and  m  be  the  masses  of  the  beam  and  wedge  respectively; 

2a  =  the  length  of  the  beam,  a  =  the  angle  of  inclination  of 

the  plane  to  the  horizon;  poq  =  d,  oq=x^    Then,  from  the 

geometry,  we  have, 

a;  sin  a  =  2a  sin  (a— d). 

Now  the  equation  of  vis  viva  is 

4a2  dO^  do:?       ^         /  •    ^        .    ^x 

^TW^'^^W^  2j^ay(sm^o-Biii  ^) 

where  Qq  is  the  value  of  d,  when  the  system  is  at  rest ;  and,  re- 
placing -n  by  its  value  in  terms  of  -^ ,  we  have 

im         .cos(a— (9)\*)rf(92      ^9 1  -    ^        •    m 

whence  Q  may  be  expressed  in  terms  of  t  by  means  of  elliptic 
functions. 

Ex,  8.  A  heavy  body  whose  bounding  sur&ce  is  a  circular 
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velocity  is  the  same  at  all  points  of  the  tube  so  that  t;  =  t^^  =  a 
constant,  then  the  preceding  equation  is  that  to  a  paraboloid  of 
revolntion ;  and  hence  the  tube  in  the  form  of  a  generator  of 
this  paraboloid  satisfies  the  condition  that  a  particle  remains  at 
rest  in  it,  whatever  its  place  may  be ;  the  latus  rectum  of  this 

parabola  is  ^. 

405.]  Also  let  us  consider  the  case  in  which  a  particle  m  moves 
in  a  tube  capable  of  rotation  about  a  given  axis,  say  that  of  z  or 
C;  but  in  which  the  angular  velocity  is  not  constant.  In  this 
case,  if  »  is  the  angular  velocity  of  the  moving  system  at  the 
time  t,  the  equations  of  relative  motion  are 


dP  r\     dt  m 

W  =z+-C08y; 


(46) 


where  a^  fi,  y  are  the  direction-angles  of  the  principal  normal  at 
the  time  ^,  and  n  is  the  pressure  of  the  tube  on  the  particle. 

In  illustration  of  these  equations,  I  will  take  the  following 
examples. 

Determine  the  motion  of  a  heavy  particle  m  within  a  smooth 
tube,  so  thin  that  the  mass  of  it  may  be  neglected  in  the  equa- 
tions of  motion,  which  is  bent  into  the  form  of  a  helix  and 
rotates  with  a  constant  velocity  o)  about  the  axis  of  the  helix 
which  is  vertical,  and  with  which  the  helix  is  rigidly  connected 
by  means  of  thin  wires. 

Let  the  horizontal  plane  in  which  m  is  at  relative  rest  be  that 
of  (Xj  y)y  the  point  where  it  intersects  the  axis  of  the  helix  being 
the  origin,  the  axis  of  z  being  measured  vertically  downwards, 
and  the  axis  of  x  passing  through  the  initial  place  of  ?n.  Let  <f> 
be  the  angle  through  which  the  vertical  plane,  containing  the 
axis  of  the  helix  and  the  place  of  w,  has  revolved  in  the  time  f. 
Then  the  equations  to  the  helix  are 

(  =  rt cos (</)  —  0) ^),     rj  =:  a  sin (</)  —  £0 ?f),     C=  a(<f>^a)f)t&na  ; 
and  the  equations  of  motion  are 
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d^f  o  J.     ^     dn         R         , 

__««f-2a,^  =-008(^-0,0, 

djc 

dV^  "'^' 

multiplying  these  respectively  by  df,  d-q,  d^  adding  and  inte- 
grating, bearing  in  mind  that  £^  +  77^  =  a^,  and  that  the  action- 
line  of  B  lies  along  the  principal  normal  and  is  consequenUy 
perpendicular  to  the  tangent,  we  have 

d9^ 

which  is  the  equation  of  vis  viva. 

Also  multiplying  the  first  equation  by  17  and  the  second  by  f 
and  subtracting,  we  have,  after  integration, 

•••      -^  =  2a). 
dt 

So  that  the  angular  velocity  of  m  is  constant,  being  twice  that 
of  the  tube. 

406.]  Let  us  take  an  example  in  which  the  angular  velocity 
of  the  moving  tube  is  not  constant,  such  as  is  the  case  in  the 
following  problem. 

Determine  the  motion  of  a  heavy  particle  m  within  a  smooth 
tube,  so  thin  that  h,  the  mass  of  it,  may  be  neglected  in  the 
equations  of  motion,  which  is  bent  into  a  helix  rotating  about  a 
vertical  axis,  parallel  to  the  axis  of  the  helix  and  touching  it. 

Let  the  horizontal  plane  in  which  m  is,  when  all  is  at  rest,  be 
that  of  {x^y\  the  point  where  it  intersects  the  rotation-axis 
being  the  origin,  and  the  line  passing  through  the  point  where 
f»  is  at  rest  being  the  axis  of  x^  and  the  axis  of  z  being  vertical 
downwards.  Let  Q  be  the  angle  through  which  the  tube  has 
revolved,  and  ^  +  </>  the  angle  through  which  the  vertical  plane 
containing  the  place  of  m  and  the  rotation-axis  has  revolved,  in 
the  time  t.    Then  the  coordinates  of  m  at  the  time  t  are 

X  =  2acos<f>cos(d  +  <f>},   y  =  2acos</>sin(d  +  ^),    z  =2a</>tana; 

^  =  a(l+cos20},    Y7=asin2^,     ^=2a<f>tana; 

N  n  2 
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and  the  equations  of  motion  are 

d'$      .dS'       d^e     „dr,de      B       -^ 


dhi 
dt* 
d^ 
dt' 


dfi_ 
dfi 


dH 
dfi 


-n-i^+ijs+^'^'^=  :r  M^2*, 


d^de 
dt  dt 


s 
m 


ul^ 


dH 
dt' 


=  9i 

=  2aK(coB^}^ 


But  since  h,  the  mass  of  the  tube,  is  to  be  neglected,  from  the  last 
equation,  b  =  0 ;  and  consequently  the  equations  of  motion  are 

dt'     ^dt'     ^  dt'        dt  dt~    ' 


dt' 

dt' 
d'$     ^d'r, 


dt'  '  "  dt'  '     dt  dt 


(46) 


=  ff. 


d'0 


d( 


•  • 


-r^^-w+nv:  -H('4 + .3i  -  0, 


dt^  .  ''dt 


W 


drjy.d0 
di)di 


since  r^  =  -37  =  -jr  =  0,  when  ^  =  0 ;  whence  replacing  ^  and 
at       at       at  x  » 


ri  in  terms  of  </>,  we  have 

rf</)     do 


dt  '^  dt^^' 


.'.    </)  +  ^  =  0. 


This  equation  shews  that  the  angular  velocities  of  m  and  of  the 
tube  about  the  vertical  rotation-axis  are  equal  but  in  contrary 
directions,  so  that  m  moves  in  the  fixed  vertical  plane  of  (z,  x). 
Also 

d^d^i+dr^d^v-^dCd^C   ,..>,    .  Je^    f  ..    .J  .d^e       ,. 


dt'' 


whence 


{(seca)^-(cosm5^+2sin.^cos.^^  =  -^° 


and  integrating, 


(sec«f^^-(co8,^)^-^;,.=^-^<^. 

d^_de^_  ff<l>  tan  a 

dt'  ~  dt'  ~  2a {(sec a)''- (cos  ^fj' 
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which  is  the  equation  of  relative  vis  viva ;  and  from  which  <^ 
and  0  might  be  determined  in  terms  of  ty  were  integration 
possible. 

407.]  Lastly,  let  us  consider  the  motion  of  a  heavy  particle 
moving  in  contact  with  a  surface  which  rotates  with  an  uniform 
angular  velocity  about  its  C~<^8>  which  is  vertical  and  is  the 
fixed  ^-axis. 

Let  the  equation  to  the  sur&ce  be 

of  which  let  the  partial  derived  functions  be  u,  v,  w ;  also  let 

u«  +  v2  +  w*  =  Q*; 
then  we  may  suppose  the  particle  to  move  in  a  thin  space  con- 
tained between  two  parallel  surfaces  infinitesimally  near  to  each 
other ;  in  which  case  the  equations  of  relative  motion  are 


(U^  at       mq, 

d^C  RW 


=  -::  -^;  ^ 


(47) 


dt^  i»Q 

if  we  multiply  these  respectively  by  df,  rfiy,  and  rff,  and  add  and 
integrate,  we  have 

where  c  is  a  constant  depending  on  the  initial  values  of  the 
several  quantities. 

If  t;  is  constant,  or  if  the  particle  remains  at  rest  whdrever  it 
is  put,  so  that  v  =  0,  this  is  the  equation  to  a  paraboloid  of 
revolution. 

If  V  varies  as  the  distance  from  the  fixed  origin,  the  surface  is 
a  quadric  surface  of  revolution. 

The  following  example  is  in  illustration  of  these  equations: 

On  a  rough  horizontal  whirling  table  revolving  about  a  ver- 
tical axis  with  a  constant  velocity  o)  a  heavy  particle  m  is  placed, 
in  relative  rest :  determine  its  subsequent  motion. 

Let  p  be  the  friction  between  the  particle  and  the  table ;  then 
the  equations  of  motion  are 

dt*  dt  m  d»    \,  i^x 


d*ri        ,  d(_       vdr,. 
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whence  by  the  equation  of  vis  viva, 

if  the  particle  is  placed  at  rest  at  a  distance  a  from  the  rotation- 
axis,  and  8  is  the  length  of  the  path  described  by  the  particle. 
Again,  taking  the  normal  component 

did^fl-^drid^$        .rid^-^dri      .      ds 


—  0) 


-2a)^=0 


dsdt^  ds  dt 

p  as  at 

where  <t>  is  the  angle  between  r  and  the  axis  of  f .  If  t  is  elimi- 
nated between  this  and  the  preceding  equation,  we  have  an 
equation  in  terms  of  geometrical  quantities  only  which  is  that 
to  the  path  of  the  particle  on  the  table. 

408.]  The  principles  and  equations  of  the  preceding  articles 
are  applicable  to  the  solution  of  a  problem  of  considerable  in- 
terest ;  viz.  to  the  motion  of  a  particle,  either  free  or  con- 
strained, near  to  the  earth's  surface,  relative  to  a  system  of  axes 
briginating  on  the  earth's  surface  and  moving  with  it. 

We  may  without  error  assume  the  centre  of  gravity  of  the 
earth  to  be  fixed,  if  we  impress  forces  on  the  moving  particle 
which  are  equal  to  the  excess  of  those  which  act  on  it  over  those 
which  act  on  the  earth  at  its  centre  of  gravity :  but  as  the  sun, 
which  is  the  main  force  acting  on  the  earth,  impresses  velocity- 
increments  nearly  equal  on  both  the  earth  and  the  particle,  we 
may  suppose  this  excess,  cither  positive  or  negative,  to  be  so 
small  that  it  may  be  neglected  without  sensible  error.  We  may 
also  suppose  the  position  of  the  rotation-axis  of  the  earth  to  be 
fixed  and  the  angular  velocity  to  be  constant. 

The  two  systems  of  axes  are  imagined  to  have  that  arrange- 
ment which  is  drawn  in  Fig.  63.  o  is  the  centre  of  the  earth  ; 
the  axis  of  z  is  measured  from  o  towards  c  the  north  pole ;  the 
axes  of  X  and  y  are  taken  in  the  plane  of  the  equator.  Let  w  be 
the  angular  velocity  of  the  earth,  with  which  indeed  the  earth 
rotates  from  they-axis  to  the  a?-axis:  it  will  be  convenient  how- 
ever to  take  it  at  present  in  the  contrar}^  direction,  and  to  change 
the  sign  in  the  final  equations,  ere  we  apply  them  to  the  par- 
ticular problem. 

Let  p  be  the  place  of  observation,  and  lot  us  suppose  it  to  be 
in  the  northern  hemisphere  of  the  earth.  Let  p  be  the  origin  of 
the  moving  system  of  rectangular  axes  to  which  the  motion  of 
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m  is  referred :  let  the  axis  of  f  be  the  vertical  line  at  v  measared 
away  from  the  earth  towards  the  zenith  of  P;  this  may  be 
assumed,  without  sensible  error,  to  pass  through  the  earth's 
centre.  Let  axes  of  £  and  77  be  in  the  horizontal  plane  at  p, 
and  be  respectively  n  and  s,  and  E  and  w ;  the  positive  direc- 
tion of  ^  being  taken  towards  the  south,  and  that  of  17  towards 
the  west.  Let  the  latitude  of  p,  viz.  poq,  =  A.  Let  the  plane 
of  the  meridian  of  p,  when  f^  =  0,  be  that  of  (a?,  z) ;  and  let  the 
earth's  radius  be  r.     Then  310N  =  o)^ :  and 

CM  =  ^Tq  =  r  cos  A  cos  co  /, 
M  N  =  j^Q  =  r  cos  A  sin  0)^, 
N  P  =  Tq  =  r  sin  A  ; 

^=  — to^rcos  Acoso)^, ' 


di 
-— ^  =r  — (tt^rcos  Asm  car, 


(49) 


dt'^ 
Also  resolving  co  along  the  axes  of  f,  17,  f,  we  have 

0)^  =  —  0)  cos  A,         0),  =  0,         0)^  =  0)  sin  A ;  (50) 

of  which  the  first  is  the  component  about  the  line  running  due 
s  and  N  in  the  horizontal  plane,  and  is  the  only  component  in 
that  plane :  and  the  last  is  the  component  about  the  vertical  at  p. 

Now  if  the  place  of  m  at  the  time  t  is  (a?,  y,  z)  relatively  to 
the  fixed  axes,  and  is  (f,  r;,  C)  relatively  to  the  moving  axes 
which  originate  at  p ;  then 

X  =  rcosAcosco^  +  ^sinAcosco^  —  r/sin  coZ-ffcosAcoso)^, 
y  =  rcosAsinco^  +  f  sinAsin  a)^  +  »;coso)^+CcosAsina)/,  [      (51) 
^:  =  r  sin  A  —  ^cos  A  +  ^sin  A. 

On  comparing  these  with  (2),  Art.  2,  we  have 

a^  =  sin  A  cos  o)  ^,     i^  =  —  sin  o)  ^,     c^=-  cos  A  cos  o)  ^, 

a^  =  sin  A  sin  co  if,      ^2  ~  ^^^  ^^y        ^2  ~  ^^^  ^  ^^  ^  ^>   >      (^2) 
fl3=--cosA;  ^3  =  0;  c?3=sinA; 

and  differentiating, 

— r-;*  =  —0)^  sin  A  cos  cor,  -r- -  =      (0*  sm  cop,  —rrj  =  —co^  cos  A  cos  cor, 
dt^  dt^  dt^ 

---r^  =  — <«>  smAsm  co^, -— ^  =  —  co^coscor,  -rrr  ^  —codecs  Asm  cor, 
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laid  tobititatbg  tibaie  qnutiiaw  in  (21),  (22),  and  (28),  Afi 
896,  tbe&roe  of  tirafl&venoe  haa  tiie  fiDdOowing  ocmi 

Xf  es  — ^i^rflinXeoBX— f«^(flUiX]^— C«^8inXooeX,\ 

T. --.»-».  (     (M) 

a^as  — «*r(ooeX)*— f«^«inXcoBX— C«*(oosX)*;    ) 

and  sabstitatpng  from  (50)  in  (24),  the  componentB  df  tlie 
pound  oentrif ogal  loroe  am 


Fooaass  — 2ttanX^» 

df  dt 

rooays:  — 2i«oo8X^« 


(64) 


When  these  flevend  jq[iiantitieB  are  aabstititted  in  the  eqnataona  of 
motion  given  in  (29),  these  laat  eqnationa  become 

2! -<»^^aA^oosX--fcai(8inX)'--C»*8inXeo0X--2«»dnX^  =  x', 

-^  — o)V(co8X)*  — fw^sinXcosX— fo)*(cosX)*— 2a)C08X^  =  z'. ; 

These  equations  may  be  deduced  directly  from  (51)  without  the 
intervention  of  the  general  process,  which  has  been  investigated 
in  the  preceding  Articles.  For  we  may  take  the  second  ^-differ- 
entials of  x^  y,  and  Zy  and  equate  the  sum  of  their  several  com- 
ponents along  the  axes  of  ^,  97,  C  to  the  impressed  velocity- incre- 
ments acting  along  those  axes.  In  particular  problems  this  is 
the  most  convenient  method. 

409.]  In  reference  to  (58)  it  is  to  be  observed  that  they  are 
evidently  the  axial  components  along  the  moving  axes  of  the 
acceleration  due  to  the  so-called  centrifugal  force  which  the  par- 
ticle m  would  have  by  virtue  of  the  earth's  rotation,  if  it  were  at 
relative  rest  on  the  earth  in  the  place  which  it  has  at  the  time  L 
For  suppose  p  to  be  the  perpendicular  distance  from  the  place  of 
m  at  the  time  t  on  the  earth's  rotation-axis,  then  pco'  is  the 
expressed  normal  acceleration  due  to  the  earth's  rotation.  Let 
this,  as  acting  on  m  at  (£,  17,  C))  be  resolved  in  and  perpendicular 
to  the  plane  passing  through  p  and  the  earth's  axis ;  then  these 
components  are  respectively  a>'  (r  cos  X  +  f  sin  X  +  C<!Os  X)  and 
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ca^ri ;  and  of  the  former  the  f-  and  C-a^ial  components  are  respect- 
ively  0)*  (r  cos  X  +  f  sin  X  +  f  cos  X)  sin  X, 

and  0)^  (r  cos  X  +  f  sin  X  +  f  cos  X)  cos  X ; 

and  these  are  x^,  t^,  and  z^  as  given  in  (53). 

It  is  evident  from  first  principles  that  these  are  the  effects  due 
to  the  force  of  transference  Similarly  (54)  are  evidently  the 
effects  of  the  compound  centrifugal  force. 

410.]  To  adapt  these  equations  to  the  actual  circumstances  of 
the  earth,  the  sign  of  a>  must  be  changed,  because  the  earth  revolves 
from  west  to  east,  which  is  a  direction  opposite  to  that  assumed 
in  the  preceding  Articles.  To  determine  its  value,  we  will  take 
a  second  for  the  unit  of  time ;  then,  since  a  mean  sidereal  day 
contains  86164.09  seconds, 

"  =  861^.09  =  13713  =  •0000''292. 

which  is  a  small  fraction ;  and  consequently  a>^,  which  enters 
into  the  preceding  equations,  is  a  very  small  quantity.  Also,  in 
the  problems  to  which  we  shall  apply  the  equations,  £,  rj,  { will 
be  always  very  small  firactions  of  the  earth's  radius  ;  and  thus  we 
may  for  a  first  approximate  solution  of  a  problem,  without  sen- 
sible error,  neglect  those  terms  in  the  lefb-hand  members  of  the 
equations  which  involve  products  of  these  coordinates  and  of  a>^ ; 
and  the  equations  become 

3-.j^— co-^rsmXcosX-fZcosmX  -~  =  x,^ 
ai^  at 


i-^--a)2r(cosX)2  +  2a)COsX^       =  t!\, 


(56) 


where  x',  y',  i!  are  the  components  along  the  moving  axes  of  all 
the  absolute  velocity-increments  impressed  on  m. 

411.]  Now  I  propose  to  apply  these  equations  in  the  first 
place  to  the  motion  of  a  particle  projected  with  a  given  velocity 
and  in  a  given  direction  from  P,  the  place  of  observation,  which 
is  also  the  origin  of  the  moving  system  of  axes.  Although  the 
power  of  our  weapons  of  projection  has  been  very  greatly  in- 
creased of  late,  yet  still,  for  all  points  of  the  path,  ^,  ?;,  f  are  but 
small  fractions  of  the  earth's  radius;  consequently  o)^^,  co^iy, a)*f 
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are  small  quantities  which  we  may  omit,  and  (56)  are  applicable 
to  practical  problems  in  gunnery  practice. 

In  the  right-hand  members,  for  the  same  reasons,  I  shall 
assume  the  earth's  attraction  to  be  the  same  at  all  points  of  the 
particle's  path,  and  to  be  what  it  is  at  p,  the  place  of  observa- 
tion. Although  gravity  varies  at  different  points  of  the  earth's 
surface,  according  to  a  law  which  is  accordant  with  CIairaut*s 
theorem,  yet  I  shall  take  it  to  be  the  same  at  all  latitudes  ;  and 
no  sensible  error  will,  within  the  compass  of  our  approximations, 
thereby  be  introduced  into  the  results.  I  shall  also  consider 
the  projectile  to  move  in  vacuo,  and  shall  consequently  neglect 
the  resistance  of  the  air.  Thus  the  particle  moves  under  the 
action  of  the  earth's  attraction,  and  the  centrifugal  force  due  to 
the  rotation  of  the  earth,  the  resultant  of  these  being  that  force 
which  is  commonly  known  as  gravity  at  a  particular  place ; 
hence  x'  =  —  w^  r  sin  X  cos  A,     \ 

y'=o,  (57) 

z^=  —  <o'r  (cosX)^— ^  ;  ) 
and  the  equations  of  motion  (56)  become 


=  0, 


^,-2a,(smX-^-^-+cosX^)  =  0, 


y 


(58) 


If  o)  =  0,  these  equations  express  the  ordinars'  case  of  a  2)rojcc- 
tile*s  motion. 

Now  (58)  admit  of  integration.  Let  7i  =  the  velocity  of  pro- 
jection, and  let  a,  /3,  y  be  the  direction-angles  of  the  line  of 
jn'ojcction  in  reference  to  the  moving  axes ; 


df, 
dr, 


+  2  o)  r;  sin  X  =  w  cos  a. 


(59) 


—  —  2a)(f  sinX  +  ^cosA)  =u  cos^, 

+  2(ot;  cosA  =  ?/ cosy— ^f ;  , 

which  assign  the  components  of  the  velocity  at  any  point  of  the 
path. 

Again,  if  we  substitute  for  -j-  and  —  from  the  first  and  last 

(It  (it 
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of  these  equations  in  the  second  of  (58),  and  omit  the  terms 
involving  the  product  of  o)^  and  of  one  of  the  relative  coordinates, 
then  we  have 

-7-^  — 2tta)(cosa8inX  +  cosy  cosA)  +  2ft)^^cosX  =  0; 

therefore 

rj  =  i^^cos/3  +  t^<o(cosa  sin X  +  COS y  COS X)  ^*— co^cosX-^  ;   (60) 

and  replacing  rj  in  the  first  and  last  of  (59)  by  this  value,  and 
omitting  terms  involving  products  of  w^  and  of  one  of  the  relative 
coordinates,  and  integrating, 

^=  «^cosa  — wcosinA  cos^^*,  (6I) 

f  =  «^  cosy  — (^+  ««cosX  cos /SV^;  (62) 

which  three  equations  express  the  motion  of  the  projectile  to 
the  degree  of  approximation  attainable  by  the  preceding  equa- 
tions of  motions. 

From  these  values  of  f  and  rj^  the  place  of  the  particle  at  the 
time  I  may  be  found  in  reference  to  any  other  system  of  axes  in 
the  horizontal  plane. 

If  (i>  =  0,  the  results  are  the  same  as  those  which  have  already 
been  found  in  Art.  349,  Vol.  Ill ;  viz., 

^=:t^^cosa,         rj  =  utQoafi,         f  =  w^cosy— ^^^*. 

On  comparing  these  quantities  with  the  preceding,  the  variation 
of  the  range  on  the  horizontal  plane,  and  also  the  deviation,  as 
due  to  the  earth's  rotation,  can  easily  be  calculated ;  generally 
however  it  appears  that  if  the  particle  or  ball  is  projected  from  a 
place  in  the  northern  hemisphere,  in  a  direction  westwards  of  the 
meridian,  both  the  vertical  height  of  it  and  its  distance  south- 
wards from  the  parallel  of  latitude  are  diminished  by  the  earth's 
rotation ;  and  that  if  it  is  projected  eastwards  of  the  meridian, 
that  is,  in  the  direction  in  which  the  earth  is  going,  both  these 
quantities  are  increased.  As  to  the  three  terms  of  which  rj 
consists,  only  the  first,  viz.,  ntcosp,  depends  on  the  line  of  pro- 
jection being  eastwards  or  westwards;  and  consequently  the 
increase  or  diminution  of  rj  will  depend  also  on  the  sign  of  the 
other  two  terms  which  involve  L 

The  apparent  path  of  the  projectile  may  be  determined  by  the 
elimination  of  I ;  which  will  give  the  equations  to  two  suriaces|^ 
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(ba  Uu  ff  inttBiMtioaof  iriuchii  iti  path:  it  k  •ndist  tU 
tike  patli  will  geaenlly  &•  »  emtre  <tf  donUe  eomian. 

412.]  Let  OS  however  eonntler  certain  pMitieiilar  obmb  Bii 
n«alt«  of  these  e^tutiosB. 

(1)  Let  tlte  body  fidi  down  »  mine,  or  bom  &a  ti^  of  a  fanrnv 
wilhont  any  initial  veloeity ;  then 

«  =  0;        cosa  =  0Q«/9s=0;        0087  =  — 1; 

...    f  =  Oi        ,=—,00.4^.        f^-gy*".       («) 

The  flnt  equation  BhewB  that  theie  {b  w>  deviatioD  in  tbe  Hne  of 
the  meridian  ;  &om  the  second  we  infer  a  derision  towazdi  tte 
eaet ;  that  is,  in  the  direction  towards  which  the  earth  ia  moring, 
iriiidi  Tariee  aa  tibe  oobe  of  the  time  of  Mling ;  and  thnt  tliia 
deviation  ia  greatest, at  the  equator,  where  A  =  0 ;  and  die  last 
equation  ahewa  that  the  earth's  rotation  does  not  prodnoe  sny 
altemtion  in  the  vertical  motion. 

If  we  eliminate  t,  and  take  C  downwards  to  be  positive, 
.  8.-(«.>)- 

which  IB  the  eqoatioa  to  a  semicqbical  parabola ;  and  dews  t^t 
the  square  of  the  deviation  towards  the  east  varies  as  the  cnbe 
of  the  space  through  which  the  particle  has  fellen. 

(2)  Let  the  particle  be  projected  vertically  upwards;   then 
cos  a  =  cos  j3  =  0  ;  cos  y  =  i  ;  and 

f  =  0,       7,  =  tta,C0sXi»-ai^COsA|  ,       C=  nt-^gt^  ',      (64) 

the  last  equation  shews  that  the  vertical  motion  is  the  same  as 
it  woald  be  if  the  earth  did  not  rotate ;  and  consequently  if  d  is 
the  height  to  which  the  particle  ascends,  and  t  is  the  whole 

2« 
time  of  ascent  and  descent,  u^  =  2gh,  and  T  =  —  -     The  first 

3 
equation    shews  that  there  is  no  deviation  in  the  line  of  the 
meridian  ;  the  second  shews  that  the  deviation  along  the  parallel 

of  latitude  is  westwards  when  t  is  less  than  —  ;  that  it  vanishes 

8»  .  .       ^  3« 

when  t  =  —  ;  and  is  eastwards  when  t  is  crreater  than  — ;    but 

»  2.  ^ 

aa  the  greateet  value  of  T  is  —  (unless  the  particle,  afler  having 
deaoended  to  its  original   horizontal  [ilane,  continues  to  &11), 
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the  deviation  along  the  parallel  of  latitude  is  always  westwards. 
When  the  particle,  after  its  ascent,  strikes  the  earth, 

^  4a>tt^co6X 
''  -       3/      • 

which  is  the  deviation  westwards  of  the  point  of  impact  on  the 
gproond ;  and  varies  as  the  cube  of  the  velocity  of  projection. 

(3)  Let  the  particle  be  projected  due  westwards  at  an  angle 
of  elevation  equal  to  0  ;  then 

cosa  =  0,    cos)3  =  cos0,   cosy  =  8infl; 
and  f  =— i*a>sinAco8^^^ 

ri  =  utcosO  +  U(a  sin^cosX  ^*— co^cosX  — » 

f  =  w^sin^— (^  +  ««cosXcos^)^*; 


(65) 


t  = 


the  first  of  which  equations  shews  that  the  projectile  generally 
deviates  northwards ;  when  the  projectile  strikes  the  ground, 
f  =  0 ;  in  which  case 

2i^sin0              2»sin0  r,      2u(a       ^      ,) 
7-s 2 r= ^* cosflcosX>j 

^+2l^a)C0S^C0S\  9  19  ) 

omitting  those  terms  which  involve  a>^:  in  this  case 

^          Atu^  <o  sin  A  (sin  OY  cos  0  ,^^. 

f= ^^ '- ,  (66) 

**^   •    n/t     4w^a)C0sA.,  .    ^vo     «/       ^\0^  i^^\ 

ri  =  J  eui2e+  — ^ {(sin  e?)2-3(cos  0)^} ;  (67) 

which  are  the  approximate  coordinates  of  the  point  of  impact  on 
the  ground.  The  terms  involving  o)  denote  the  efiects  due  to 
the  earth's  rotation  :  the  former  gives  the  deviation  northwards ; 
and  the  latter  shews  that  the  range  measured  westward  is  in- 
creased or  diminished  according  as  d  is  greater  or  less  than  60^. 

(4)  If  the  particle  is  projected  due  eastwards  at  an  angle  of 
elevation  equal  to  d,  all  the  preceding  results  are  true  if  we 
replace  0  by  180°  — ^ ;  so  that  (66)  and  (67)  become 

^      4u^(a  sin  X  (sin  $y  cos  $  .     . 

t  — -2 I  (^o) 

r,  =  -  -sin25+  "^^""^-^{{sinef-SicosOf};      (69) 

so  that  in  this  case  the  deviation  of  the  projectile  is  southwards ; 
and  the  mnge  is  increased  or  diminished  according  as  the  angle 
of  elevation  is  less  than  or  greater  than  60"". 
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(5)  Let  the  particle  be  projected  due  southwards  at  an  angl* 
of  elevation  eqnal  to  0 ;  then 

CM  a  =  cos  9,       COB  j3  =  0,       cos  y  =  sin  0 ; 
»nd  f=:«^C08tf, 

from  the  first  and  tbe  last  of  these  equations  we  infer,  that 
neither  the  time  nor  the  range  on  the  meridian  is  altered  by 
the  rotation  of  the  earth.     But  when  C  =  0,  that  is,  when  the 

projectile  strikes  the  ground,  t  = ;  in  which  case 

,  =  i^''^|pii2(Bin«co.x+3oo,«™M;        (n) 

and  therefore  the  point  where  the  projectile  strikes  tiie  groand 
is  always  west  of  the  meridian. 

If  0  is  replaced  by  1 80°  —  B,  we  have  the  case  where  the  particle 
is  projected  dne  northwards  at  an  elevation  of  $, 

Now  we  shall  hereaf^r  prove  that  these  results,  which  have 
herein  been  applied  to  the  motion  of  a  material  particle,  are  also 
true  of  that  of  the  centre  of  gravity  of  a  body.  Neglecting 
therefore  the  resistance  of  the  air,  and  the  action  due  to  the 
rotation  of  a  ball  or  bolt,  we  have  the  following  results  as  to  rifie 
and  cannon  practice ; 

When  the  shot  is  fired  due  north  or  eouth,  the  range  in  that 
direction  is  not  altered ;  but  there  is  a  deviation  of  the  shot,  the 
value  of  which  at  the  point  of  impact  on  the  ground  is  given  in 
(71);  and  this  deviation  is  westwards,  vanishes,  or  is  eastwards 
according  as  0  is  less  than,  equal  to,  or  greater  than 
180°-tan-»  (3  tan  A). 

When  the  shot  is  fired  due  east,  the  range  eastwards  is  in- 
creastd  or  dimtnished  according  as  the  angle  of  elevation  of  the 
gun  IS  less  than  or  greater  than  60°;  and  there  is  deviation 
so  thward**  for  all  [lacts  m  the  no  tbcrn  hemisphere,  and  north- 
nardn  for  all  jlate^  in  tl  southern  hemisphere,  the  value  of 
which  IS  given  in  (68) 

When  the  shot  is  fired  due  west,  the  range  is  increased  or 
diminiiibed  according  as  the  angle  of  elevation  is  greater  than 
or  less  Ibuii  CO";   and  tbere  in  a  dtviuLion  uorihwurJa   for  all 
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})laces  in  the  northern  hemisphere,  and  southwards  for  all  places 
in  the  southern  hemisphere. 

So  that  for  firing  from  a  place  in  a  direction  coincident  with 
the  parallel  of  latitude,  and  with  an  elevation  less  than  60"",  the 
range  is  increased  or  diminished  according  as  we  fire  eastwai^ds 
or  westwards ;  and  the  difference  between  the  two  ranges 

8«^ft)C0sX  ,„,     '   ,„     ,.    ^v„, 
= 3^2 {3(cos^)2-(8in(?)2}  ; 

and  if  the  place  is  in  the  northern  hemisphere,  the  deviation 
parallel  to  the  meridian  is  north  or  south,  according  as  we  fire 
west  or  east. 

And  for  places  in  the  northern  hemisphere  for  all  directions 
lying  west  of  the  meridian,  the  deviation  parallel  to  the  meridian 
is  northwards ;  and  for  all  directions  lying  east  of  the  meridian, 
the  deviation  parallel  to  the  meridian  is  southwards. 

413.]  The  expressions  (60),  (61),  and  (62),  which  have  been 
explained  in  the  preceding  Article^  are  deduced  from  equations 
of  motion,  whose  form  is  simplified  on  the  assumption  that 
products  of  ft)^  and  one  of  the  relative  coordinates  of  m  are 
small  quantities,  and  are  to  be  neglected.  Let  us  now  retain 
these  quantities  in  the  equations  of  motion,  and  assume  that 
products  of  ufl  and  of  a  small  variable  are  to  be  neglected ;  and 
that  all  small  quantities  of  a  lower  order  are  to  be  retained.  In 
this  case  the  equations  of  motion  are 


^  2'— ^^^(si^^)^""Cw^si^^^^^^  +  2ft)sinX-z^  =  0,    ^ 
Zin  ""  £<*>^6inXco8X  —  f a)^(cosX)^  +  2  o)  cos  A  -j-.  =  — ^.  , 


(72) 


Of  these  equations,  the  values  of  f,  t;,  f,  given  in  (60),  (61),  (62) 
are  approximate  solutions  of  the  first  order,  and  may  be  employed 
to  find  approximate  solutions  of  (72). 

In  the  second  of  (72),  in  the  term  w^r;,  let  r\  be  replaced  by 
«/cos/3  from  (60) ;  then  integrating,  we  have 

-'I  — wcos/3  — i/co^cosjS^  — 2a)(^sinA  +  fco8X)  =  0;  (73) 

(It  At 

and  substituting  for  £  and  f  their  values  given  in  (61)  and  (62), 
and  integrating  again, 
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— m^oobX^— VM^ooeiS^*       (74) 

Again,  in  the  first  and  thixd  of  (72)|  in  the  temui  involYing 
m*( and  ^C  ^  i  »^d  Che  reBpeddvely  teplaoed  Ij 

uicKma^    and    uteoBy—^gi^; 

then  integrating,  we  have 

^— «ooea— tftt'sin  X(ooBaflinX + 000  y  cobX) -^ 

+  ttV8inXo06X-g  +  2ttBinXi|  =0; 
^— vooBy— ««*ooBX(ooBaBinX+ooByooeX)^ 

+  «V(<»BX)"-g  +  2tt00BXi|  =  — y<; 

nthetitating  in  the  laet  terms  of  these  fhe  value  of  i|«  given  in 
(74}»  and  integrating,  we  have 

(ss  •/eosa— wttdnXeos^^' 

— f*a)* sin X(coBo sin X  + cosy 00BX)^+^a)* gin X cos X-^;   (75) 

C  =  «^cosy  —  ^^^*— «a)C08Xcos)3/* 

— f»a>^coBX(cosasin  X  +  cosycosX)  —  +  ^a)*(co8X)*  — ;     (76) 

At  O 

which  expressions  for  £,17,  ^are  correct  as  far  as  terms  involving 
0)*  inclusive. 

414.]  Explanations  might  be  given  of  particidar  cases  of  these 
equations,  similar  to  those  of  the  last  Article.  I  will  only  take 
two  cases: 

(1)  Let  the  body  fall  without  any  initial  velocity ;  then  »  =  0, 
C0Ba=  cos)3  =0;  cosy  =  —  1 ; 

^  =  a)2^sin  X  cos  A  —  > 

o 

y\  =  —  ft)^cosX— •> 

o 

The  first  equation  shews  that  there  is  a  devmtioii  of  the  fidling 
|iartiole  in  the  plane  of  the  mepii^i^towards  wMB|lk(  and  tbbe 
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second  shews  that  the  deviation  in  the  parallel  of  latitude  is 
towards  the  east ;  so  that  the  resulting  deviation  of  the  falling 
body  is  towards  the  south-east.  From  the  last  equation  it 
appears,  that  the  space  due  to  a  given  time  is  less  than  it  would 
be  if  there  were  no  rotation.  Hereby  then  we  have  correc- 
tions of  the  results  explained  in  the  first  case  of  the  preceding 
Article. 

(2)  Let  the  body  be  projected  due  southwards  at  an  angle  of 
elevation  equal  to  6,  so  that  cos  a = cos  0 ;  cos  /3 = 0 ;  cos  y = sin  ^ ; 
then 

^  =  ut cob6 —uo)^ sm\sm{\  +  $)-^  -{- ff  col^ein  \cob\  -^  > 

t;  =  tto)  sin  (A.  4-^)^^  —  0)^008  X -5-* 

o 

f  =  f^^sin^  —  '^  — wa)2cosX8in(X  +  ^)^+^a)^(co8A)2    - 

when  the  projectile  strikes  the  ground,  C  =  ^ ;  and  approximately 

.      2«sin^    .       ... 

t  =  ;  m  which  case 

rj  = ^-"2 (sm  ^ cos X  +  3 cos ^ sm  A} ; 

so  that  the  deviation  along  the  parallel  of  latitude  is  westwards. 
In  the  investigation  of  this  problem,  given  by  M.  Poisson, 
Journal  de  TEcole  Poly  technique,  Cahier  26,  p.  1,  terms  are 
introduced  representing  the  resistance  of  the  air.  The  equa- 
tions, thus  enlarged,  do  not  admit  of  direct  integration  ;  the 
effect  however  of  the  resistance  of  the  air  is  determined  by  the 
method  of  variation  of  parameters.  The  student  desirous  of 
knowing  the  extent  to  which  mathematical  analysis  has  been 
applied  to  balistics,  must  consult  the  memoirs  of  M.  Poisson, 
contained  in  Cahiers  26,  27  of  the  aforesaid  Journal. 

415.]  Although  the  following  is  a  particular  case  of  the 
general  problem  of  projection  of  a  heavy  particle  as  treated  in 
the  preceding  Articles  and  has  been  solved  as  such,  yet  it  is  of 
so  much  interest  that  it  is  desirable  to  give  an  independent 
consideration  to  it.     The  problem  is  this  ; 

Determine  the  motion  of  a  heavy  particle  falling  from  rest 
from  a  height  A  to  the  earth,  taking  account  of  the  earth's 
rotation. 

PRICE,  VOL.  IV.  00 


vojom  mcmsm.  {^415, 

ate  (58);  nd  aa,  «^en  /  =  O, 


(fri«X+(f-i)e»A)=a  (77) 


sulstitiitiBg  the  firat  and  iaat  of  tbtse  in  the  aaeMid  of  (HJ^  ni 
oniittii^  Unns  mTotviii^  «*,  we  hare 


and  ^m  the  fint  and  the  hit  ol  (77),  omHtiag'  the  temw  u> 
vohrin^a^,  we  have  ._  i^\-t$ 

(  =  0; 
GO  that  to  &K  degree  of  approximation  we  bare  taken,  the  Ter- 
ttcal  motion  of  the  particle  is  the  same  as  if  the  earth  did  not 
rotate ;  no  deviation  takes  place  in  the  plane  of  the  meridian, 
and  tiie  horizonW  deriation  is  towaide  the  east,  and  varies  aa 
the  cnbe  of  the  time  daring  which  the  hody  haa  been  fUling. 

9ince  th^  time  doe  to  the  height  A  is  ( — )  ,  the  deviation  to- 

^9 

wards  the  east  of  the  pcnnt  where  the  body  etrikes  the  ground 

_  giaitcoeA. 

"         Z?        ' 

and  varies  therofore  as  the  sqnare  root  of  the  cube  of  the  height 

&om  which  the  body  has  fiillen. 

These  reenlts  an  in  aocordance  with  the  statements  made  in 
Art.  822,  VoL  III,  respecting  the  motion  of  a  particle  falling 
from  the  top  of  a  vertical  tower. 

The  Btndent  deeirons  of  further  information  on  the  anhject  of 
these  Articles,  in  addition  to  the  Memoirs  of  M.  Foisson  already 
alluded  to,  will  consult  with  advantage  (I)  Benzenherg,  Versucbe 
tiber  das  Qesetz  dee  Falls,  &c.,  Dortmund,  1804 ;  (2)  G.  L.  Honel, 
De  deviatione  Meridionali  corporum  libere  cadentiam,  &c, 
Utrecht,  1839.     In  both  these  treatises  be  will  find  the  investi- 
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gations  of  Gauss,  in  which  the  resulting  equations  are  caixied  to 
an  approximation  involving  higher  powers  of  co  than  the  second. 
In  the  latter  too  he  will  find  an  account  of  the  experiments  made 
by  M.  Reich  in  a  mine  near  to  Freiberg,  in  Saxouy,  in  the 
year  1833. 

416.]  We  can  also  by  means  of  these  equations  investigate 
the  oscillations  of  a  pendulum,  when  its  motion  is  affected  by 
the  rotation  of  the  earth.  And  we  shall  arrive  at  the  results 
which  M.  Foucault  exhibited  in  his  famous  pendulum  experiment 
before  the  Academy  of  Sciences  in  Paris  on  Feb.  3rd,  1851 ; 
and  which  have  been  repeated,  and  confirmed,  in  many  parts  of 
the  earth. 

We  shall  hereby  have  another  ocular  proof  of  the  diurnal 
rotation  of  the  earth ;  and  perhaps  a  more  striking  one  than 
any  that  had  formerly  existed ;  for  our  process  will  shew  that 
the  observed  results  are  in  accordance  with  the  physical  laws 
which  cause  them. 

It  will  be  convenient  to  make  a  slight  change  in  the  moving 
system  of  reference,  and  to  take  the  point  of  suspension  of  the 
pendulum  for  the  moving  origin  :  let  the  axis  of  f  be  taken  ver- 
tically downwards  from  it,  so  that  the  sign  of  it  must  be  changed 
in  the  preceding  equations  ;  the  axes  of  £  and  rj  being  taken  re- 
spectively southwards  and  westwards  as  heretofore ;  and  let  A  be 
the  vertical  distance  of  the  point  of  suspension  from  the  earth's 
surface. 

We  shall  assume  the  pendulum  to  be  perfect ;  and  shall  take 
/  to  be  its  length,  that  is,  to  be  the  distance  of  the  bob,  con- 
sidered as  a  particle  of  mass  m,  from  the  point  of  suspension. 

Let  (f,  Tj,  C)  ^  tihe  place  of  its  bob  at  the  time  t ;  then 

e  +  r,»  +  C'=l'i  (78) 

and  let  the  tension  along  the  rod  of  the  pendulum  =  t  ;  let 
the  components  of  t  be  introduced  into  the  equations  of  motion 
(55) ;  and  let  x^,  y',  z'  be  the  axial  components  of  the  other  im- 
pressed velocity-increments ;  then  the  equations  of  motion  are 

^|_a)'2f(sinX)2  +  (C-0^'«^^cosA  +  2a)sinA^=--  f- 

(It  (tt  Pt   V 


V  > 


^-0,2,-20,  (8in\--co8\^) 


-    -7  > 


,-7-  +  a)2£sinXcosX  — (f— /)a)2(cosXy^  — 2a)C0sX^  = t+^# 

dt^  \a      /     \        /  at  m  t 

0  0  2 
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These  equations  represent  accurately  the  motion  of  the  pen- 
dulum ;  but  as  they  do  not  admit  of  complete  integ^tion,  we 
must  have  recourse  to  methods  of  approximation,  as  in  the  pre- 
ceding Articles.  We  shall  suppose  the  extent  of  oscillation  to 
be  very  small,  so  that  ^,  ry,  and  /—  (  are  always  small  quantities ; 
and  as  0)^  is  a  very  small  fraction,  we  shall  neglect  products  of 
them  and  it ;  that  is,  the  effects  due  to  the  force  of  transference 
are  so  small,  that  they  may  be  omitted,  but  those  due  to  the 
compound  centrifugal  force  have  an  appreciable  value,  and  are  to 
be  retained :  thus  the  equations  become 


+  i«<i)SinA-y7 


rf/*  dt  ml 

^-2a>(8inX^-cosX^)=--^-, 


(79) 


417.]  Various  methods  have  been  chosen  by  different  mathe- 
maticians of  dealing  with  these  equations.  If  the  rotation  of  the 
earth  is  neglected,  o)  =  0,  and  the  equations  become  those  which 
express  the  motion  of  a  conical  pendulum,  and  which  have  al- 
ready been  discussed  in  Articles  440  and  441  of  Vol.  III.  We 
may  take  the  solution  of  these  simplified  equations  to  be  inform 
the  solution  of  our  actual  equations ;  the  former  will  contain 
four  undetermined  constants  depending  on  the  initial  values  of 
the  velocity  and  coordinates  of  the  place  of  the  bob  of  the  pen- 
dulum ;  these  constants  may  be  considered  variable,  according 
to  Lagrange's  method  of  variation  of  parameters  ;  and  the  diller- 
ential  equations  of  motion  will  enable  us  to  determine  these  in 
terms  of  the  time,  whereby  we  shall  obtain  variable  elements, 
which  will  at  any  time  fix  the  position  of  the  place  of  the  pen- 
dulum. This  method  has  been  adopted  by  M.  Quet,  in  a  me- 
moir of  great  ability  in  Liouvi lie's  Journal,  Vol.  XVIII.  Paris, 
1853.  Other  mathematicians  have  followed  the  same  process 
under  a  different  form  :  they  have  considered  the  terms  involving 
(D  to  arise  from  a  certain  disturbing  function,  the  f-,  t;-,  f-partial 
differentials  of  which  are  severallv, 

— 2a)smA  ,-  >      2a)(sm  A  -7; — cosX  -r- )  j      2  a)  cosX  ^-  ; 

al  ^         dt  dt  ^  dt 

and  then  they  have  pursued  the  method  indicated  by  Sir  W.  R. 
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Hamilton  and  Jacobi.  This  process  has  been  developed  by 
M.  Dumas  in  an  Academical  Dissertation,  **  De  Motu  Penduli 
Sphaerici  rotatione  TerrsB  perturbato,'*  Konigsberg,  March,  1854, 
in  which  the  results  are  expressed  in  terms  of  the  higher  elliptic 
transcendents. 

Again,  other  mathematicians  have  adopted  a  method  of  ap- 
proximation depending  on  the  successive  omission  of  small 
terms.  The  original  investigation  of  M.  fiinet*  was  made  on 
this  principle  ;  and  it  has  subsequently  been  applied  by  Hansen, 
"  Theorie  der  Pendelbewegung,"  Danzig,  1853.  I  have  treated 
the  equations  in  the  following  Articles  by  this  process,  because 
it  is  the  most  simple  and  the  most  natural,  and  indicates  the 
principal  results  of  the  equations  with  the  least  labour. 

418.]  Let  the  equations  (79)  be  multiplied  respectively  by 
2r/f,  2drj,  2dCi  and  added ;  then,  since  by  (78), 

edi+ridrj-^-CdC=0,  (80) 

we  have 

which  is  the  equation  of  vis  viva,  and  from  which  the  effects  of 
the  compound  centrifugal  force  have  disappeared,  because  that 
force  does  no  work  along  the  tangent,  to  which  its  line  of  action 
is  perpendicular. 

Again,  if  we  multiply  the  second  of  (79)  by  £,  and  the  first  by 
t;,  and  subtract  the  latter  from  the  former,  we  have 

,/  ii!^!L^l^l«a)8inXrf(^  +  T?*)  +  2a)CO8A£rfC=0;     (82) 

w  hich  is  the  equation  of  moments  on  the  horizontal  plane. 

Now  let  us  refer  the  place  of  the  pendulum  at  the  time  t  to  the 
horizontal  plane  at  the  place  of  observation  and  to  a  vertical  line 
which  passes  through  the  point  of  suspension.  Let  0  be  the 
angle  between  this  vertical  line  and  the  rod  of  the  pendulum, 
and  let  yff  be  the  angle  at  which  the  vertical  plane,  in  which  the 
pendulum  is  at  the  time  I,  is  inclined  to  the  plane  of  (£,  f  ),  which 
is  the  meridian  plane ;  i/r  increasing  positively  as  we  move  from 
the  ^-axis  towai-ds  the  ly-axis,  that  is,  as  we  revolve  from  south 
westwards,  and  on  northwards,  and  so  on  towards  the  east :  that 

*  See  Comptes  Rendus  de  rAcad^mie  des  Sciences  de  Ptois,  185 1, 
p.  197. 
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IB,  in  a  direction  oppoeite  to  that  in  which  the  earth  rotates.  Also 
let  p  be  the  perpendicular  distance  from  the  bob  of  the  penda- 
lum  to  the  vertical  line  through  the  point  of  suspeneion.  Then 
if  the  path  deBciibed  by  the  bob  is  projected  on  the  horizontal 
pUne,  p  and  ^  are  the  polar  coordinates  of  it,  the  pole  being 
the  point  directly  beneath  the  point  of  suspension :  thus  we 
have 

"  =  '»»«■  .  <='■>«•»,  )(83, 

f  =  p  COS  -^  =  lasiS  cos  ^,     tj  =  p  sin  ^  =  /  sin  (•  sin  ^  ; ) 

.-.     d^  +  dij^  +  dC  =  l^  {{def  +  (aD.6f{d->^f},         (84) 

idr,—,ld^  =  P{eaLefdy\t;  (85)  _ 

thus  (81)  and  (82)  become 

rf.j(8intf)s{^-«HinX)j-2<<.cosX(einfl)*co8^rffl  =  0.  ) 

As  these  two  equations  are  deduced  from  (79)  by  a  change  of 
coordinates,  they  have  lost  none  of  their  generality,  and  conse- 
quently they  espress  the  general  motion  of  a.  pendulum  to  the 
same  degree  of  accuracy  ;  and  that  is,  when  terms  involving  the 

products  of  u)^  and  either  ^,  -q,  or  l~^  are  omitted, 

419.]  For  our  purpose  liowever  it  will  be  sufficient  to  consider 
the  oscillations  of  the  pendulum  to  be  small,  and  thus  to  assume 
the  grcatei-t  an^le  of  inclination  of  the  pendulum  to  the  vertical  to 
be  so  small  that  cubes  of  it  and  all  powers  higher  than  the  cubes 
may  be  omitted.     Consequently  6  is  always  such  that  fl''  and 

higher  powers  of  0  will  be  omitted  ;  also  -  ■-  is  a  small  quantity. 

Let  us  replace  16  byp,  aa  we  may  by  means  of  (83) ;  because  we 
shall  thereby  obtain  the  polar  equation  of  the  curve  in  the  hori- 
zontal plane  into  which  the  puth  described  by  the  bob  of  the 
pendulum  is  projected.  Then  omitting  &■'  and  higher  powers  of 
6,  from  (38)  we  have  p  =  l6; 

if  -  I'H 
■  ■     dt  ~     dt' 

Also  the  last  terms  in  th«  second  equation  of  (86)  must  be 
omitted,  becnuse  (sin  6)- d 6  is  a  small  ttrm  of  an  order  higher 
than  those  which  are  to  be  retained.     Thus  (86)  become 
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(87) 


Let  these  equations  be  integrated ;  and  let  us  suppose  the  pen- 
dulum to  start  from  re^t  at  a  distance  p  =  a  &om  the  vertical 
line  passing  through  the  point  of  suspension ;  then 

p'l|:-(.8ini(p'-»')  =  0i  (89) 

eliminating  —  »  we  have 

-o.«(8inXfa*,    (90) 
(^_L    2/;    iwM       4  .  ^  +  2/a)'(8inXy   ,  ^ 

Now  the  right-hand  member  of  this  equation  is  a  quadratic  ex- 
pression in  p^,  which  has  two  roots,  both  of  which  are  positive, 
and  of  which  one  is  a^  and  Is  the  greater  root ;  let  ^  be  the 
other :  also,  for  convenience  of  expression,  let 

|+a>2(sinX)2  =  «2;  (92) 

so  that  ,       CD  sin  X  ,^„v 

0  = a.  (93) 

Then  (91)  becomes 

so  that  a  and  1/  are  manifestly  the  greatest  and  least  values  of  p. 
From  (94)  we  have  , 

{(a^-p*)(p*-i*)}*"~"''^' 
the  negative  side  being  taken,  because  we  will  suppose  the  pen- 
dulum at  the  time  t  to  be  approaching  the  vertical  line  through 
the  point  of  suspension,  and  consequently  p  to  be  decreasing  as  6 
increases.    Let  also  ^  =  0,  when  p  =  a;  then  integrating,  we  have 

p.  =  «J+i?  +  ?!^eo82«.;  (95) 


U^*- 
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is  constantly  equal  to  Oq;  hence  (213)  shews  that  -^  =  0,  and 

hence  also  a>3  =  0 ;  so  that  notwithstanding  the  diurnal  rotation 
of  the  earth  the  axis  of  the  disc  remains  at  relative  rest. 

If,  however,  we  suppose  n  to  be  very  great  in  comparison  of  co, 
as  is  ordinarily  the  case  with  the  gyroscope,  we  may  omit  all 
powers  of  o)  above  the  first,  retaining  the  first  however  as  other- 
wise the  effect  of  the  earth's  rotation  would  not  appear  in  the 

equations;  then  eliminating  -^  between  (209)  and  (213)  we 

A  (sin^)^^-^-  =cn(cos^0— cos^) 

{2Aa)(8in^o)2  +  c(n  — 2a)COs^o)(<-*^^-cos^o)}-(214) 
To  simplify  the  form  of  this  equation,  let 

c2n(n-2a)cos^o)  =  a^^'**  \  /215) 

cn{ccos^o(n— 2«cos^q)  — 2Aa)(sin^o)^}  =A2^cosa; )  ^       ^ 

whence  cosa  =  cosg,-  0(0-^^008^0)^"°  ^'^ '         ^^^^^ 

which  gives  a  real  value  to  a  in  the  ordinary  case  of  the  gyro- 
scope.    Making  these  substitutions  in  (214),  we  have 

(sin  ey  ^-g  =  ^(cos  Oq — cos  0)  (cos  0  -  cos  a) ;         (^1 7) 

so  that  0  always  lies  between  a  and  Oq,  which,  as  shown  in  (216), 
are  two  angles  nearly  equal ;  consequently  the  inclination  of  the 
rotation-axis  of  the  disc  to  the  earth's  polar  axis  is  nearly  con- 
stant, only  varying  between  limits  which  are  very  nearly  equal 
to  each  other. 

Integrating  (217)  we  have 

cos^  = ^ + ^ cos^^;  (21o) 

and  replacing  cos  a  by  its  value,  and  omitting  2  <o  cos  Oq  when 
subtracted  from  a,  we  have 

cos^  =  cos^o ^(sin^o)^(l  — COSA  —  t)  .  (219) 

If  we  substitute  this  value  of  cos^  in  (213)  and  omit  terms  in- 
volving the  square  and  higher  powers  of  o), 

f  =  0.(1-008^0-  (220) 

.-.    \lf  —  \lfQ  =  u)l sm — /,  (221) 

"  en       A  ^       ' 

where  yfr^  is  the  value  of  ^,  when  ^  =  0. 
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southwards  along  the  meridian  at  an  angle  equal  to  ^/r^  +  a>  sin  \t : 
now  this  angle  increases  as  t  increases ;  and  consequently  the 
major  axis  revolves  in  azimuth  with  a  constant  angular  velocity 
equal  to  oisinX  in  the  same  direction  in  which  yjr  increases. 
Thus,  if  the  path  described  by  the  bob  of  the  pendulum  is  pro- 
jected on  the  horizontal  plane,  it  will  be  a  revolving  ellipse, 
whose  major  axis  revolves  in  azimuth  with  an  angular  velocity 
equal  to  (osinX,  in  a  direction  opposite  to  that  in  which  the 
earth  moves  :  the  actual  path  will  thus  be  a  spiral  limited  by 
two  concentric  circles  whose  radii  are  a  and  d,  of  which  a  is 
the  greater ;  the  spiral  never  extending  beyond  the  former,  nor 
coming  within  the  latter ;  and  the  point  where  it  meets  the 
larger  circle  advancing  with  an  angular  velocity  equal  to  c^sinX, 
in  a  direction  opposite  to  that  of  the  earth'^s  rotation,  and  oppo- 
site to  that  in  which  the  pendulum  itself  moves. 

This  is  the  law  which  the  expeiiment  exhibited  by  M.  Fou- 
cault  confirms.  We  have  already  given  a  simple  explanation  of 
it  in  Art.  41 ;  and  that  explanation  appeared  to  M.  Poinsot  (see 
Comptes  Rendus,  Tome  XXXII,  p.  206)  to  be  suflScient.  The 
preceding  investigation  however  shews  that  the  result  follows 
from  the  equations  of  motion,  when  small  terms  are  omitted. 
This  therefore  is  only  the  general  effect ;  but  there  are  sundry 
deviations,  owing  to  the  omitted  terms,  which  this  dynamical 
process  will  indicate  if  it  is  carried  to  a  higher  approximation, 
and  which  the  other  method  fails  to  shew ;  but  it  is  beyond  our 
purpose  to  enter  upon  these  small  disturbances  in  this  treatise. 
The  several  memoirs  already  alluded  to  contain  further  approxi- 
mations, and  to  them  I  must  refer  the  student.  I  should  also 
mention  that  M.  Poncelet,  whose  name  must  ensure  attention 
from  every  mathematician,  has  written  two  memoirs  on  this  sub- 
ject, which  are  inserted  in  the  Comptes  Rendus  de  PAcad^mie 
des  Sciences  de  Paris,  Vol.  LI,  1860,  and  has  arrived  at  results 
differing  in  some  respects  from  the  preceding. 

421.]  The  motion  whose  circumstances  we  have  investigated 
has  been  imagined  to  be  that  of  a  bob  of  a  pendulum  fixed  by  a 
rod  of  given  length  to  a  point  fixed  relatively  to  the  earth  and 
moving  with  it,  and  the  effect  of  that  rotation  has  been  exhibited 
in  the  preceding  equations.  This  motion  is  consequently  that 
of  a  material  particle  moving  on  the  lower  concave  surface  of 
a  sphere^  whose  radius  is  /,  fixed  to  the  earth  and  moving  with 
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CHAPTER  IX. 

THE   MOTION   OF   ELASTIC   BODIES. 

447.]  The  principles  and  laws  of  motion  have  thus  far  been 
applied  to  rigid  bodies,  and  to  systems  of  rigid  bodies,  the  con- 
stituent molecules  of  which  have  been  assumed  to  be  in  a  state 
of  relative  rest  during  the  motion ;  and  the  equations  of  motion 
by  which  problems  have  heretofore  been  solved  have  been  de- 
duced from  these  principles  thus  restricted.  Our  purpose  is  to 
apply  them  more  generally.  Ere,  however,  we  do  so,  there  are 
two  reasons  why  we  should  repeat  as  concisely  as  possible  the 
modification  of  the  equations  which  this  assumption  of  the  rela- 
tive rest  of  the  constituent  molecules  introduces.  (1)  Because 
we  have  come  to  the  end  of  our  investigations  on  that  subject, 
and  it  is  good  once  more  prominently  to  restate  the  conspicuous 
principle  of  the  process  so  frequently  employed :  and  (2)  because 
in  the  present  chapter  we  shall  investigate  equations  expressing 
the  motion  of  a  particle  which  is  not  at  rest  relatively  to  its 
neighbouring  particles,  all  being  constituent  molecules  of  a  body ; 
and  our  research  will  include  the  varying  form  of  flexible  bodies, 
(as  they  are  called,)  the  molecules  of  which  move  relatively  to 
each  other;  and  our  conception  of  such  motions  will  be  more 
exact  when  they  are  contrasted  with  those  of  the  molecules  of  a 
rigid  body  in  their  chief  diffei'ences. 

The  equations  of  motion  of  a  rigid  body  are  found  by  the 
following  process:  Let  dm  be  an  element  of  the  body,  and  let 
(a?,y,  z)  be  its  place  at  the  time  ^,  relatively  to  a  system  of  coor- 
dinate axes  fixed  in  space.  Now  this  particle  is  supposed  to  be 
under  the  action  of  certain  external  forces,  whereby  a  certain 
velocity  or  velocity-increment  is  impressed  on  it.  In  consequence 
of  this  external  force  it  would  have  a  definite  expressed  velocity - 
increment  if  it  were  alone,  and  thus  free  from  all  constraint  from 
its  surrounding  molecules.  As  it  is  not  free,  the  constraints 
enter  as  other  forces,  which,  aflTecting  its  motion^  produce  a 
change  of  its  expressed  velocity-increments:  these  constraints 
we  consider  as  internal  forces^  which  prodooe  their  own  effects ; 
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From  the  last  two  equations  of  (102)  we  have 

^^y'jTi  "^^^^1/2  +2w(cos\co8a— sinXcosy)^  r=^cos/3;     (105) 

therefore 
eo8y^  —GO&^-j-  +2a)(eosXcosa—8mXcosy)(^—fo)  =^^008)3.    (106) 

Similarly 
eosa-^  —cosy  -j:  +2ft)(cos\cosa— 8iiiXeosy)(ry  — Tyo)=  — ^^cosa;  (107) 

cos/3  -^  —0080  -^  +  2ft)(cosAeo8a— 8inAco8y)(f  — fo)  =  0.  (108) 

Again,  multiplying  (102)  severally  by  eoso,  cos^,  and  cosy; 
adding,  and  omitting  the  terms  which  vanish  by  reason  of  the 
differential  of  (105),  we  have 

2a)sinA(cosi3-^  — cosa^)  +  2&)COsA(cosy-^— cos)3^)  = ^cosy;  (109) 

substituting  in  which  from  (106)  and  (108),  and  omitting  terms 
involving  products  of  o)^  and  the  coordinates,  we  have 

—  =  ^cosy  +  2(i)CosAcosj3^^,  (HO) 

=  ^COSd  — 2<i)^^C08\sindC08>/r ;  (111) 

which  assigns  the  pressure  on  the  plane ;  and  shews  that  it  i^ 
diminished  or  increased  by  the  earth's  rotation  according  as  the 
line  of  nodes  lies  in  the  S.  "W.  and  N.  E.  quadrants,  or  in  thd 
N.  W.  and  S.  E.  quadrants  ;  and  that  this  increase  or  diminution 
vanishes  when  the  line  of  nodes  lies  E.  and  W.  It  vanishes  at 
the  pole,  and  is^  cseteris  paribus,  a  maximum  at  the  equator ;  and 
it  also  vanishes  when  the  plane  is  horizontal.  It  also  varies 
as  the  time  during  which  the  particle  has  been  moving.  Since 
CI)  cosX  is  the  component  of  the  earth's  angular  velocity  along 
the  tangent  to  the  meridian,  that  is,  along  the  N.  and  S.  line  on 
the  horizontal  plane,  the  change  of  pressure  on  the  plane  is  due 
to  that  component  only,  and  not  to  the  component  along  the 
vertical. 

Substituting  in  the  first  and  third  equations  of  (102)  the  value 
of  R,  given  in  (110),  and  integrating,  we  have 

-jj  +2<i)sinA(ry  — 1^0)=     ^^cosaco8y  +  «cos\co8ocosj3^^. 


-^  +  2a)  cosA(r;  —  t/q)  =  —g  t  (sin  yf    +  o)  cos  A  cos/3  cosy  ^^^  ;, 


(112) 
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by  an  equal  and  opposite  reaction ;  because  these  will  disappear 
in  the  summation  of  the  several  equations,  when  that  extends  to 
and  includes  all  the  molecules  of  all  the  moving  bodies. 

448.]  In  the  problem  of  the  present  chapter,  however,  the 
subject  of  motion  is  a  body,  the  molecules  of  which  move  one 
relatively  to  another,  and  the  bounding  form  of  which  hereby 
generally  changes.     A  fine  vibrating  string,  a  thin  vibrating 
membrane,  a  mass  of  quivering  jelly  or  caoutchouc,  are  such 
bodies  as  we  here  contemplate.     In  these  the  form  of  the  bound-^ 
iug  surface  will  change  from  time  to  time ;  and  so  also  will  the 
relative  arrangement  of  the  constituent  molecules.     When  the 
molecules  move  one  relatively  to  another,  internal   forces  are 
brought  into  action  which  aSect  their  motion  :  these  are  gener- 
ally called  elastic  forces.     These  forces  vary  from  molecule  to 
molecule,  and  also  from  time  to  time  ;   so  that  if  the  body  is 
referred  to  a  system  of  axes  fixed  in  space,  and  (^,  y^  z)  is  the 
place  of  dm  at  the  time  t^  the  elastic  forces  acting  on  dm  are 
functions  of  ^,  y,  Zy  and  t.     In  the  most  general  case  we  suppose 
external  forces  to  act  on  the  several  molecules  of  the  body ;  so 
that  dm  is  acted  on  by  these  as  well  as  by  the  elastic  forces,  and 
both  will  enter  into  its  equations  of  motion.     Thus,  if  i  is  the 
whole  elastic  force  acting  on  dm  at  the  time  ^,  and  a,  ^,  y  are 
the  direction-angles  of  its  line  of  action,  the  equations  of  motion 
of  dm  are  those  given  in  (1)  and  (2).     Similar  equations  will 
express  the  motion  of  every  particle  of  the  body.     Now  we 
cannot  take  the  sum  of  all  these,  and  thereby  determine  the 
motion  of  the  whole  body,  as  the  process  is  in  the  case  of  a  rigid 
body ;    (1)  because  our  object  is  to  determine  the  form  of  the 
body  at  any  time,  and  to  do  this  it  is  necessary  to  determine  the 
place  of  every  particle  at  that  time ;  so  that  the  set  of  equations 
corresponding  to  a  given  particle  must  be  separately  considered, 
and  its  place  therefrom  determined:   and  (2)  ber;ause  all  the 
internal  forces  may  not  be  in  equilibrium  amongst  themselves ; 
and  consequently  the  conditions  (3)  and  (4)  may  not  be  satisfied. 
These  internal  or  elastic  or  molecular  forces,  as  they  are  called, 
may  enter  in  pairs  of  equal  and  opposite  forces  in  the  interior  of 
the  body,  and  thus  far  may  disappear  in  the  sum  corresponding 
to  the  sum  of  all  the  particles ;  but  at  the  bounding  sur&ce  they 
may  be  counteracted  by  and  thus  be  in  equilibrium  with  certain 
external  forces  thereat  acting ;  so  that  all  will  not 
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If  we  eliminate  t  from  these  equations,  we  obtain  the  equation 
f2=  ^     '   Q  {cosA8indeo8>/r-sinAeosd}2i;'3;        (119) 

which  is  the  equation  to  the  semicubical  parabola,  and  is  that  to 
the  path  of  the  particle. 

If  o)  =  0,  ^'  =  0,  and  the  particle  falls  down  the  plane  in  a 
straight  line  perpendicular  to  the  line  of  nodes ;  but  if  the  rota- 
tion of  the  earth  is  considered,  there  is  a  lateral  deviation  from 
the  rectilineal  path,  which  varies  as  the  cube  of  the  time  of  falling. 

It  will  be  obsen'-ed  that  I  have  supposed  the  particle  to  start 
from  rest  from  (^q,  tjo,  fo) ;  if  it  were  projected  from  that  point  on 
the  plane  with  a  given  velocity,  other  terms,  which  can  easily  be 
found,  would  be  introduced  into  the  preceding  equations ;  and  if 
a)=0,  the  resulting  equations  would  of  course  represent  a  parabola. 

422.]  If  the  plane  on  which  the  particle  moves  is  horizontal, 
the  equations  of  motion  are 

^^£       ft         •      X  ^'? 


^-20.810X^1  =  0; 

and  if  we  suppose  the  particle  to  be  projected  from  the  origin  along 
the  plane  with  a  velocity  k  in  a  line  inclined  at  an  angle  /3  to 
the  axis  of  f ;  then,  integrating  the  preceding  equations,  we  have 

-~  +2ft)sinXi;  =  ttcos/3, 

dr\      ck      •       ^ 

-jj  ~2a)SinXf  =  i^smjS; 

which  equations  assign  the  relative  velocity  of  the  particle  at  the 
point  (^,  y)) ;  and  by  elimination  of  t  and  subsequent  integration 
we  have 

V^"^  2^m\>'  ■*"  ^'^""2a)sinA>'  "4a)«(8inAf ' 
which  is  the  equation  to  a  circle.     Consequently  the  particle 

moves  in  a  circle  whose  radius  is ; —  ;  whose  centre  is  at  the 

.      .       uain^       ttcos^Sx.       ,  ^,  .  j      ..•  '^ 

pomt  (  —  ^r — r— -  y  ^ — r— - )  I  and  the  periodic  time  =  — r— -  = 
^      2a)SinA    2a)SinA^  *  a>sinA 

43082'' 

— -  T-  =  a  mean  solar  day  divided  by  twice  the  sine  of  the 

sin  A  '^  ^ 

latitude. 


45^-]  ELASTIC   STBINQS.  609 

city-increments.     Let  t  =  the  tension  of  the  thread  at  the  point 

(^»  y^  z\  which  I  take  to  be  the  beginning  of  d9 :  then,  as  the 

tangent  is  the  line  of  action  of  t,  the  axial  components  of  T 

dx       dy       dz         .  .,         .  ,  _  ^, 

are  '^  j~*'^  3~^  '^T''^  ^  axial  components  of  the  tension 

at  (x-^dx,  y  +  dy,  z  +  dz),  which  is  the  other  end  of  ds,  are 

dx     J    dx  dy      .    dy  dz      ,    dz 

d9  d9  ds  ds  ds  ds 

thus,  according  to  (1),  the  equations  of  the  motion  of  dm  are 

d^x)      ,     dx 


7   (        d^x)      y     dx      ^   \ 


,   (        a^'z)      ,     dz      ^ 


(6) 


I  may  observe  that  these  equations  have  been  found  before; 
viz.  in  Art.  79,  where  their  determination  has  been  given  in 
illustration  of  the  principle  of  virtual  velocities.  I  have  chosen 
however  again  to  investigate  them,  in  order  that  the  meaning 
of  all  the  symbols  involved  in  them  may  be  clearly  understood. 

451.]  Of  these  I  will  first  take  a  most  simple  example.  Let 
the  string  be  fastened  at  one  end  o  to  a  fixed  point,  and  let  it 
pass  over  a  small  pulley  a,  wherao  a  =  a,  and  have  a  weight  =  w 
attached  to  its  other  end :  so  that  the  tension  of  the  string 
throughout  is  equal  to  w ;  and  let  w  be  so  great  that  the  weight 
of  the  st<ring  may  in  comparison  of  it  be  neglected.  Let  us 
also  suppose  x  =  y  =  z  =  0 ;  then,  in  its  position  of  equilibrium, 
the  string  lies  along  the  straight  line  oa  ;  let  it  be  slightly 
displaced  by  means  of  an  external  force ;  the  displacement  being 
so  small  that  the  angle  at  which  any  element  of  it  is  inclined  to 
the  line  oa  is  infinitesimal.  Our  object  is  to  investigate  the  law 
of  the  displacement  of  any  particle  which  follows  on  this  initial 
displacement.  Let  oa  be  the  axis  of  x ;  and  let  (x,  y^  z)  be  the 
place  of  any  element  (  =  poad^)  at  the  time  t  Then,  as  the 
angle  of  inclination  of  d^  to  the  axis  of  a;  is  infinitesimal,  we 
have  approximately  d^  =  dx.  So  that,  n^lecting  infinitesimals 
of  the  second  order,  each  element  of  the  string  moves  in  a  plane 
perpendicular  to  the  line  oa,  and  consequently  the  point  of  the 
string  at  a  does  not  move :  thus  there  will  be  no  motion  along 
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424.]  From  these  the  equations  of  the  axial  components  of  the 
moments  of  the  couples  are  to  be  formed :  let  us  take  that 
whose  axis  is  the  moving  axis  of  ^ ;  then  we  have 

2.;>i  |77(z'-z<-PC08y- -^y[-) -f  (y'-y^-pcos^- ^^^^^ 

and  replacing  F  cos  )3  and  f  cob  y  by  their  values  given  in  (19), 
this  becomes 

..».|,,(z'-z.-^^)-C(^-v.-J^)} 

or  ^  dl  ^  at  ^  at 

-a)fj^j.«(jj«+C*)  +  2«,3.M>?^+2»fa.««C^=0;  (122) 
and  the  similar  equations  for  the  other  axes  are 

-a,,|^2.«»(C*  +  n  +  2a,;2.».C^  +2a,^J.^^^  =  0;  (123) 

-a);^y^J.^(P  +  T,2)  +  2a)^2.f«f^  +  2a),2.«ar?^=0;  (124) 

and  by  means  of  these  six  equations  the  relative  motion  of  a  ma- 
terial system  of  invariable  form  may  be  determined. 

425.]  These  six  equations  of  relative  motion  may  be  com- 
bined into  a  single  equation  by  means  of  the  principle  of  virtual 
velocities.  For  suppose  5 «  to  be  any  arbitrary  geometrical  dis- 
placement of  the  place  of  m  at  the  time  t^  which  is  consistent 
with  the  geometrical  relations  of  the  system  ;  and  let  5f,  5ry,  hC 
be  the  axial  projections  of  d«;  and  let  all  these  quantities  be 
type-quantities ;  then  the  equations  of  motion  may  be  expressed 
by  means  of  the  single  equation, 

2.;;i  W-X,-FC08a-  ^^;-)  5^+(Y^-Y,-FCOSi3-  ^)  5r? 

+  (z'-z,-Fcosy-^^'^)5c}=0.  (125) 
This  equation  is  indeed  equivalent  to  the  six  equations  by 
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TMBon  of  the  ftrtiitrarinees  of  Gf,  S?],  bC\  for  tlic^e  quantities  in 
their  most  general  forma  involve  sji  diaplacements,  which  aw 
independent  of  each  other ;  viz.,  three  of  translation  and  three 
of  rotation ;  and  the  coefficients  of  these  eepurately  vanish.  If 
the  relative  motion  of  one  or  more  of  the  particles  of  the  system 
ie  constrained,  these  displacements  are  thus  far  subject  to  cer- 
tain conditions,  and  conse(iueDtly  are  not  independent ;  and  all 
that  has  been  said  in  Art.  78  is,  mutatis  mutandis,  to  be  applied 
to  this  esse. 

4S6.]  Let  ns  eupjKise  that  the  conditions  to  which  the  system 
is  subject  do  not  involve  the  time  explicitly ;  then  we  may  tate 
for  the  %'irtual  arbitrary  displacement  of  the  place  of  m  that 
which  actually  takes  place  in  the  time  dl  by  reason  of  the 
motion  of  the  system,  and  of  the  forces  acting  on  it ;  bo  that  in 
equation  (125)  we  may  put 

6f  =  rff,        hr,  =  dr,,        lC='i<:  (126) 

then,  since  from  (28), 

CO8arff  +  COB/3rfT+C0Syrff=0,  (127) 

.  (125)  becomes 

=  J.B»{(x'-xJrff+(T'-T,)rfi,  +  (z'-z<)rff);  (128) 
80  that  if  V  is  the  relative  velocity  of  m  at  the  time  i, 

rf.».M!^  =  2s.m{(jt'-x,)rff+(Y'-y,)<;,,  +  (z'-z,)rff}.    (129) 

Let  ns  moreover  suppose  that  x',  y',  if,  x„  y^,  z,  do  not  contain 

t  explicitly,  but  are  functions  of  f,  1),  Conly ;  then  by  integration 

t.mv^~2.mro'=:2f  Lmhi'd^+i'dTi+^dC 

-2j    3.m(i,dS+j,d7,  +  z,dC);  (180) 

wherein  v^  is  the  initial  value  of  v,  and  1  and  0  denote  the 
limiting  values  of  the  relative  coordinates  of  the  place  of  m. 
corresponding  to  the  terminal  and  the  initial  values  of  the  left- 
hand  member  of  the  equation. 

Equation  (130)  is  that  of  the  relative  vis  viva  of  the  material 
system ;  and  if  we  consider  it  in  its  elemental  form  in  (129),  it 
gives  the  increment  of  the  relative  vires  vivte  of  all  the  particles 
of  the  ^'^m  in  the  time  dt,  and  shews  that  it  is  equal  to  tiie 
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excess  of  twice  the  sum  of  the  products  of  the  impressed  momen- 
tum-increment of  each  particle  and  the  space  through  which  it  has 
acted  over  the  sum  of  the  products  of  the  momentum-increment 
due  to  the  force  of  transference  of  the  coordinate  system  (see  Art. 
395),  and  the  space  through  which  this  latter  force  has  acted. 

It  will  be  seen  that  f,  the  compound  centrifugal  force,  has 
wholly  disappeared  in  (129)  and  (130) ;  and  rightly  so ;  because 
its  line  of  action  is  perpendicular  to  that  of  the  relative  velocity 
of  m ;  whereas  into  the  equation  of  vis  viva  only  those  forces 
enter  whose  lines  of  action  are  in,  or  have  a  component  along, 
that  of  the  motion  of  m  at  the  time  t. 

427.]  It  is  expedient  to  mention  certain  particular  forms 
which  the  preceding  general  equations  take  in  special  cases, 
because  in  these  simplified  forms  they  are  frequently  applicable 
to  the  solution  of  problems. 

(1)  Let  us  suppose  the  origin  of  the  moving  system  to  move 
along  a  given  curve  in  the  plane  of  (^,  y) ;  and  the  system  to 
have  no  motion  of  rotation :  then  a,  =  dg  =  ^s  =  1)  ^^^  ^  ^he 
other  direction-cosines  vanish  ;  so  that  from  (21),  (22),  and  (23), 

and  (124),  being  the  equation  of  relative  moments  about  the  axis 

of  (,  becomes 

d  x^dri         df\  ,.  ,  ,.  A^^^o  ^^^0 

=  i.m(ey'-r,x')-^fp-3.mi+^:,.mr,    (131) 

=  »__^o,.«^+__o ,.«,,,  (132) 

if  N  is  the  moment  of  the  couple  of  the  impressed  forces  whose 

axis  is  the  moving  ^-axis. 

If  the  material  system  is  of  invariable  form,  and  is  fixed  to  the 

moving  origin  ;  and  if  r  is  the  distance  of  m  from  an  axis  perpen- 

d$  . 
dicular  to  the  plane  of  (^,  rj)  through  the  origin,  and  jj-  is  the 

angular  velocity  of  the  body  at  the  time  I ;  then  (132)  becomes 

by  which  equation  the  relative  angular  velocity  of  the  body  may 
be  determined. 
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ments  are  functions  of  that  distance.  This  is  the  case  when  the 
pulse  travels  along  OA  in  a  positive  direction;  and  as  another 
poise  may  also  travel  in  an  opposite  direction,  the  displacement 
due  to  this  will  be  a  function  of  — t?^— ^,  that  is,  of  vt  +  x;  and 
consequently  the  whole  displacement  will  be  the  sum  of  these 
separate  displacements.  Moreover,  also,  as  there  may  be  many 
pulses  travelling,  some  in  one  direction  and  some  in  the  opposite 
direction,  the  resultant  displacement  will  be  the  sum  of  all  these, 
and  will  be  correctly  represented  by  such  expressions  as  are  given 
in  (15).  This  result  also  follows  from  the  principle  of  super- 
position of  small  motions,  and  from  the  linear  form  of  the  differ- 
ential equations  (14).  These  observations  apply  to  the  second 
and  third  of  (15)  as  well  as  to  the  firsts  and  from  them  it  appears 
that  a  is  the  velocity  along  oa  with  which  the  pulse  causing  the 
longitudinal  displacement  is  propagated,  and  b  is  the  velocity  of 
propagation  of  the  pulse  causing  the  lateral  displacement.  It 
appears  then  that  the  velocity  of  propagation  of  the  pulse  which 
causes  the  longitudinal  vibration  is  different  to  that  which  causes 
the  lateral  vibration. 

The  character  of  the  problem  is  such  that  the  displacements 
are  not  only  small  but  are  also  periodic,  so  that  f  and/  represent 
periodic  functions,  such  as  sines  and  cosines,  into  which  they 
may  be  developed  by  means  of  Fourier's  Theorem ;  suppose 
T  to  be  the  periodic  time;  then,  as  the  velocity  of  propaga- 
tion of  the  pulse  is  constant,  being  a  for  longitudinal  and  b 
for  lateral  displacements,  the  distances  through  which  the  pulse 
is  propagated  in  the  time  r  are  ar  and  br  respectively.  Let 
us  take  the  case  of  longitudinal  vibration  only,  as  it  is  repre- 
sentative, and  let  ar  =  \  :  then  f{x—at\  which  expresses  the 
displacement  due  to  the  positive  pulse  remains  the  same  if  a;  is 
increased  by  \,  and  t  is  increased  by  r ;  and  the  same  result  is 
true  for  successive  similar  and  simultaneous  increases :  so  that 
the  string  takes  the  form  of  a  series  of  equal  and  similar  curves. 
A  similar  result  is  of  course  true  for  the  displacements  due  to  a 
pulse  moving  in  the  opposite  direction.  The  curves  due  to  the 
transversal  displacements  are  called  ventral  segments,  the  length 
of  each  of  which  on  the  line  oa  is  dr.  More  will  be  said  on 
this  subject  in  future  Articles. 

454.]  Now,  supposing  the  points  at  o  and  a  to  be  fixed,  the 
form  of  the  functions  given  in  the  right-hand  members  of  (15) 
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similar  to  those  of  absolute  motion  which  have  been  already 
demonstrated  in  Chap.  III.  Section  2,  of  the  present  Volume.  In 
the  first  place,  the  relative  motion  of  the  mass-centre  of  a  material 
system  of  invariable  form,  or  in  which  the  internal  forces  mutually 
destroy  each  other,  is  the  same  as  if  the  whole  mass  of  the 
system  were  collected  into  it,  and  all  the  momentum  due  to  the 
external  forces,  the  forces  of  transference,  and  the  compound  cen- 
trifugal forces,  the  last  two  with  their  directions  changed,  was 
thereat  applied  in  lines  parallel  to  the  actual  lines  of  action. 

Let  (^,  fjj  C)  ^  the  place  of  the  mass-centre  of  the  system  at 
the  time  t  relatively  to  the  moving  axes ;  and  let  (f',  rj\  f')  be 
the  place  of  m  at  the  same  time  relatively  to  a  system  of  parallel 
axes  originating  at  the  mass-centre  :  then  we  have 

V  =  V  +  r,'A  (188) 

Also  let  M  denote  the  mass  of  the  whole  moving  system :  then 
the  newly  introduced  coordinates  are  subject  to  the  following 
conditions :  j^.m$'=  ^.mi{^  2.mC=^  0;  (139) 

3l.f«f=M^      Xmri=^ri,       a.mf=Mf.  (140) 

On  referring  to  the  analytical  values  of  the  momentum  due  to 
the  forces  of  transference  given  in  (21),  (22),  and  (28),  it  appears 
that  the  values  of  ^.tnx^,  ^.mY^,  2.mZ|  are  not  changed;  but 
they  m^  be  expressed  as 

where  x^,  Yi,  Z|  are  the  values  of  X|,  Y|,  Z|,  when  f,  17,  f  are  re- 
placed by  f,  rj,  f,  so  that  the  momentum  due  to  the  forces  of 
transference  may  be  applied  to  a  mass  m  at  the  mass-centre, 
along  lines  parallel  to  their  original  lines  of  action.  A  similar 
theorem  is  also  true  of  5. w p cos  o,  5 . «i  f  cos  ^,  Ji.mF cos y, 
which  may  be  replaced  by  MFcosa,  mfcos)3,  MFcoey;  so  that 
the  equations  (121)  become,  after  all  reductions, 

x<-Fcosa-  -^,2=0,  \ 


(141) 


-Y,-Fcos/3--.-2=0, 


X.m?/      -       _  d^C      n 

— /,-FCOsy-^,  =  0;; 

p  p  a 
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between  0  and  ^^f{—bt)  ig  also  known  between  ttiose  same 
limits. 

In  (22)  let  bt  be  replaced  by  Z+i^  ;  then 

p(2/+«0  =  ~/(-J^) 

=  P  {bt) ;  (23) 

which  shews  that  the  value  of  f  {pt)  remains  the  same,  when  its 
subject- variable  is  increased  by  2  / ;  consequently  it  is  the  same 
when  the  subject- variable  is  increased  by  4/,  or  6/,.,.,  or  2f»/, 
where  »  is  a  whole  number.  And  therefore  if  the  value  of  p  {bt) 
is  known  from  i^=0tod^=:2/^  the  value  is  known  for  all 
values  between  /  =  0  and  ^  =  oo.  Thus  2/  is  the  length  along 
the  line  oa,  which  has  been  denoted  by  A.  in  Art.  453,  and  is 
equal  to  Xr. 

Again,  in  (22)  lei  b  the  replaced  by  l^bt,BO  that  bt  is  less 
than  / ;  then  p  (2/-  bt)  =  -/(i  t)  ;  (24) 

but/(W)  is  known  for  all  values  of  bt  between  0  and  /;  con- 
sequently the  value  of  f  (d^)  is  known  for  all  values  o{  bt  between 
bt=:  ItLnibt  =  21. 

Hence  the  value  of  f  (a)  is  known  for  all  values  of  a,  from 
a  =  0  to  a  =  00  ;  and  these  are  the  required  limits. 

Thus  much  as  to  f.  And  we  have  shewn  above  that  all  values 
of/(j3)  are  known  from  )3  :^  0  to  ^  =  —  oo  ;  and  the  initial  equa- 
tion (20)  gives  all  values  of /(j3)  from  )3  =  /to^  =  0;  so  that 
all  values  o{  f{p)  are  known  within  the  required  limits. 

It  is  worth  observing  that  the  values  of  v{a)  for  negative 
values  of  a,  and  that  of  /{p)  for  values  of  fi  greater  than  /,  have 
not  been  found  in  the  preceding  explanations  ;  and  they  are  not 
required ;  as  the  particular  values  of  their  subject- variables  are 
not  within  the  limits  given  by  the  problem. 

The  values  of  the  functions  which  express  the  ^-displacement 
may  be  found  in  a  manner  precisely  similar. 

Thus  the  form  of  the  string  in  its  displaced  state,  and  the 
velocities  of  its  several  molecules  parallel  to  the  y-  and  2:-axes  at 
the  time  t  will  be  known ;  and  the  problem  will  be  completely 
solved,  so  far  as  the  transversal  vibrations  are  concerned. 

Also,  all  that  has  been  said  on  transversal  vibrations  is  ap- 
plicable, if  we  replace  b  by  a,  to  the  longitudinal  vibrations  of 
the  string.  In  this  case  the  initial  equations  will  assign  the 
position  and  the  velocity  along  the  d?-axis  of  every  particle  of 
the  string,  when  ^  =:  0,  between  the  limits  a  =  0  and  x  =  I. 
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sclieme  of  cosines  &c.  which  are  involved  in  (1)  of  the  present 
Chapter :  (3)  another  system  of  rectangular  axes,  fixed  in  the 
body  and  moving  with  it,  which  I  shall  take  to  be  a  principal 
system  at  the  point. 

In  reference  to  these  three  systems  respectively  I  shall  take 
the  place  of  m  at  the  time  ^  to  be  (a?,y,  z\  (f,  17,  f),  (^',  17',  f^; 
and  these  last  two  I  shall  take  to  be  connected  by  the  foUowing 
scheme  of  direction-cosines ; 


v' 

Pi 
7i 

P2 

C 

(142) 


60  that 

i7  =  a2r  +  /3,r,'  +  y,r,    [  (148) 

To  determine  the  relative  motion,  these  nine  direction-cosines 
must  be  expressed  in  terms  of  ^ :  as  only  three  are  independent, 
it  will  be  eventually  more  convenient  to  determine  the  posi- 
tion &c.  of  the  body  by  means  of  Euler's  three  angles,  d,  0,  >/r, 
according  to  the  process  of  Articles  3  and  4 :  the  relations 
between  these  three  angles,  and  the  nine  direction-cosines  being 
those  of  (20),  (21),  (22),  Art.  4. 

430.]  Now  we  have  two  modes  of  estimating  the  ang^ular 
velocity  of  the  body,  of  which  one  is  absolute,  and  the  other  is 
relative  to  the  moving  system  of  axes  ;  let  us  resolve  these  along 
the  principal  axes  at  the  time  I ;  let  co/,  co^^  (^z  be  the  axial 
components  of  the  former,  and  let  ai^,  cdj,  cosbe  those  of  the  latter. 
The  difference  between  them  is  evidently  due  to  the  angular 
velocity  of  the  moving  system :  and  consequently  if  we  resolve 
this  latter  along  the  principal  axes,  we  may  equate  each  com- 
ponent to  the  corresponding  excess  of  the  absolute  over  the 
relative  angular  velocity.     Thus  we  have 

(f>l    =  Wj  +  Oj  ft)^  +  O2  ft),  +  03  ft)f , 

ft>3'  =  ft>3  +  yi  ft>^  +  y2«ii  +  y8^f5 


8S3 
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Ml  «0|,  «»sf  4»9^  tff  ^  ^  are  all  employed  relatively  ta  tiie  moving 
eyetem  of  «xe%  they  are  eonneeted  by  lihe  eqnatioiiB  given  in 
(120),  (121),  (122),  Aridele  64 

As  m^j  m/,  §0^'  depend  on  the  constitation  of  the  body,  on  ita 
initial  eiioomrtanoea,  and  on  the  fozoes  whieh  aet  <»i  it,  tiiey 
BUttt  be  determined  from  eqcntione  of  motion,  in  terms  of  ^,  ^, 
^y  and  i, and  Hmt  values  anbetitnted  in  (144):  hereby  we  shall 
have  three  eqoations  in  terms  of  ^,^,^,  and  ^  and  their  diffemi'* 
tbb :  from  thesei  by  integration,  0^  ^,  and  ^  may  be  cjLprusHed 
as  fimctions  of  /,  and  the  relative  positiim  of  the  body  will  be 
given. 

.  (9inee  »i\  «•/,  to/  are  the  components  along  the  prindpal  axes 
df  the  absolnte  angnlar  vdoeity,  they  may  be  determined  by 
l&dsK^s  tiiree  equations  of  motion :  and  we  have 


^-^+(^-®)«aW=i^  \ 


di 


(146) 


where  a,  b,  c  are  the  principal  moments,  and  l,  m,  K  are  the 
moments  of  the  couples  of  the  whole  impressed  momentum- 
increments  on  the  body  about  the  principal  axes. 

431.]  By  means  of  these  relations  we  can  express  the  general 
equations  of  relative  vis  viva  and  of  moments  in  terms  of  the 
angular  velocities  about  the  axes  of  ^,  i;',  f  which,  are  fixed  in 
the  body  and  move  with  it :  and  as  the  position  of  these  axes  is 
arbitrary  we  may  take  for  them  the  principal  axes  at  the  moving 
origin,  and  thereby  simplify  the  equations  of  motion.  For  this 
purpose  let  us  take  the  ^-difierentials  of  (143),  bearing  in  mind 
that  i\  ri\  C  do  not  vary  with  L     Then 


dn_  ^da^       ,d^^        dy^ 
dt^^  dt'^^  dt'^^  dt' 


3  ,  „'^^3  ,  A'r/a 


dt 


,dy^ 
dt 


(146) 


f^naring,  adding  them,  and 
dement  of 


the  sum  of  them  for  every 
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2,tfl 


dfi 


+  2 


'•^  ^  U<  de  "^  It  Hi  "^  It  ~di) 

then  using  the  notation  with  respect  to  the  summations,  which 
are  given  in  (25),  (26),  (27),  Art.  150,  and  the  equivalences  given 
in  (91)  and  (93),  Art.  59,  this  is 

^•»' ~dfi ~  ^^1  +Bft)2*  +  Ca)8'  — 2Dft)2ft)3— 2Eft)3a)i  — 2Pa)ia)2;  (148) 

and  thus  the  equation  of  relative  vis  viva  given  in  (130)  becomes 

d  .  (Aa)i^H-Ba)/  +  Ca)3*  — 2Dft)2ft)8  — 2Eft)3ft)i  — 2Pft)ito2) 

=  22.«j{(x'-x,)rf^  +  (Y'-Y,)rfi;  +  (z'«z,)rfC}  ;      (149) 

the  compound  centrifugal  force  having  no  place  in  it,  because  it 
is  a  normal  force,  and  does  no  work  along  the  line  of  the  tangent 
to  a  particular  path.  Equation  (148)  is,  as  it  will  be  observed, 
the  same  as  (108)  in  Art.  111. 

This  equation  of  relative  vis  viva  is  general ;  as  however  our 
system  of  axes  of  (f ',  ry',  CO  is  principal,  d  =  E  =  P  =  0 ;  and 
thus 

d.  (AV  +  BV  +  Ca)32)  =  2a.«i{(x'-x,)df+(Y'-y,)rfi;+(z'-z,)rfC}.  (150) 

If  0)^,  0)^,  CO3  are  replaced  by  their  values  as  given  in  (120),  (121), 
and  (122),  Art.  64,  the  expression  for  the  vis  viva  of  the  system 
will  be  given  in  terms  of  ^,  </>,  y^  and  their  ^-differentials. 

432.]  As  to  the  equations  of  moments  which  are  given  in 
(125?),  (123),  and  (124),  the  transformation  of  them  into  equiva- 
lents in  terms  of  cop  0)2,  0)3  may  be  effected  by  direct  substitution 
of  ^,  r]\  C\  a^d  ^^®  angular  velocities  about  these  axes  for  i,ri,Cy 
or  by  special  processes ;  as  the  latter  method  is  the  shorter,  we 
will  take  it,  and  transform  separately  the  several  terms  of  the 
equations.     Let  us  take  first  the  left-hand  members  of  (122). 


'■"{(J-ljf)  =  A«,a,  +  B,»,fl,  +  C»,7,. 
Ai  to  the  temia  of  the  light-hand  memben  of  (122),  (123), 
•od  (124),  let 

.  t.m{^{^:-^,)-{{1'-^,))  =  L'-^,  1 
,.».(Ox'-i,)-f(i'-j,))=ii'-i.„  (151) 

l.i«{«i'-v.)-,(x'-i,))  =  B'-it,;) 
the  right-hand  member  in  each  case  being  the  axial  component 
of  the  excew  of  the  conple  due  to  the  impresaed  forces  over  that 
due  to  the  forces  of  transference. 

As  to  the  second  terms  in  the  right-hand  members,  it  is 
evident  hy  the  properties  of  momentB  of  inertia,  see  (109),  Art. 
179,  that  their  equivalents  are  as  follows  : 

rm  (^»  +  f*)  =  aV  +  B^l»  +  Cyi»,  ) 
t.i^{C  +  e)  =  AV  +  Bi3,»  +  Cy,»,  V  (155) 

a.  M  a'  +  >,»)  =  aV  +  BjSg*  +  cys».  1 
And  w  to   the  third  and  fourth  tenns  in  the  right-hand 
iboa. 
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omitting  the  terms  containing  the  products  of  the  coordinates. 
Substituting  these  values  in  (122),  we  have 

d  d 

similarly  from  (123)  and  (124)  we  have 

d  d 

^  (a  0)1  Oj  +  B  0)2)82 +  Cft>8y2)  =  M'-M|-0),^(Aa22  +  B^2«  +  Cyj«) 

+  J«,(.',H^3  +  ..ft^  +  o',.^)i      (168) 
^(AWias  +  Bw^jSs  +  Cwaya)  =  s'-N^-wf  ^(Aa8«+  B/33«  +  Cys«) 

+2».(.'a,^  +  B'ft^+C,.^);      (159) 

the  last  three  groups  of  terms  in  the  right-hand  members  of  each 
of  these  equations  being  due  to  the  compound  centrifugal  force. 

433.]  As  these  equations  severally  express  the  moments  about 
the  axes  of  (,  t;,  ^  respectively  at  the  time  t  in  terms  of  the 
angular  velocities  &c.  about  the  principal  axes  of  ^',  r)\  (\  we  can 
deduce  from  them  the  equations  of  moments  about  the  principal 
axes,  by  taking  the  components  of  them  along  these  axes.  Thus 
to  determine  the  equation  of  moments,  that  is  of  rotation,  about 
the  axis  of  f,  let  the  equations  (157),  (158),  (159)  be  multiplied 
respectively  by  aj,  Og,  Og,  and  added:  then  the  sum  of  the  left- 
hand  members  is  d<o 


6ms- 


and  of  the  riglit-liaiid  members,  if  L|  and  i^  an  the  i 
about  the  principal  axis  of  £'  of  tbe  ooi^ai  doe  to  the  impi 
forces  and  to  the  force  of  transferanoe  zespeotirriy,  Htf  flmiM  OK 
the  first  two  terms  are  respectively  E^  and  l^:  and  if  in  tiia 
other  terms  we  replace  a,  B,  c  mpeetiTely  by  B'+<f,  c'+*'i 
a'  +  d',  and  employ  the  eqairalencM  givvn  in  (88),  Ait.  58^  the 
aum  of  the  terms  is 

2o'<",(»(y,  +  <",y.+'"(7a)-2B'M,<*i,i8i+«,/3,+<i(A);  (161) 
and  the  equation  becomea 
A  -^  +  (c-b)  «^»3  =  L,-!^' 

+  2c'<o,(a)t>,  +  «,y,  +  a.(y3)-2B'«»(«tA+«,i8,+«fj3^  (I*®) 
0])eratin^  by  similar  processes  for  the  eyuJaoM  of  raomentB  about 
the  axes  of  ij'  and  C>  we  have 

b-^  +  {a-c)«3  «,=»!,-< 


"  di 


+  {B-A)ajj(»g  = 


'  Since  lof ,  a>, ,  cof  are  the  angular  Telocitiee  of  the  moving  system 
of  reference  about  the  axes  of  $,  i),  (  reepectively, 

are  the  angular  velocities  of  the  moving  system  abont  the  axes 
of  f ,  7)',  C  tespectively ;  if  we  denote  these  qnantities  by  (u  ^ > ,  b>  ^ , 
w^,  respectively,  (162), (16S),  (164)  will  be  expressed  in  the  form 

A-jTi  +  (c— B)«jO)a=  Li— i,'  +  2c'<iija);.— 2b'«3« 

f  (a— c)«8a),  =  m,  —  »(/  +  2a'<i1jB)c— 2c' »!»£',  V    (165) 


"di 


,'  +  2b'(i)iw^— 2a'wjMc. 


These  equations  for  rotatory  motion  are  evidently  analogous  to 
Euler's  equations  which  determine  the  angular  velocity  of  a  body 
rotating  about  an  axis  passing  through  a  fixed  point.  The  leit- 
hand  members  are  identical  in  the  two  systems ;  and  to  the 
right-hand  members  in  Enler's  equations  are  added  tenne  which 
express  the  effects  of  the  fictitious  force  of  transference  and  of 
the  fictitious  compound  centrifugal  force. 


434-]  0^  EOTATION.  587 

434.]  I  proi)ose  now  to  apply  these  equations  of  relative  vis 
viva  and  of  moments  about  the  principal  axes,  viz.  (150),  (165), 
to  the  motion  of  a  body  as  affected  by  the  diurnal  rotation  of  the 
earth.  I  shall  suppose  the  origin  of  the  moving  system  of  axes 
to  be  a  i>oint  on  the  surface  of  the  earth,  and  this  point  or  place 
to  have  no  other  motion  than  that  due  to  this  diurnal  rotation. 

Let  us  take  a  plane,  whose  position  for  the  present  is  arbitrary, 
so  as  to  admit  of  subsequent  determination,  passing  through  the 
fixed  point  to  be  that  of  (f,  rj) :  this  plane  being  fixed  to  and 
moving  with  the  earth.  Through  the  fixed  point  let  a  straight 
line  be  drawn  parallel  to  the  earth's  polar  axis  ;  and  let  it  be  pro- 
jected on  the  plane  of  (f,  rj) :  this  line  we  shall  take  to  be  the 
^-axis,  and  reckon  it  positive  in  such  a  way  that  when  the  plane 
is  horizontal  that  direction  shall  be  southwards  ;  and  the  positive 
direction  of  the  77-axis  we  shall  take  to  be  such  that  that  direction 
may  be  westwards  when  the  plane  is  horizontal :  hereby,  if  the 
plane  of  (^,  rj)  is  horizontal  at  the  place  of  observation,  we  shall 
have  the  same  arrangement  and  the  same  system  of  axes  as  in 
Fig.  63.  Let  the  positive  direction  of  o  C  be  so  taken  as  to  be 
away  from  the  earth's  surface  when  the  plane  of  (f,  r\)  is  horizon- 
tal ;  and  let  v  be  the  angle  at  which  the  C-axis  is  inclined  to  the 
earth's  polar  axis  ;  so  that  when  the  ^-axis  is  vertical,  v  is  the 
co-latitude  of  the  place  of  observation. 

Let  o),  as  heretofore,  be  the  diurnal  angular  velocity  of  the 
earth.  Then,  taking  account  of  its  direction,  which  is  from  West 
to  East,  o)^  =  0,  ain  v,      w,  =  0,       o);  =  -  o)  cos  v. 

Let  us  suppose  the  body  to  move  under  the  action  of  the 
earth's  attraction,  whatever  are  the  other  forces  which  also  act  on 
it ;  then,  so  far  as  this  attraction  is  concerned,  x^— x^,  y^  —  y^,  z'  —  z< 
are  the  components  of  gravity  (as  it  is  commonly  called)  along 
the  axes  of  f,  ?;,  fat  the  time  t.  Let  us  moreover  suppose  the 
dimensions  of  the  body  to  be  such  that  the  earth's  action  is  the  same 
on  all  particles  of  it  of  equal  mass  ;  then  thus  fer  these  components 
are  constant,  and  may  be  replaced  by  constants  e,  p,  g,  where 

X'— Xj  =  E,       Y^  — Y|  =  P,       z'  — z<  =  G. 

Hence,  if  m  is  the  mass  of  the  body,  and  (^  iy,  C)  the  place  of  its 
mass-centre  at  the  time  t  in  reference  to  the  axes  of  (^,  ?;,  f ), 

2.f«{(x'-X,)rff+(Y'-Y,)rf7?  +  (z'  +  Z,)rff}==M(E^f-fFrf^  +  GrfC);(166) 
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and  the  riglit-hand  member  being-  snbetituted  in  (150),  the 
expression  may  be  integrated,  and  the  value  of  the  relative  vis 
viva  at  the  time  t,  or  the  increase  of  vis  viva  in  the  passa^  from 
one  position  to  another,  may  be  obtained. 

If  the  axis  of  ^  passes  through  the  mass-centre,  and  A  is  the 
distance  of  the  mass-centre  firom  the  fixed  point,  then  ^  =  ^7,, 

H  (td^+7dij  +  0d()  =  Mirf{Byi  +  Pyg  +  Gyj).  (167) 

Also  as  to  the  equations  of  moments, 
.If-^=liA{Qy^-ry,),  M'-lf,=SA{Ey(-Qy,),  s'-II,=uA{Pyi-Ey^  (168 

M,  — M,'=      Mi(Ko,  +  POj  +  Qaj),     [  (169) 

Mi-w,'  =  0.  ! 

436.]  Fnrtheruore,  let  us  goppose  the  constitution  of  the  body, 
which  has  one  point  fixed  but  is  otherwise  unconstrained,  to  be 
each  that  A  =  B,  and  c  to  be  so  small  that  it  may  be  omitted  in 
comparison  of  a  and  b.     Then  i.'=  b'  ;  and  <f  =  a,  because 
20*=  A  +  B  — c  =  2a. 
Let  the  pUne  of  (f,  i)}  be  horizontal  and  the  axis  of  (  vertical, 
so  that  if  A.  is  the  latitude  of  the  place,  v  =  90  — \  ;  and  e  1=  f 
=  0,  G  =  —ff.     Ae  the  only  other  force  acting-  on  the  body  is  the 
stress  at  the  fixed  point,  it  does  not  enter  either  into  the  equation 
of  relative  vis  viva  or  into  the  equations  of  moments. 
Hence  the  equation  of  vis  viva  becomes 

A<'/.{ioi^  +  io^')  =— Suy^rfj-j  =  —2itpAd.  coBfl; 
and  if  A  =  u^,  this  equation  in  l«rms  of  0  and  i/r  becomes 

%H-i'"f''S  =  %\c«.e.-,o.e).         (170) 

if  flfl  is  the  value  of  0,  when  the  body  is  at  relative  rest. 

Also  taking  equation  (159),  which  is  that  of  moments  about 
the  f-axis,  and  reducing  it  to  terms  involving  6  and  i/f,  we  have 

=  2  u»  (sin  A  cos  0  —  cos  A  sin  ^  sin  ^)  sinfl  — ■  (171) 


1 


And  taking  equation  (164),  which  is  that  of  moments  about 
the  principal  axis  of  C,  and  redocinff  it  to  terms  involving  $  and 
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-j^  =  (0  cos  X  (coijSi— (Ojaj)--^)  sin  X  {(^iPz~'^2^ 

=  ©COS X(  —sm  v^ cos ^-TT  —cos^sin^^i  — 0)8111  X sin  (9  -r- 

\  ^  /  '      I     •    /i\  .        •     \   ^'.cos  ^ 

=  —  0)  cos  X-r-  (sm  ^  sin  d)  +  osm  X rr —  • 

dt^  '  at 

d  {dd>  dylf  .         .    ^  .  ) 

/.  -j7<^  +cosd-^  +o)CosXsm^sind— (osinXcos^J-  =  0.  (172) 

These  three  equations  (170),  (171),  and  (172)  are  siiflBcient  for 
the  complete  solution  of  the  Problem,  which  is  that  of  Foucault's 
Pendulum.  But  as  full  explanation  of  similar  equations  has 
been  given  in  Chapter  VI.  it  is  unnecessary  to  repeat  it  in  this 
place. 

436.]  It  is  however  desirable  to  consider  a  more  general 
problem  than  the  preceding,  in  application  of  these  principles  and 
equations,  and  so  I  propose  to  take  that  of  the  Gyroscope  of  M. 
Foucault.  This  is  a  problem  of  great  interest,  inasmuch  as  it 
exhibits  by  means  of  instrumental  observation  the  diurnal  rotation 
of  the  earth,  and  its  incidents,  and  also  the  latitude  of  the  place ; 
for  if  a  rapid  rotation  is  given  to  the  disc  of  the  instrument,  the 
position  of  the  axis  retains  a  fixed  direction,  that  is,  points  to  a 
fixed  star  in  the  heavens,  and  is  not  affected  by  the  earth's  rota- 
tion ;  the  relative  effect  of  this  fact  is  to  show  an  angular  motion 
of  the  axis  of  the  instrument  on  any  plane,  that  angular  velocity 
depending  of  course  on  the  latitude  of  the  place  of  observation 
and  the  position  of  the  plane  at  it.  A  diagram  of  the  instrument 
has  been  given  in  Fig.  21,  and  the  construction  and  arrangement 
have  been  described  in  Art.  177.  The  centre  of  gravity  of  the 
whole  machine,  which  coincides  with  those  of  the  several  parts  of 
it,  is  at  the  centre  of  the  rotating  disc  ;  and  this  point  remains 
at  relative  rest,  whatever  are  the  rotations  of  the  disc  and  of  the 
metallic  circles.  At  this  point  therefore  the  systems  of  axes 
originate. 

Now  M.  Foucault  contrived  in  some  of  his  experiments  that 
the  axis  of  the  disc  should  be  constrained  to  move  according  to  a 
given  law,  fixed  relatively  to  the  earth :  we  will  in  the  first  place 
consider  the  case  in  which  the  axis  is  constrained  to  move  in  a 
given  plane,  and  investigate  the  phenomena  which  the  machine 
presents  under  that  constraint  to  an  observer  moving  with  the 
earth.     The  problem  in  its  dynamical  form  is  this : 
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A  heavy  body  of  revolution  rotates  rapidly  aboat  its  axis  of 
figure ;  its  centre  of  gravity  is  fixed  relatively  to  the  earth,  and 
the  rotation-axiB  of  the  body  can  move  only  in  a  plane,  which  is 
likewise  relatively  fixed :  it  is  required  to  determine  the  motion 
of  this  moving  axis,  regard  being  had  to  the  dinmal  rotatioQ  of 
the  earth. 

We  will  take  the  fixed  plane,  in  which  only  the  lotstion-ucis 
of  the  body  can  move,  to  he  the  plane  of  (f,  ij) ;  so  that  v  is  the 
angle  at  which  this  plane  is  inclined  to  that  of  the  terrestrial 
eqnator.  As  the  rotating  disc  ia  a  solid  of  revolution,  a.  =  b  ; 
and  if  the  axis  of  the  disc  is  that  of  C,  c  is  the  principal  moment 
relative  to  it,  and  we  will  suppose  it  to  be  greater  than  a.  Also, 
as  the  rotation-axis  is  in  the  plane  of  (f,  >)),  0  =  90°,  and  con- 
sequently jI  =  0-     Hence,  by  Art.  64, 

«,  =  d»*^,      »,=  «»*^,      ".  =  2;     (178) 

a,=      co8  0co3i/r,       aj=      COB  ^  sin  ^,       a3=Btn0,   \ 
ft  =  — sin^cosV'i       Pi  =  — ain^sin^,      ^3=  cos^,   >    (174) 
y,  =     sinf;  yj=  -cos^;  78  =  0.  J 

As  to  the  circnmstances  of  constraint.  The  body  moves  subject 
to  the  restraint  of  its  axis  being  always  in  the  plane  of  (f,  ij)  and 
to  the  presijures  at  the  two  bearings  of  the  axis  at  points  in  this 
plane ;  now  the  action  lines  of  these  pressures  are  always  per- 
pendicular to  the  planes  of  (f,  ij),  and  are  thus  parallel  to  the 
axis  of  C  Thus  they  produce  a  couple,  whose  axis  is  in  the 
plane  of  (£,  rj)  and  is  perpendicular  to  the  axis  of  the  gyroscope, 
which  is  the  axis  of  C-  Let  its  moment  be  h  ;  then  H  will 
appear  in  the  equations  of  moments  relative  to  the  axes  of  f,  n, 
f , !(',  but  will  not  appear  in  those  relative  to  the  axes  of  (  and  ^. 
Also  the  forces  which  produce  11  will  not  appear  in  the  equation 
of  relative  vis  viva,  because  their  points  of  application  either  are 
at  relative  rest,  or  move  in  a  line  perpendicular  to  their  own  line 
of  action,  and  consequently  do  not  appear  in  that  equation,  and 
no  work  is  done  by  these  forces. 

As  to  the  impressed  forces,  the  only  acting  force  is  the  earth's 
attraction  ;  and  if  we  suppose  the  dinienaions  of  the  gyroscope  to 
be  small,  so  that  the  earth's  att'^'^tioQ  "^^  be  considered  to  be 
the  same  at  ^b0iNl|^Mf  tl^  Ut^B^  ''^^7  consider  the 

centre  of  gni^         ^^ki  ^^^^v*^  *^  ^'"^  •  '^ 

■  >J  ^^      -.lb.. 
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consequently  if  the  gyroscope  is  so  constructed  that  there  is  no 
relative  motion  of  its  centre  of  gravity,  the  earth's  attraction  will 
not  appear  in  the  equations  either  of  relative  vis  viva,  or  of 
moments  about  the  axes  of  either  set  of  coordinates. 

Also  the  compound  centrifugal  forces  will  not  appear  in  the 
equation  of  relative  vis  viva,  because  their  lines  of  action  are 
perpendicular  to  the  relative  line  of  motion  of  each  particle. 

These  circumstances  are  also  shewn  in  the  equations  of  motion 
of  the  instrument,  which  are  thus  determined. 

Let  us  take  equations  (55),  Art.  408,  which  refer  to  the  motion 
of  a  single  particle,  and  replacing  X  by  90^— r,  as  v  is  the  angle 
at  which  the  plane  of  (^,  77)  is  inclined  to  the  plane  of  the  earth's 
equator,  and  extending  the  equations  to  the  system  of  particles 
of  the  instrument,  we  have 

^'^\l~2  ~~  *«»^^8ii^''Cos V— a)*f(cosi')*  —  (o^Csinj'Cos j;  —  2a)C0si;-j^f  =  xnt%! : 
^•^fe  -o>S;  +  2c«(cosr^^  +  sm,;^^)  J  =  xm 


(175) 


xw]-ir^  — (B^r(sini/)^— w^fsinvcosr— <tt*f(sini;)*  — 2<osini;3- J  =  x«2z'; 

the  right-hand  members  in  these  equations  denoting  the  im* 
pressed  momenta  which  arise  from  gravity  and  from  the  pressure 
at  the  two  bearings  of  the  axis  of  the  instrument. 

437.]  From  these  equations  the  equation  of  relative  vis  viva 
may  be  deduced ;  for  from  them  we  have 

=  2 .  i«a>^{(r  sin  I'  +  f  cos  v  +  Csin  v) cos  vrff  + 1]  drj 

+  (r  sin  v  +  £cos  r  +  f  sin  v)  sin  vdC} , 
the  other  terms  disappearing;  and  i,md^'=z  i„mdC=0,  as 
the  centre  of  gravity  has  no  relative  motion;  therefore  inte- 
grating, 

2.wt;«-xmV =«« [x«»  {(cosi/)^  +  T72  +  (sinr)2i2  +  2 sini/cosvff}]  .  (176) 

Now  the  quantity  within  the  brackets  of  limits  is  the  moment 
of  inertia  of  the  system  about  an  axis  passing  through  the  centre 
of  gravity  and  parallel  to  the  earth's  axis,  as  appears  from  the 
value  which  is  given  in  Art.  179.     Let  this  quantity  be  H  ;  then 

(176)  becomes      ,.«^ _,.^p^2  ^  a,*(H-H„).  (177) 


i 
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Also  we  may  axpress  the  via  yiva  as  followa :  tnmsfonniii^  the 
right-hand  member  of  (176)  into  ita  eqaivalent  in  terms  of  C' 
7]',  (',  and  consequently  of  A,  B,  c  the  principal  moments  of  the 
instrument,  and  taking  the  direction-cosines  which  are  given 
in  (174), 
l.m{(cos  i')«f*  +  ^»  +  {ein  v) V  +  2  sin  v  COB  »  ^  f } 

+  (sin;.)»(a,»r  +  j3sV+y3T)  +  2Bin..cosi'(oia,f>  +  ;9,j33n'«  +  y,r,f 
=:  (co8i')'A'(ooeV')' + c'(ein  ^f)*  +  A'(sin  ^f)'  +  c'(cob  ^f  +  A'(Bin  v)* 
=  c'  +  a'— (c'— A')(8in»'BinV')' 
=  A  +  (c-A)(sini'Bin^)* ;  (178) 

.-.  s.m«=-i.MV=(c-A)(a)8inv)»{(Bin^)»-(sinfo)»(;  (179) 
and  expressing  the  left-hand  member  in  terms  of  V'  &Qd  0i  this 
becomes 

M(s^)"-(^):i-i(S)'-(S):i 

=(c-»)(«8iii,)-{{»m«'-(«nto)'(,  (180) 
which  is  the  equation  of  relative  vis  viva.  Since  a  sin  v  is  the 
component  aboat  the  axis  of  f  of  the  earth's  diurnal  rotation, 
(0  sin  p  sin  \l/  is  the  component  of  that  angular  velocity  about  the 
axis  of  C,  that  is,  about  the  axis  of  the  gyroscope.  Thus  (179) 
shews  that  the  increase  of  vis  viva  of  the  instrument  depends  on 
the  increase  in  the  B*iuare  of  the  component  of  the  earth's  angnlar 
velocity  about  the  axis  of  the  instrument.  It  also  appears  that 
if  c  =  A  the  vis  viva  of  the  instrument  is  constant,  but  that 
otherwise,  the  variation  of  it  is  periodical.  This  equation  is 
that  of  the  conservation  of  energy. 

438]  The  next  step  in  the  solution  of  this  problem  is  the 
formation  of  the  equations  of  moments,  about  the  axes  of  f ,  t),  (, 
i'l  1'.  C  res]>ectively  of  which  the  general  forms  are  given  in 
Articles  432  and  433 ;  and  we  will  first  take  those  of  Art, 
432.  Now  bearing  in  mind  that  by  reason  of  the  symmetry  of 
the  instrument  with  respect  to  the  plane  of  (^,  rj)  in  which  the 
axis  of  the  instrument  always  is,  s.m(C=  2.mij  f  =  0, 
l'-l,  =  x;«{^(z'-z,)-C(v'-v,)} 
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By  similar  processes  we  can  shew  that 

m'— if|  =  cousin  V COB v^.m(C* ^ (*); 

n'—  n<  =  ((0  sin  v)^  :z.m  (rj : 

here  ^.m^rj  =  ^.^^(aia.f^  +  iSi/S^Ti'^+yiy^f'^) 

=  (a'— c')  sin  ^  COS  i/r  =  (c— a)  sin  ^  cos  ^  ; 

and  similarly  a.  w-  (f*  —  ^)  =  (c — a)  (sin  yjfY ; 

.•.  l'— L|  =  (o*(c  — A)sini;cosr8in>/rco8^,    \ 

m'— Mj=  o)*(c— A)6ini;cosi;(sin^)*,         >        (181) 
n'— N<=  0)^(0— a)  (sin  v)^  sin  >/r  cos  ^.        J 

To  the  right-hand  members  of  the  first  two  of  these  equations 
terms  are  to  be  added  to  express  the  moments  of  the  couples 
which  arise  from  the  pressures  at  the  bearings  of  the  axes  ;  but 
as  I  do  not  propose  to  investigate  these  pressures,  but  only 
the  circumstances  of  the  motion  of  the  axis  of  the  gyroscope, 
it  is  unnecessary  to  add  them.  As  the  action  lines  of  these 
pressures  are  parallel  to  the  C'^^^  ^^y  do  not  enter  into  the 
equation  of  moments  about  that  axis.  That  equation  is  (159), 
which,  when  adapted  to  the  special  circumstances,  takes  the  follow- 
ing value, 

A--i~=  (c  — A)(a)sini;)*sin^cos^  +  Ca)sini;c08^-^«    (182) 

Also  the  equation  of  moments  about  the  ^^-axis  is  (164)  which, 
when  adapted  to  the  special  circumstances  of  the  problem,  takes 
the  following  form 

c—z^  =  (l  — L<)sm^  — (it— M|)cos>/r— cwsinvcos^-^J- ; 

but  (l'  —  L<)  sin  ^  —  (m'— Mj)  cos  >/r  =  0  : 

.•.     -37-*  =  —  a)Sini;cosVr-37  ; 
at  at 

therefore,  if  cog  =  n,  when  ^  =  ^q, 

(1)3  — n  =  (i)sin2;(sin>/rQ— 8in>/r);  (^83) 

which  gives  the  angular  velocity  of  the  instrument  about  its 
own  axis  in  every  position  of  it.  The  expression  is  evidently 
periodic,  and  shews  that  0)3  =  n  sini;  whenever  sin^  =  sin^o- 
Also,  since  a>  sin  1;  sin  ^  is  the  component  of  the  earth's  diurnal 
rotation  about  the  axis  of  the  gyroscope,  (183)  shews  that  the  sum 
of  the  relative  angular  velocity  of  the  instrument  about  its  own 
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and  snbfltituting  v  ia  (18d),  we  have 

A  -j^  =2cn«  Biiii>(coaf— C0BV(i).  (191) 

Now  this  equation  is  the  same  in  form  as  that  which  expreeeM 
the  motion  of  a  peDdnlam  under  the  action  of  a  Gonstaot  fone 
whose  line  of  action  is  parallel  to  that  of  the  line  of  the  rod  of  the 
pendulum  when  it  is  at  rest.  Let  us  then  compare  the  motion 
<rf  the  rotation-axiB  of  the  body  as  expreaeed  by  (191)  with  that 
of  the  pendulum  ;  and  let  us  assume  the  length  of  the  pendulum 
to  be   unity;   so  that  the  constant  force,  under  the  action  of 

which  the  rotation-axis  may  be  supposed  to  move,  is 1 

the  line  of  which  is  the  ^-axis,  and  is  the  projection  southwards  on 
the  plane  of  (f,  ij)  of  the  earth's  polar  axis.  Now  lot  ns  snppoM 
Vg  to  be  a  small  angle,  and  the  angle  between  the  axis  of  the 
gyroscope  and  the  axis  of  f  always  to  be  small ;  then,  as  on  a 
similiar  supposition,  the  pendulum  vibrates  through  small  arcs  to 
eqn^  distances  on  either  side  of  the  vertical  line,  bo  will  the  rota- 
tion-axis of  the  disc  vibrate  over  equal  small  angles  on  eitiier 
«de  of  the  f-asis.  And  as  the  pendulum  remains  always  at 
rest  in  a  vertical  line,  if  it  is  ever  at  rest  in  it ;  so  will  the  rota- 
tion-axis always  be  at  relative  rest  along  the  f-axis,  if  it  is  ev^r 
at  rest  in  it.     If  therefore  the  rotation-axis  is  on  the  ^-axie  when 

-T-  =  0,  it  always  remains  on  it,  and  has  no  oscillation. 
at 

Also,  as  the  pendulum  has  two  positions  of  rest,  one  of  stable 
equilibrium,  when  it  hangs  vertically  dowTiwards  from  its  i>oint 
of  susj>ension,  and  anotJier  when  it  is  balanced  on  its  point  of 
suspension,  the  centre  of  gravity  having  its  lowest  and  its  highest 
position  in  the  two  cases  respectively ;  so  are  there  two  positions 
of  relative  rest  of  the  rotation-axis  of  the  disc,  one  of  which  is  of 
stable,  and  the  other  of  unstable  rest.  Now  if  m  and  n  have  the 
signs  given  to  them  in  (191) ;  that  is,  if  the  direction  of  n  is  con- 
trary to  that  of  the  earth,  then  the  rest  of  the  rotation-axis  will 
bo  stable  or  unstable,  according  as  the  axis  coincides  with  the 
legative  direction  of  the  ^-axis.  And  the  contrary 
Ithe  case.juben  the  dotation  f>f  n  is  the  same  as  that  of 


tfM|H||M^  or  nc 
^^^^^^^H  the  cai 
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in  the  plane  of  (f ,  rj)  over  a  small  angle  on  either  side  of  the  line 
of  rest ;  and  if  t  is  the  time  of  an  oscillation, 

T  =  ir\ ^^--{*-  (192) 

If  however  the  rotation-axis  is  in  its  position  of  imstable  rest, 
and  is  slightly  displaced  therefrom,  it  goes  farther  from  that 
position  and  does  not  return  to  it,  until  it  has  passed  through 
360°  in  its  plane  of  motion. 

441.]  In  particular  eases  these  results  take  forms  which  are  of 
considerable  interest. 

(1)  If  the  plane  of  (f,  77),  in  which  the  rotation-axis  of  the 
body  is  constrained  to  move,  is  horizontal  at  the  place  of  obser- 
vation :  and  if  the  latitude  of  the  place  is  X  ;  then  sin  1;  =  cos  X  ; 

and  from  (192),  (        a        )i  .       . 

^       ^'  T^irl ^— t[   •  (193) 

(cnwcosX)  ^       ^ 

In  this  case  the  ^axis  is  the  meridian  line,  of  which  the  positive 
direction  is  that  towards  the  south.  If  the  direction  of  the  rota- 
tion of  the  body  is  the  same  as  that  of  the  earth,  the  position  of 
rest  of  the  rotation-axis  will  be  of  stable  or  unstable  equilibrium 
according  as  it  is  drawn  &om  the  i>oint  towards  the  north  or 
towards  the  south  ;  and  if  the  rotation  is  contrary  to  that  of  the 
earth,  the  rotation-axis  will  be  in  stable  or  unstable  rest  according 
as  its  direction  is  due  south  or  due  north. 

(2)  If  the  plane  of  {(,  77),  in  which  the  rotation-axis  is  con- 
strained to  move,  is  the  meridian  plane  at  the  place  of  observa- 
tion ;  then  v  =  90° ;  and  the  line  of  relative  equilibrium  of  the 
rotation-axis  is  parallel  to  the  earth's  polar  axis ;  and  the  equi- 
librium of  the  axis  is  stable  or  unstable  according  as  the  direction 
of  rotation  is  contrary  to,  or  is  the  same  as,  that  of  the  earth.  In 
this  case  f    a    )i  ,,q.. 

so  that,  cseteris  paribus,  the  time  of  oscillation  is  less  in  this  case 
than  it  is  when  the  rotation-axis  moves  in  the  horizontal  plane  ; 
and  generally  the  oscillations  in  the  meridian  plane  are  quicker 
than  in  any  other  plane, 

(S)  These  last  results  however  are  not  limited  to  the  meridian 
plane ;  for  sin  1^  =  1  for  all  planes  drawn  at  the  place  of  observa- 
tion parallel  to  the  earth's  polar  axis. 
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(4)  If  the  plane  of  (^,  rf)  is  perpendicular  to  the  earth's  pokr 
axis,  jr  =  0  ;  and  T  =  x ;  ho  that  the  rotation-iuds  of  the  gyro- 
scope  is  at  rest  for  all  positions  in  that  plane. 

(5)  If  the  number  of  oscilUtions  of  the  rotation-axis  in  the 
meridian  plane  is  determined  by  obeervation,  t  is  known ;  and 
consequently,  from  (194), 

and  thus  the  angular  velocity  of  the  earth  may  be  detemiined. 

(6)  If  T  and  t'  are  the  times  of  oscillation  of  the  rotation-axis 
in  the  horizontal  and  the  meridian  planes  respectively  at  a  given 
place,  corresponding  to  the  same  value  of  a,  then 

C08X=^- 

From  all  these  theorems  we  conclude,  that  if  the  phenomena 
of  the  gyroscope  are  observed  with  sufficient  care,  we  can  by  them 
determine  the  meridian  line  and  the  altitude  of  the  pole  at  the 
place ',  and  consequently  the  latitude :  we  can  determine  also  the 
direction  of  the  diurnal  rotation  of  the  earth,  and,  from  (195),  the 
mean  length  of  the  sidereal  day.  All  these  results  then  are  con- 
firmations, if  they  are  required,  of  the  evidence  of  that  motion  of 
the  earth  which  astronomical  phenomena  suggetit  to  us-  And 
ttlthongh  the  proof  of  the  diurnal  rotation,  thus  acquired,  may 
not  Ije  as  palpable  as  that  afforded  by  astronomical  observation. 
yet  it  is  not  to  be  rejected  as  useless,  nor  is  its  investigation  to  be 
regarded  as  idle  speculation  ;  for  evidence  supporting  theories  of 
cosmical  phenomena  is  cumulative ;  and  the  value  of  any  addition 
to  it  increases  in  geometrical  ratio. 

412.]  Also  in  the  gyroscope,  as  ordinarily  constructed,  certain 
parts  can  be  clamped  so  that  the  axis  of  rotation  of  the  disc  or 
ball  can  move  only  on  the  surface  of  a  right  circular  cone,  the 
vertex  of  which  is  at  the  mass-centre  of  the  instrument.  We 
will  take  the  axis  of  this  cone  to  be  the  C-a^'^i  ''ho  plane  of 
(f,  I))  being  that  which  is  perpendicular  to  it,  and  passes  through 
the  fixed  point ;  the  axes  of  f  and  t;  being  so  placed  that  if  the 
axis  of  the  cone  is  the  vertical  line  at  the  fixed  point,  they 
become  reepectively  the  linos  drawn  southwards  and  westwards. 
Let  v  be  the  angle  between  the  axis  of  the  cone  and  the  earth's 
polar  axis  ;  and  let  a  be  the  tjcrai-iortical  angle  of  the  cone,  so 
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do 
that  ^  =  a  =  a  constant,  and  conseqaently,  -r-  =  0.    Hence,  by 

Art.  64, 

•  A     ^^  •  A     ^^  ^4^  ^V^  /'ii\0\ 

0)^  =  smasm^ -T- J  cog  =  sin  a  cos  ^ -t^  >   ^3  =  jT +C08a^  ;  (196) 

^  =     cos  <!>  coQyj/  -  sin  <^  sin^  cos a,\      02  =    cos  ^  sin  ^  +  sin  ^  cos  ^ cos  a, 

li  =— sinc^cos^— cos<^sin^cosa,  >      /Sg  =  —  sin^sin^  +  cosc^cos^coso,  ^  (19! 

1  =     sin^sina;  )      yg  =  — cos^^sina; 

03  =  sin  <!>  sin  a,     jSg  =  cos  0  sin  a,     73  =  cos  a.  (^98) 

We  have  to  express  the  equations  of  relative  vis  viva  and  of 
angular  velocity  of  the  disc  about  the  axis  of  Cf  which  is  its  axis 
of  rotation,  in  terms  of  0  and  yjr  and  their  ^-differentials. 

As  to  the  equation  of  relative  vis  viva  ;  since  all  that  has  been 
said  in  Art.  436  as  to  the  pressures  at  the  bearings  of  the  axis  is 
applicable  to  the  case,  we  may  take  equation  (176)  as  its  ex- 
pression :  then  if  we  suppose  a  to  be  the  initial  rotation  of  the 
disc,  and  its  axis  to  be  initially  at  relative  rest,  the  left-hand 
member  becomes,  by  means  of  (196), 


A(Bma)2^  +  c(^+cosa^)- 


cn2: 


and  the  coefficient  of  a>^  ia  the  right-hand  member,  when  trans* 
formed  by  means  of  (197)  and  (198)  as  in  Art.  437,  takes  the 
form  oD^  (c  —  a)  {  (sin  i;  sin  of  { (sin  yj/)^  —  (sin  yjrof  } 

+  2sinacosasini;cosi;(sin^  — sin^/r^)}  ; 
so  that  the  equation  of  relative  vis  viva  is 

A(sina)^^-+c(^  +  C08«^)'-Cfl^ 

=  (0^  (c— a)  sin  V  sin  a  {sin  2;  sin  a  {(sin  ^)*  — (sin  V^o)*; 

+  2  cos  2;  cos  a  (sin  ^ — sin  ^/r^) } .  (199) 
Also  the  equation  of  moments  about  the  f '-axis  is  as  follows ; 
taking  the  equation  as  given  in  (164),  we  have 

C  -j-^  =  5.wi(f  Yj  — ry'Xi)  +  Cod  sinrOiCOi— ai(«)2)  —  C o) COS  1/(^30)1  — 03 a)^),    (200) 

the  pressures  at  the  bearingfs  of  this  axis  not  entering  into  the 
equation,  as  their  lines  of  action  are  parallel  to  the  axis. 
Now 

2.;«(fYi-rj'Xi) 

=  2.»e{(^,f-a,T,0(x'-x,)  +  O,r-a2T;0K-Y|)  +  (^3r-a3T?0(z'-Z|)} 


ftl- 

-.,«,: 

=  »ma^(ftBm«-a,ooi*)= —mtto«i+! 

A-1 

-«1»1 

=  iiD.£*(ft»n0-«,co.*)-=Oj 

•ottat 

(200)l«>o«» 

M,— a  =  — ■iBiiiiiBna(flm^— nn^o); 
«,  by  ite  nine  m  given  in  (IM),  we  have 

;j^  +  OMa'^=n— Man»Bina{aiuVr— nn^J.         i 
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omittmg  tiie  temut  which  dinppew  bjr  rMwon  of  the  axee  ef  f , 
1)',  ^  being  centnl  piincijnl  aze§.    Also 


(IB) 


This  eqnktiffin  and  that  of  vis  vivk  pven  in  (199)  are  together 
sofficncmt  for  the  detomineiaoB  of  the  problem,  ae  tiiere  mn  only 
iw6  dagiees  (tf  freedom,  tod  these  ue  two  independent  eqaatkas. 

Bnbstitating'  in  (199)  the  valne  of  —  whioh  is  girAi  in  (iOS), 
we  have 
A(aina)*-^  =2a*BinaBin»{0flinasinvinni^g  +  (c— A)eoeacoe«}(ani^-aif 

— A(»aina8injf)*{(ein^)'— (■in+o)*}+2ca«8inaffln»{Mni^— dni^o).  (SW 
It  is  evident  that  these  equations  do  not  admit  of  inte^ittira 
in  their  general  forms  as  given  in  (208)  and  (204).     They  ehew 

however  that  ^  and  -j-  have  periodical  values  ;  ^  being  equal 

dA 
to  zero  whenever  sin  ^  =  sin  ^g,  and  -^  m  that  ease  being  eqnal 

to  n.  If  a  =  90°,  the  cone  on  the  Borliice  of  which  the  axis  of 
the  gyroscope  moves  becomes  a  plane,  and  we  have  the  problem 
of  Article  439 ;  and  (203)  and  (204)  become  (186)  and  (188)  le- 
spectively. 

443.]  Ji,  as  in  Art.  440,  a  very  rapid  rotation  ia  given  to  the 
disc  and  that  rotation  is  maintained,  w  is  initially  and  continnes 
very  small  in  comparison  of  a,  and  the  terms  involving  ui'  may 
be  omitted  in  (204),  so  that  we  have  the  equation 

A  (sin  a)  -~  =  2  c  fl  01  sin  v  (sin  i/* — sin  ^0) ;  (205) 

which  is  of  the  saiue  fonn  as  (189)  in  Art.  440,  and  may  be 
treated  in  a  similar  manner.     The  results  and  the  interpretation 
^^  the  resolta  are  of  coone  simikr,  and  it  is  onneeeasary  to  repeat 
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them.     It  may  be  obfierved  that  the  time  of  a  small  oscillation 
of  the  rotation-axis  of  the  disc 


{Asina 
: 
CAo)  sini; 


I* ;  (206) 


this  quantity  vanishes  when  o  =  0  and  becomes  infinite  when 
sin  i;  =  0. 

444.]  Let  us  now  consider  the  motion  of  the  gyroscope,  when 
its  axis  is  entirely  unconstrained. 

Let  the  line  passing  through  the  centre  of  gravity  of  the  in- 
strument and  parallel  to  the  axis  of  the  earth  be  the  ^-axis ;  so 
that  the  plane  of  (f ,  ly)  is  parallel  to  that  of  the  earth's  equator ; 
let  the  line  of  intersection  of  this  plane  with  the  meridian  plane 
of  the  place  be  the  f-axis  reckoned  positively  away  from  the 
earth,  and  let  the  7;-axis  be  taken  positively  westwards ;  then, 
0)  being  as  heretofore  the  angular  velocity  of  the  earth, 

a»^  =  o)^  =  0 ;     0);  s=  —  0) ;  (207) 

x,  =  -a»2(^eo8A  +  f)  ;     y<  =  z,  =  0.  (208) 

The  nine  direction-cosines  which  connect  the  principal  system 
of  the  instrument  with  the  system  of  f ,  i],  C  *ws  determined  above, 
and  also  fa^,  m.^,  «>8  have  their  most  general  values;  hence  the 
system  will  have  three  degrees  of  relative  freedom,  and  conse- 
quently three  independent  equations  will  be  required  for  the 
solution  of  the  problem  ;  these  we  will  take  to  be  the  equations 
of  (1)  relative  vis  viva;  (2)  moments  about  the  axis  of  C;  (3) 

moments  about  the  axis  of  C\  ai^d  they  will  contain  -rr  '^  >-^f 

''  at    at     at 

the  further  values  of  d,  ^/r,  ^  to  be  obtained  by  integration  deter- 
mining the  position  of  the  axis  at  any  time  t. 

To  determine  the  equation  of  relative  vis  viva,  we  have  the 
following  values,  supposing  A  to  be  the  angular  velocity  initially 
communicated  to  the  disc,  and  the  axis  of  the  instrument  to  be 
initially  at  relative  rest, 

=  2/'s.»»{(x'-X,)rff+(Y'-Y,)«fl,  +  (z'-Z,)<^C} 

=  2(0^   2.i»(rcos\-f-f)rff  =  co^rs.wf*] 

=  -a)2(c-A){(sin  Vr)2(sind)2-(sin  Vry(sin^o)'}»(209) 
where  ^q  and  B^  are  the  initial  values  of  ^  and  0. 


AJ(8in^)^ 


And  ftr  iMDHBfci  aboot  tiM  HM  «f  C  takbi*  «qMliM  (U9)k 
wa  hmve 

a.-{C(T'+T^-,(i'+xJ)  =  0; 

K  tfut  the  sqnation  beeomti 

^{A(-fa.»)«^  +  o-,o»#)  =  «(o-*)^{«.^;         (MO) 


Alio  for  mcmiaits  aboiti  the  axk  4^  C't  ^ki^  aiMtioB  (164), 
■  J^ 

.-.     <rtj-fl=U>(«>Bfl-OOBfl,>  (212) 

These  three  equations,  viz.  (209),  (211)  and  (212),  are  inde- 
pendent, and  are  sufficient  for  the  solution  of  the  problem.  It  is 
evident  that  in  their  general  forms  they  do  not  admit  of  fartiier 
integration ;  they  give  rise  howeva*  to  the  following  equations. 

Eliminatmg  m,  by  means  of  (211)  and  (212),  we  have 


and  substituting  this  value  of  -^  in  (209),  we  obtain  a  value  of 
dd. 

in  terms  of  t ;  these  expressions  shew  that  the  values  of  0  and 
^  are  generally  oscillatory,  and  have  nutatory  values   in   the 
plane  of  the  meridian  and  in  the  plane  parallel  to  that  of  the 
earth's  equator.     Let  ns  however  take  some  particular  cases. 
446.]  If  the  disc  of  the  gyroscope  is  not  initially  put  into  ro- 

de 
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is  constantly  equal  to  Oq  ;  hence  (213)  shews  that  -^  =  0,  and 

hence  also  0)3  =  0 ;  so  that  notwithstanding  the  diurnal  rotation 
of  the  earth  the  axis  of  the  disc  remains  at  relative  rest. 

If,  however,  we  suppose  n  to  be  very  great  in  comparison  of  co, 
as  is  ordinarily  the  case  with  the  gyroscope,  we  may  omit  all 
powers  of  o)  above  the  first,  retaining  the  first  however  as  other- 
wise the  efiect  of  the  earth's  rotation  would  not  appear  in  the 

equations;  then  eliminating  -jj  between  (209)  and  (213)  we 

A  {mi6)^-jj^  =cn(cos^j)— cos^) 

{2A(i)(sindo)2  +  c(n— 2a)cos^o)(cos0— co8^o)}-(214) 
To  simplify  the  form  of  this  equation,  let 

c2n(n-2a>cos^o)  =  a^X-^,  ) 

cn{ccos^o(n  — 2ft)cos^o)  — 2A(D(sin^J2}  =A2^co8a;J  ^       ^ 

whence  cosa  =  cos^o-  c(a-27co8g,)^"°  ^"^^ '         ^^^^^ 

which  gives  a  real  value  to  a  in  the  ordinary  case  of  the  gyro- 
scope.    Making  these  substitutions  in  (214),  we  have 

(sin^)2  — j  =  ^(co3  0<>— cos^)(cos^-cosa)  ;         (^^17) 

so  that  0  always  lies  between  a  and  ^q,  which,  as  shown  in  (216), 
are  two  angles  nearly  equal ;  consequently  the  inclination  of  the 
rotation-axis  of  the  disc  to  the  earth's  polar  axis  is  nearly  con- 
stant, only  varying  between  limits  which  are  very  nearly  equal 
to  each  other. 

Integrating  (217)  we  have 

cos  ^0 -f- cos  a    cos  ^0- cos  a        ,.  ,^,q, 

cos^  = ^ h ^ cos^^;  (218) 

and  replacing  cos  a  by  its  value,  and  omitting  2  o)  cos  0^  when 
subtracted  from  n,  we  have 

cos  d  =  cos  ^0 -(sin  ^0)^  (l  —  cos  a  —  ^)  .  (219) 

If  we  substitute  this  value  of  cos^  in  (213)  and  omit  terms  in- 
volving the  square  and  higher  powers  of  o), 

.-.    V-'^o  =  «^-^siny^.  (221) 

where  ^^  is  the  value  of  \/r,  when  ^  =  0. 


[446. 


~zi*   r-Citir-r-fcii?  m' the 


*-  i-:  Tie  eiTtc  •:  an- 
^    '  "=^^^^  '^-   "iiiiT    T  Tix*   -^-anr.  tui  that  i:  i*  ia- 

•^■=^'"=—  —"-I  ":^i^  ^^ir  laiiT  i-js"  mnrio^  r-f  nutation 
"•    ^-   ■-:'---:.-"'rjar  ■?■:   ^f    T'I^Ti*  c-f  the  earth"? 

•  _        .  2rA 

r^jjv-  Ti-   nLTii*   ijuruinr  *--"•  .crrr  '.f  the  disc,  the 


— ■  I »     •>.    .  ..■••  _ 


-rVr-tim  ziiSL  iiH  iit_j-»^riixff  re*:i!t*  follow: 
"-s^  '^^^  Tiit:  eskrth,  whether  the 


-  .''.:-  J^^  ^  4^~—  r-._:  i  --sr-  n.TOL  ikSiiTJi^ir  Vriocitv.  and 
:>  i^^-  --  ■  -1—^  n  A  ^-^-^  m  rr  r-i-ii-T-Vr  f:i£!£lri:3m  with  the 
'.:Lr'.i.  -:  1  -.Li.-  -.  :_,!:^-.:iL  v -uL  :-:'i-TiX:ii*  if  ihf- earth  did  not 
~  u>.       :"  1'  "!'?    r^a^.Tii   r-'"ii'k-^  iiir  kVi*  «:c  cis^e  has  a  relative 


r*    .-_:       :•    ..---  '.   1  II  v:  ■■■i  :^.>  r -Tir-n  t&kr->  place  doe^ 

:    '    -->"--      -    ''■'        "--   -i-j'^-i-*  'r'^.i'rj  -:f  the  diso.  but  is 

..  -  .    ?    :;   -■     *    "■"'        ■-■  .-.-r^-"  '•'"■;■ -'^  The  earth  :  and 

"- :•:      -:'        ;    :    •      -^-r    ■_    ."  .ii:.*..*es  :r-    iireLti*-!!  in  which 

*■.--."".    '  ".'tr     ;_!_:_?    >    :_  -j.L  s .'.  ^ -ir^  evideDce  of  the 

-     7        -J       :::---    :     :  ::.-:  :  :^:::n-axi>  of  the  disc  to 

•   1  .:..•     ■  "■-    -...■"   >:-:.---•  ir'i.T.':   :>.>••.: irh'-n:   the  motion 
■      -.    T     :-.       '.    :     ..:-    :  -:   r:....  .    '.iVi*: -nal  variations  of 

■•..-  -."-J-  ..*  ■  .      :.i     :  ::,   -.--.t^.-:  -i'.  v.'.xiitv  of  the  axis,  the 
:  r ::  ■ .: .  : : i  -     :  ■"■  i: . :.  I-. '-.  ..•'  r ..  . .  r '::r.^  ;^^  the  antrular  vehtcit v 

F«>r  :-.r:;-rr  ir.vv-Ti^^iti-ir.r  -  l"  :':.t-  >\'';t<*t  of  the  iryroseope,  I 
t:  :ls:  rt-:»r  :h-  -r^i-.n:  :■•  j*  nen.oir  l-v  M.  Quet  contained  in 
Lit.'jviilo  s  Journal,  ^  ol.  XVIII.  and  m  another  Mathematical 
investiir**tion  hy  M.  Vvon  \'iilarceau,  j-.  343,  Vol.  XIV,  Xou- 
vi'lles  Annales  des  MatheniatiijUcs.  Paris.  1855. 
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CHAPTER  IX. 

THE   MOTION   OF   ELASTIC   BODIES. 

447.]  The  principles  and  laws  of  motion  have  thus  far  been 
applied  to  rigid  bodies,  and  to  systems  of  rigid  bodies,  the  con- 
stituent molecules  of  which  have  been  assumed  to  be  in  a  state 
of  relative  rest  during  the  motion ;  and  the  equations  of  motion 
by  which  problems  have  heretofore  been  solved  have  been  de- 
duced from  these  principles  thus  restricted.  Our  purpose  is  to 
apply  them  more  generally.  Ere,  however,  we  do  so,  there  are 
two  reasons  why  we  should  repeat  as  concisely  as  possible  the 
modification  of  the  equations  which  this  assumption  of  the  rela- 
tive rest  of  the  constituent  molecules  introd^uces.  (1)  Because 
we  have  come  to  the  end  of  our  investigations  on  that  subject, 
and  it  is  good  once  more  prominently  to  restate  the  conspicuous 
principle  of  the  process  so  frequently  employed :  and  (2)  because 
in  the  present  chapter  we  shall  investigate  equations  expressing 
the  motion  of  a  particle  which  is  not  at  rest  relatively  to  its 
neighbouring  particles,  all  being  constituent  molecules  of  a  body  ; 
and  our  research  will  include  the  varying  form  of  flexible  bodies, 
(as  they  are  called,)  the  molecules  of  which  move  relatively  to 
each  other;  and  our  conception  of  such  motions  will  be  more 
exact  when  they  are  contrasted  with  those  of  the  molecules  of  a 
rigid  body  in  their  chief  differences. 

The  equations  of  motion  of  a  rigid  body  are  found  by  the 
following  process:  Let  dm  be  an  element  of  the  body,  and  let 
(a?,y,  z)  be  its  place  at  the  time  t,  relatively  to  a  system  of  coor- 
dinate axes  fixed  in  space.  Now  this  particle  is  supposed  to  be 
under  the  action  of  certain  external  forces,  whereby  a  certain 
velocity  or  velocity-increment  is  impressed  on  it.  In  consequence 
of  this  external  force  it  would  have  a  definite  expressed  velocity - 
increment  if  it  were  alone,  and  thus  free  from  all  constraint  from 
its  surrounding  molecules.  As  it  is  not  free,  the  constraints 
enter  as  other  forces,  which,  afiecting  its  motion^  produce  a 
change  of  its  expressed  velocity-increments:  these  constraints 
we  consider  as  internal  forces,  which  produce  their  own  efiects ; 


465.]  AN  ELASTIC  PLATE.  633 

Also  since  ^  =  0,  when  as  =  L 
ax 

«  =  (2»+i)f;;  (81) 

which  determines  the  fonn  of  u.  And  assuming  the  initial  con- 
ditions to  be  those  given  in  (75),  the  displacement  takes  the 
fonn 

f=-ixBm(2i+l)^|Bin(2i  +  l)^jrV(^)co8(2»  +  l)grf^ 

-coe(2i+l)^/J»(.)8m(2i+l)grf.} ;  (82) 

and  this  expression  satisfies  all  the  conditions  of  the  problem. 

As  the  values  of  f  become  the  same  whenever  a^  is  increased 
by  a  multiple  of  4/,  so  if  r  is  the  time  of  a  complete  vibration  of 
a  slice  of  the  bar, 

'  =  ?  =  «(t)'=*(j)'(7)''  W 

if  w  is  the  weight  of  the  bar.  Thus  the  time  of  vibration  is 
twice  as  long  as  it  is  in  the  former  case,  when  both  ends  of  the 
bar  are  fixed.  Thus  also  the  note  due  to  the  longitudinal  vibra- 
tions of  an  elastic  bar  fixed  at  both  ends  is  an  octave  higher  than 
that  due  to  it  when  fixed  at  one  end  and  having  the  other  end 
free. 

Other  problems  on  elastic  strings  and  bars  will  be  found  in 
Donkin's  Acoustics ;  a  work  to  which  the  student  is  referred,  as 
he  will  find  in  it  the  consideration  of  many  questions  bearing  on 
the  theory  of  music. 

465.]  The  last  problem  of  the  motion  of  elastic  bodies  which  I 
propose  to  consider  is  that  of  the  molecules  of  a  thin  elastic  plate, 
which  is  fixed  along  one  edge,  and  is  otherwise  free  from  external 
constraint.  The  statical  conditions  of  rest  of  such  a  plate  when 
bent  by  the  action  of  external  forces  have  been  considered  in 
Section  3,  Chap.  V,  Vol.  III.  I  shall  use  the  same  symbols  and 
the  same  diagrams  as  in  that  Section;  and  shall  assume  the 
plate  in  its  original  state  of  rest  to  be  rectangular. 

The  plate  in  its  natural  state  is  supposed  to  be  plane ;  and  to 
have  been  bent,  as  is  assumed  in  those  Articles,  by  the  action  of 
one  or  more  external  forces,  and  then  left  to  itself.  It  subse- 
quently vibrates  by  virtue  of  the  elastic  forces  which  have  been 
brought  into  action  by  the  original  displacement.     The  problem 
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time  dL  In  bet,  since  we  are  now  sapposing  that  the  equations 
L^  =  0, ...  do  not  involve  t^  the  equations  h\  s=  0, ... ,  are 

and  comparing  these  with  (3),  we  see  that  bXyby, ,,,,  may  be 
taken  proportional  to  x\y, ...,  that  is,  to  dx,dy,  ..••  But  if  l^ 
contained  t  explicitly  we  should  have 

which  cannot  be  made  to  coincide  with  the  equation 

by  any  values  whatever  of  bx^  hy 

In  the  case  now  supposed,  however,  when  the  values  x'dt^ 
j^dty ...,  or  dx^dify ...,  are  substituted  for  hx^  hy, ...  in  (1),  that 
formula  becomes 

2. «i(a?'ip"-f //'  +  //')  rf^  =  :i{jidx-hYdy  +  zdz)\ 
or,  if  we  put  t  for  the  vis  viva  of  the  system,  that  is, 

we  obtain  ^^  =  :i{xdx  +  \dy'hzdz), 

an  equation  which  we  shall  meet  with  afterwards  in  a  somewhat 
different  form. 

470.]  The  second  way  of  choosing  admissible  values  for  6  a?, 
6y, ...,  is  applicable  in  all  cases  without  exception,  and  may  be 
explained  as  follows  : 

The  71  coordinates  x^y,  ...  being  subject  to  m  equations  of 
condition,  it  follows  that  any  w  — w  of  the  coordinates  may  be 
considered  as  absolutely  independent ;  that  is,  their  values  might 
at  any  time  t  be  assumed  arbitrarily  without  violating  the  laws 
of  constraint  expressed  by  the  equations  of  condition  ;  and  since 
the  same  thing  is  true  at  the  time  t  -f-  dt,  it  follows,  that  not  only 
the  71  — m  coordinates,  but  also  their  first  differential  coefficients 
x',  y,  ...  might  be  arbitrarily  assumed  at  the  time  t ;  but  the 
values  of  these  2(«— w)  quantities  being  given,  those  of  the 
remaining  m  coordinates  and  of  their  first  differential  coefficients 
are  determinate.  In  fact,  if  f,  ?/,  ...  be  these  remaining  coor- 
dinates, the  m  equations  of  condition  would  suffice  to  express 
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t  explicitly,  and  also  involving  x,  jr, ...,  which  are  functions 

of  t,  we  shall  have 

,     du      du  .    du  J 

where  -77  signifies  the   partial  difierential  coefficient  of  u  with 

respect  to  t,  taken  so  far  as  ^  appears  explicitly  in  u. 

Bat  no  other  distinction  will  in  general  he  made,  hy  means  of 
notation,  between  the  various  possible  meanings  of  difierential 
coefficients ;  the  interpretation  of  the  symbols,  if  not  clear  &om 
the  context,  will  be  explained  in  each  case. 

Secondly,  expressions  of  the  form  ^--z ~r  -y-  ^^^  of  s^^^ 

frequent  occurrence,  that  it  is  desirable  to  have  a  recognised 
abbreviation  for  them.  The  following  has  been  found  convenient, 
and  will  be  adopted,  namely* 

du  dv      du  dv  ^  d(u,  v) 

dx  dy     dydx^  d{x^y) 

467.]  The  theorem  of  D'Alembert  reduces  the  mathematical 
statement  of  every  dynamical  problem  to  the  expression  of  con- 
ditions of  equilibrium ;  and  when  these  conditions  are  put  in  the 
general  form,  assigned  by  the  principle  of  virtual  velocities,  there 
results  a  single  formula,  which  may  be  written  thus : 

%.m(aif'lx-\'}f'hy-\'sf'hz)  =  a(x8ip+ y8^  +  z8^):  (1) 
in  which  a;,  y^  z  are  the  coordinates  of  the  mass  i»,  referred  to 
rectangular  axes  fixed  in  space,  and  x,  y,  z  are  the  components  of 
the  force  applied  at  the  point  a?,  y^  z. 

It  is  necessary  to  observe,  that  the  force  here  meant  is  not 
the  so-called  "  accelerating  force  ",  that  is,  the  force  which  would 
act  on  a  unit  of  mass ;  but  the  total  force,  of  whatever  kind, 
which  is  impressed  at  the  point  {x^y^  z).  Otherwise  the  foimula 
would  not  include  the  case  in  which  all  or  any  of  the  forces  are 
to  be  considered  as  pressures  acting  merely  on  mathematical 

*  More  fifenerally,  the  symbol  -     *  '    >  *  • » ^  stands  for  the  "  Jacobian  ** 
®  rf(a?,y,  2-,  ...) 

determinant,  of  which  the  constitnents  are 

du     du    du        .  dv     dv     dv        .         dw    dw    dw 

dx'  dif*   dz  dx     dy     cfe  '  * " '  dx     dy      dz* 

This  notation  was  proposed  some  tune  ago  by  the  writer  of  this  chapter 

(see  Phil.  Trans,  for  1854,  p.  72),  and  has  since  received  the  sanction  of 

Mr.  Cayley  (Report  on  Dynamics,  p.  5). 
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losfiMM^ luM%  or  points;  mid  lumag  no  ivbtioA  ioflM 
tilde  d  tiie  tobwop  whidi  tiiqr  tend  to  movn.  Jt  m  fnw  tfcit 
OQoli  fivooB  axe  ooty  metlieniftijoil  fietione;  Vnt  oo  are  Ihbttmt' 
ditiomiof  almoet  dlmedmiad  peoUemK^  tieeted  mm  we  mn  it 
pe^oent  ^Uiged  to  tieet  thein. 

It  would  however  be  out  d  plaoe  to  enter  into  the  yieetiono 
ooggeeted  l)j  thu  lemirik,  beeuuei  to  the  pni^^ 
tor,  we  «e  not  eonoerned  with  the  netnie  of  the  problem  whSA 
gJLYBB  xiee  to  tiie  ftrmidft  (1),  ftotiier  than  ia  neeenaiy  fiur  m  dov 
nndentanding  of  the  meaning  of  tibe  ajrmboh. 

In  the  moot  general  eaae  whioh  oeom  in  piafitioe^  the  falaei 
of  Xy  TySyHt  the  time  i,  maj  depend  jn  m  given  manner  vjiobl  4e 
time^  the  podtima  of  all  Uie  pointa  of  tho  ayaiem,  and  the 
citiea  and  dixeetiona  of  their  movementa  at  the  inatent 
In  other  worfla,  x,  t,  e  may  be  given  fonetiona  of  #,  of  all  tibe 
eooidinatea  m,  jr,  f,  ...^  and  d  their  fixat  diflarentUl  oodBoienti 
^f  J^»Vy..  Thia  moat  general  eaae  haa  not^esoept  in  apeeial 
imUema^  aa  yet  been  treated  aneeeaafanty,  tad  we  aball  ftad  it 
noBoaaary  to  limit  the  djgnifioationa  of  x,  T,  g ;  but  fiie  prnliliaiM 
eadaded  by  the  Hndtaiion  axe  eraipaxatlvely  mdrnportant. 

468.]  The  meaning  of  the  symbol  of  variation  h  may  be  ex* 
plained  as  follows :  If  o^,  y,  f^, ...  be  the  values  of  the  eooidinatea 
in  the  actual  position  of  the  system  at  the  time  t,  then  m+bm^ 
y+by,  z-hbZj...  are  the  valaes  belonging  to  any  other  position 
which  the  system  might  have  had  at  that  time  without  violating 
the  conditions  by  which  its  possible  displaoements  are  limited ; 
provided  only  that  the  two  positions  be  infinitely  near  to  one 
another,  so  that  bx,  by,  ...  are  infinitesimal. 

Whatever  be  the  nature  of  the  conditions  just  mentioned,  by 
which  the  motion  of  the  system  is  constrained,  they  may  always 
be  sapposed  to  be  expressed  by  means  of  a  certain  number  of 
equations  of  condition 

Li  =  0,     L2  =  0,...i^=0;  (2) 

in  which  Lj,  Lj, ...  are  given  functions  of  any  or  all  of  the  coor- 
dinates, and  may  also  contain  I  explicitly.  Suppose  «  to  be  the 
whole  number  of  coordinates  involved  in  the  formula  (1),  and  m 
the  number  of  equations  of  condition,  m  will  be  in  all  cases 
less  than  n ;  otherwise  those  equations  would  imply  either  a  de- 
terminate fixed  position  of  the  system,  or  a  determinate  motion 
independent  of  the  forces. 
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The  formula  (1)  most  be  satisfied  for  eveiy  set  of  values  of 
hx,hy^..,  which  satisfy  the  m  equations, 

^'  ««  +  -^«y+...  =0,\ 


dm  dy 

^hm-\"j^hyJt...  =0. 


(3) 


dx  dy 

By  means  of  these  last  equations  any  m  out  of  the  n  quantities 
hx^  hy^ ...  may  be  expressed  in  terms  of  the  rest,  and  when  their 
values  so  expressed  are  substitated  in  (1),  that  formula  will  in- 
volve only  the  remaining  n  —  m  variations  ;  and  since  the  values 
of  these  may  be  taken  arbitrarily,  without  violating  the  m  equa- 
tions of  condition,  the  coefficient  of  each  must  be  separately 
equated  to  zero ;  and  thus  we  obtain  n—m  simultaneous  linear 
differential  equations  of  the  second  order,  that  is,  as  many  as 
there  are  independent  coordinates. 

This  process  has  been  described  briefly,  because  the  reader  is 
supposed  to  be  already  familiar  with  it^  at  least  in  principle,  and 
because  we  shall  not  have  to  perform  it  actually. 

469.]  Instead  however  of  eliminating  the  variations  in  the 
manner  just  explained,  we  are  of  course  at  liberty  to  make  use 
of  any  equation  that  can  be  obtained  from  (1)  by  substituting 
for  hx,hyi,..  any  admissible  set  of  values ;  that  is,  any  set  which 
satisfies  the  m  equations  (3). 

Among  the  infinite  number  of  ways  in  which  admissible  values 
may  be  chosen  for  the  variations  bx,  hy^ ...,  there  are  two  which 
require  particular  notice. 

First,  let  us  suppose  (what  is  usually,  but  not  necessarily,  the 
case)  that  every  position  of  the  system  which  is  poeedble  at  any 
one  time,  is  possible  at  any  other  time ;  which  is  the  same  thing 
as  supposing  that  none  of  the  equations  of  condition  involve  t 
explicitly.  In  this  case,  it  is  evident,  that  among  the  positions 
which  the  system  might  have  had  at  the  time  t  is  that  which  it 
actually  has  at  the  time  t-\-dt\  but  at  the  time  t  +  dty  the  coor- 
dinates fl?,^, ...  have  become  x-hdx^y-hdy, ...,  where  dx  =  a/dt^ 
dy  =  ydlf ... ;  so  that  we  are  at  liberty  to  take  as  an  admissible 
set  of  variations  the  displacements  which  actually  happen  in  the 
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be  expressed  as  a  function  of  variables  of  the  other  set,  with  or 
without  t,  by  equations  such  as 

It  is  to  be  observed,  that  the  expressions  on  the  right  of  these 
equations  are,  to  a  certain  extent,  indeterminate  in  form ;  for 
any  function  of  a?, ^, ...  and  t  may  be  variously  transformed  by 
means  of  the  given  equations  of  condition ;  and  the  same  may 
be  said  of  any  function  of  £,  17, ... ,  if  the  number  of  the  latter 
variables  be  greater  than  n^tn. 

Suppose  then  that  u  is  any  function  of  ^,  a?,  y, ...,  a?',  y',  ..., 
a^',  y,  . . . ;  and  let  r  be  the  order  of  the  highest  diflPerential 
coefficient  contained  in  u.  By  means  of  the  equations,  such  as 
the  first  of  (6),  w^y, .,,  can  be  expressed  as  functions  of  ^,  £,  t;,  . . . ; 
^flf'}  as  functions  of  t,  f,  77, ...,  f ,  17', ... ;  and  so  on  ;  so  that  u 
can  be  transformed  into  a  function  of  ^,  f,  77, .,.,  f',  17', ...,  in  which 
the  highest  differential  coefficient  will  still  be  of  the  order  r. 
Also,  bXyby,,.,  can  be  transformed  by  means  of  the  equations 

dx  ^  ^     dx  . 
»f  d-q 

where  t?'  :j~  '  •••  *^®  given  functions  of  ^,  f,  17, ... . 

Let  ^^u  be  for  a  moment  an  abbreviation  for 

du       /  du  /      /  du  \" 

di^^W)  ■*■  w'/  "••" 

the  series  being  continued  until  it  terminates  of  itself.    Then 
the  expression 

Y.^u  ,  bx-\-EyU  .  by  +  E,u  .  6^+  ... 
can  be  transformed  into  another,  involving  the  variables  f,  77, . . . , 
with  their  variations  and  differential  coefficients,  instead  of  a7,y, .... 

It  is  a  known  theorem  in  the  Calculus  of  Variations  that  the 
result  of  this  transformation  is  an  expression  of  the  same  form, 
namely,  e^w  .  6^-f-E,w  .  677-1-  ...  ; 

where  u  only  differs  from  the  former  u  in  being  expressed  in 
terms  of  the  new  variables. 

The  direct  demonstration*  of  this  theorem  in  its  general  form 
is  somewhat  complicated,  and  need  not  be  given  here,  because 
the  only  case  with  which  we  are  concerned  is  that  in  which  u 

*  For  an  indirect  demonstration,  see  Lagrange,  Mecanique  Analytique, 
2*®  partie,  4™*  section,  6,  or  De  Morgan's  Diff.  Gale,  p.  519. 
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each  of  them  in  terms 4>fd?,^, ..»,  and  t,  so  that  we  should  have 
m  equations,  such  as 

from  which  we  should  get  by  differentiation 

where  it  is  evident  that  the  values  of  both  f  and  ^'  are  given 
at  the  time  ^,  if  those  of  a?,^, ... ,  a^jy', ...  are  given. 

Now  the  motion  of  the  system,  under  the  action  of  the  given 
forces,  is  completely  determined  if  the  positions  of  all  its  points, 
and  the  velocities  and  directions  of  their  movements,  be  given  at 
a  determinate  time  ;  that  is,  if  the  values  of  all  the  coordinates 
fl?,y, .,.,  and  their  first  differential  coefficients  a?',y',  ...,  be  given 
at  that  time ;  and  since  it  has  just  been  seen  that  all  these 
quantities  are  given  if  any  n  —  moi  the  coordinates,  with  their 
first  differential  coefficients,  be  given^  we  conclude  that  the  whole 
motion  is  determined  if  the  values  of  these  2(»— m)  quantities 
be  given  at  any  one  time  ;  it  is  convenient  to  take  the  instant 
when  ^  =  0  for  the  time  in  question,  and  we  may  call  the  values 
of  any  quantities  at  that  time  their  initial  values. 

From  these  considerations,  it  is  easy  to  conclude  that  the  final 
integral  equations  of  the  problem  must  contain  2{n^m)  arbitrary 
constants,  and  no  more ;  that  is,  that  the  values  of  all  the  coor- 
dinates must  be  expressible  in  terms  of  2  (»—«»)  arbitrary  con- 
stants and  t ;  for  otherwise,  the  number  of  coordinates  and  first 
differential  coefficients  which  it  would  be  possible  to  assume 
arbitrarily  at  a  given  time  would  be  either  more  or  less  than 
2(»— m).  The  same  conclusion  follows  from  the  theory  of  dif- 
ferential equations. 

Hence  we  are  in  all  cases  at  liberty  to  suppose  that  the  actual 
value  of  every  one  of  the  coordinates  at  the  time  t  is  expressible 
by  an  equation  of  the  form 

a?  =/(«,*,...  ^); 
where  a,  i, ...  are  the  arbitrary  constants,  of  which  the  number 
is  twice  that  of  the  independent  coordinates. 

These  constants  may  be  the  initial  values  of  some  set  of  inde- 
pendent coordinates  and  of  their  first  differential  coefficients, 
and  must  be  expressible  as  functions  of  such  initial  values. 

471.]  Now  if  we  suppose  the  initial  positions  and  velocities  to 
receive  infinitesimal  alterations,  or  if,  which  comes  to  the  same 
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thing,  we  suppose  the  oonstante  a,  b,  •••  to  be  changed  into 
a  +  da,  6  +  6d,  ...jthe  values  of  o?,^, ...,  at  the  time  i,  will  be 
changed  into  fl?  +  ia?,  y  +  6y, ...,  where 

dx  .        dx  ^  J 

da  do 

dx 
the  partial  differential  coefficients   t-'  •••  being  taken  on  the 

hypothesis  that  x.y,...  are  expressed,  as  above  supposed,  in  terms 
of  a,  d, ... ,  t» 

The  values  of  hXy  hy^ ..,,  thus  formed^  are  distinguished  fix>m 
other  admissible  sets  of  values  by  important  properties,  which  we 
proceed  to  point  out. 

First,  if  we  suppose  a,b, ,,.  to  have  the  values  belonging  to  the 
actual  motion  of  the  system,  so  that  the  point  (x,  y,  z)  actually 
describes  the  path  defined  by  the  equations  a^  =/ (a,  £,  ...^  /),... , 
then  the  values  a  +  da,  6  +  5d, ...  correspond  to  a  motion  which 
does  not  actually  take  place,  but  which  might  take  place  under 
the  action  of  the  existing  forces^  and  would  take  place  if  the 
initial  circumstances  were  suitably  altered ;  so  that  the  substi- 
tution, at  every  instant,  of  x-\-hx  fora?, ...  would  change  the 
actual  paths  and  velocities  of  all  the  points  of  the  system  into 
others  not  merely  consistent  with  the  given  equations  of  con- 
dition, but  consistent  also  with  the  action  of  the  forces.     All 
such  paths  and  velocities  may  be  called  *'  dynamically  possible." 
But  if  the  values  of  hx,  by, ...  were  merely  chosen  so  as  to  be 
consistent  with  the  equations  of  condition,  without  any  further 
limitation,  then  the  substitution  at  every  instant  of  x-\-bx  for  a?, 
...,  would  change  the  actual  paths  and  velocities  into  others, 
which,  though  not  inconsistent  with  the  given  laws  of  constraint 
of  the  system,  could  not  be  produced  by  the  action  of  the  exist- 
ing forces.     Such  paths  and  velocities  may  be  called  "  geome- 
trically possible  *  "  though  dynamically  impossible. 

472.]  But  there  is  another,  and  in  some  respects  more  im- 
portant, distinction. 

The  values  of  da,  6^, ...  are  arbitrary  infinitesimal  constants. 
Let  Aa,  A^, ...  be  any  other  set  of  similar  values  ;  and  let  bu,  au 

*  The  expressions  "  dynamically  possible  "  and  "geometrically  possible  " 
are  Sir  W.  R.  Hamilton's. 
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be  the  increments  of  anj  function  u^  corresponding  to  the  two 
sets  of  increments  of  the  constants ;  so  that  if  «  be  expressed  as 
a  function  of  «,  J,  <?, .,.,  with  or  without  ^,  we  shall  have 

du  du 

da  db 


8w=  — 8«+  -^  8i+  ..., 


du  du    , 

Aw=  -r- Aa+  ^r  A0+  .... 
da  do 

Now  suppose  that  in  the  above  value  of  8  w  we  change  a,b,,., 
into  a-h  Aa,  2  +  ^2, ...,  without  altering  the  values  of  8a,  bb, ,,, ; 
the  corresponding  increment  of  8  «  will  be 

d  u  d  u 

a8«  =  -=-=- Aa.8a+  ^-^^  (8a.Ai  +  8i.Aa)  +  ... ; 
da^  dadb  ^  ' 

but  the  same  expression  will  be  obtained  for  8  a  f^  from  the  second 
of  the  above  equations ;  consequently, 

^hu  =  8a».  (4) 

In  this  equation  u  maj  evidently  be  any  function  of  the  coor- 
dinates x^y^  z^,.,  and  their  differential  coefficients  of  all  orders ; 
the  property  expressed  by  it  distinguishes  those  variations  of  u 
which  are  due  to  variations  of  the  constants  a^by ..,  firom  those 
which,  though  otherwise  admissible,  arise  in  a  different  manner. 
In  fact,  it  will  be  found  in  general,  either  that  the  symbols  a  8, 
8  a  are  unmeaning,  or  that  the  above  equation  is  not  true. 

473.]  Lastly,  we  must  notice  a  property  which  belongs  to  the 
variations  denoted  by  8  or  a  without  any  limitation,  namely, 

that  the  operations  8  or  a,  and  -ji  are  commutative ;  that  is, 

at 

b{tO  =  M;  (5) 

where  u  is  any  function  of  a?, y ...  (with  their  differential  coeffi- 
cients) and  t,  and  bx,  8^,  ...  may  be  considered  as  perfectly 
arbitrary  functions  of  ^,  subject  to  the  sole  restriction  of  being 
infinitesimal.  In  fact,  the  meaning  of  8  {u')  is  («  +  buY^u\  that 
is,  is  {buy. 

474.]  Now  let  a?,^, ...  be  any  n  variables,  functions  of  ^,  and 
subject  to  m  equations  of  condition.  Also  let  f,  17, ...  be  other 
variables,  of  which  the  number  is  not  less  than  n  —  m,  and  so 
connected  with  the  former  set  of  variables  by  given  equations, 
which  may  involve  t  explicitly  but  may  not  involve  the  differ- 
ential coefficients  of  either  set,  that  any  variable  of  one  set  may 

Tt  9 
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be  expressed  as  a  function  of  variables  of  the  other  set,  with  or 
without  t,  by  equations  such  as 

It  is  to  be  observed,  that  the  expressions  on  the  rig^ht  of  these 
equations  are,  to  a  certain  extent,  indeterminate  in  form ;  for 
any  function  of  a?, y, ...  and  t  may  be  variously  transformed  by 
means  of  the  given  equations  of  condition ;  and  the  same  may 
be  said  of  any  function  of  f,  17,  ••. ,  if  the  number  of  the  latter 
variables  be  greater  than  n^m. 

Suppose  then  that  u  is  any  irmction  of  ^,  a?, y, ...,  ^»  y'>  •••5 
a^',  y ,  ...  5  and  let  r  be  the  order  of  the  highest  differential 
coefficient  contained  in  u.  By  means  of  the  equations,  such  as 
the  first  of  (6),  a?,^, ...  can  be  expressed  as  functions  of  ^,  £,  17, ... ; 
^\y\  as  functions  of  t,  f,  77, ...,  f ,  17', ... ;  and  so  on  ;  so  that  » 
can  be  transformed  into  a  function  of  ^,  f,  17, ...,  f',  ry', ...,  in  which 
the  highest  differential  coefficient  will  still  be  of  the  order  r. 
Also,  hXjby,,,.  can  be  transformed  by  means  of  the  equations 

dx  ^  ^     dx  - 

d  X    dx 
where  ^-7. » -7-  » . . .  are  riven  functions  of  ^,  ^,  w, . . .  . 
at    dr) 


Let  Y^n  be  for  a  moment  an  abbreviation  for 


du       {^^^\       /du\ 

di'^w)  "^  w'>'  "•••' 

the  series  being  continued  until  it  terminates  of  itself.     Then 
the  expression 

Ej^u  .  bx  +  'EyU  .  6y +  E,?/  .  bz-\'  ... 
can  be  transformed  into  another,  involving  the  variables  ^,7;, . . . , 
with  their  variations  and  differential  coefficients,  instead  ofx,y, .... 

It  is  a  known  theorem  in  the  Calculus  of  Variations  that  the 
result  of  this  transformation  is  an  expression  of  the  same  form, 
namely,  e^w  .  6f+E,?^ .  677+  ...  ; 

where  u  only  differs  from  the  former  u  in  being  expressed  in 
terms  of  the  new  variables. 

The  direct  demonstration*  of  this  theorem  in  its  general  form 
is  somewhat  complicated,  and  need  not  be  given  here,  because 
the  only  case  with  which  we  are  concerned  is  that  in  which  u 

*  For  an  indirect  demonstration,  see  Lagrange,  M^canique  Analytique, 
2*®  partie,  4"*®  section,  6,  or  De  Morgan's  Diff.  Gale,  p.  519. 
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contains  tio  differential  coefficient  of  a  higher  oitler  than  the 

first,  or  «  =  F (/,  a?,^, ...  a?', y, ...). 

The  theorem  may  then  be  conveniently  written  thus : 

and  this  admits  of  the  following  simple  demonstration,  due  in 
principle  to  Sir  W.  R.  Hamilton. 

475.]  Since  u,  when  expressed  in  terms  of  the  new  variables, 
^,  Tj, . . . ,  will  contain  f',  rj', . . . ,  only  because  it  originally  contains 

^f/f  •••  9  we  shall  have 

du       du  d^      du  di\ 

di''J^d^^dT[Ji^'''' 

.    dP 
where  the  differentiations  in  jyf ...  are  performed  on  the  sup- 
position that  (;%  77^  •••  are  expressed  in  terms  of  t^  A?,y, ... ,  afytf^ ... : 
now  ^  being  expressed  in  terms  of  ^,  a?,y, ... ,  we  have 

^'  dt  ^  dx"^^  d/^  ''-' 

and  since  -rr*   j^'**-*  do  i^ot  contain  x\f/  ...^  we  obtain  at 
dt     ax 

once  by  differentiation 

rff    d^       de    di 


•  •  J 


(8) 


da^  ""  dx  dy'  ~  dy 

in  like  manner  we  should  find 

dr{      drj  dvf      drj 

dF-di'         djf-Ty"-'- 

hence  the  above  expression  for  jn  becomes 

du        du  d(      du  dn 

^   _*  J. L  ^  ^^^i 

dsf        d^  dx      dr\  dx 
similarly  we  should  have 

du       du  d(       du  drj 

.and  so  on  :  whence,  maltiplying  the  first  of  these  equations  by 
bx,  the  second  hjby,..,,  and  observing  that 

we  obtain  by  addition, 

du  ^        du  ^  du  .^      du  ^     ^ 

_,8^  +  _8j,+  ...  =  _8f+^-,8,+  ...; 
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and  difisreidiiatiiig  ihis  last  eqpiati<m  wiib  ve^eefe  to  t^  and  ob- 
serviiig  (Art.  478)  tiiat  (bay  s  ig/, .... 

19ow  S«  may  be  etirpiessed  in  either  of  tbe  followui^  tvaja : 

rf»  ^        du  ^,     du  ^ 

and  if  the  firrt  of  these  vahiee  be  sabtxacAed  from  the  leftrhand 
member,  and  the  second  from  the  right-hand  member  ai  the 
above  equation,  the  it^eiBalt  is  the  eqtiati<m  (7),  whieb  wae  to  be 
established. 

476.]  We  now  retom  to  the  dynamical  formula  (1),  Ait.  467. 
1:^.  that  fqarmnk,  the  position  of  the  qreton  at  tiie  tiine  i  is 
assigned  by  means  of  the  rectangular  ooofdinirfiee  w^  jr,  g^  ... ; 
bat  it  is  evident  that  any  other  set  61  variables,  ^,  17,  C  ••• »  con- 
nected with  d^ijT}^, ..'.',  i^  the  manner  sapposed  in  Art.  474^ 
would  answer  the  same  purpose.  We  may  ertend  the  mitoiing 
of  the  word  ''  coordinates  "  so  as  to  indude  all  sets  of  variables  of 
which  the  values  at  the  time  t  determine  the  position  of  the  sys- 
tem at  that  time.  For  instance,  the  position  of  a  rigid  system 
which  has  one  fixed  point  may  be  defined  in  several  ways  by 
means  of  three  angles,  which  may  be  called  the  "  coordinates  "  of 
the  system. 

Now  the  theorem  (7),  Art.  474,  enables  us  to  express  the 
left-hand  member  of  the  formula  (1)  in  a  form  adapted  to  any 
system  of  coordinates  whatever,  in  the  following  manner  : 

Let  T*  denote  as  before  the  vis  viva  of  the  system ;  then,  in 
terms  of  the  original  coordinates,  we  have 

but  when  t  is  expressed  in  terms  of  any  other  coordinates, 
^,7y, ...,  it  will  become  in  general  a  function  of  ^,  rj, ...,  ^\r]\  .,., 
with  or  without  ^,  not  containing  any  differential  coefficients  of 
a  higher  order  than  the  first.  Hence  we  may  put  t  for  «  in  the 
equation  (7),  and,  observing  that 

*  [Vis  Tiva,  as  used  heg^jmna-^alf  of  the  quantity  which  has  hereto- 
fore been  oallM 
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we  obtain  2.ma?"d;i?  =  2.|^^^)  — -j^f  ^^; 

which  is  the  required  form. 

The  terms  J,bx  +  Yd^  +...,  on  the  right  of  (1),  when  ex- 
pressed in  terms  of  the  new  coordinates,  will  take  the  form 
Pfi^  +  Q6)y  +  ,,.,  where  p,  Q,...are  functions  of  ^,  rj,  ...  with  or 
without  t ;   so  that  the  equation  (1)  is  finally  reducible  to  the 

In  the  most  usual  and  important  problems,  x,  y,  z, ...  are  the 
partial  differential  coefficients  with  respect  to  a?,  jr,  ;?,,..  of  a 
function  u,  called  the  force-function,  which  may  also  contain  t, 
but  does  not  contain  ^,  y^, . . . :  in  this  case  we  have 

and  the  right-hand  member  of  (9)  is  obtained  by  deriving  b  u 
from  u  expressed  in  terms  of  the  new  variables :  thus 

.         dv  .^      dv^ 

and  the  equation  may  then  be  written  in  the  form 

this  may  be  abridged  by  putting  T  +  u  =  w;  for,  since  u  does  not 

dT         /ifw 
contain  ^, ...,  -y7>  =  ';j7/v  >  so  ^^^^  ^^^  formula  becomes 

If  the  coordinates  f ,  y?,  . . .  be  independent,  that  is,  subject  to 
no  equations  of  condition,  the  coefficients  of  df,  d»;, ...  must  se- 
parately vanish;  so  that  (11)  is  equivalent  to  the  system  of 
equations  rfw  '  ^  dw  fd^^  _  dw  ,     . 

We  shall  refer  to  these  as  the  *^  Lagrangian  "  equations ;  a  name 
given  to  them  by  Mr.  Cayley. 

477.]  It  will  be  desirable  to  illustrate  the  preceding  formulae 
by  some  examples  before  proceeding  further.  First  then,  let  it 
be  required  to  express  the  equations  of  motion  of  a  single  material 
point  by  means  of  polar  coordinates. 

Let  #a  be  the  mass  of  the  point,  w,  y,  z  its  rectangular  coordi- 
nates, X,  Y,  z  the  components  of  the  force  acting  on  m,  so  that 
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80  that,  finally,  the  general  equations  of  motion  of  any  system 
under  the  circumstances  supposed  are  comprised  in  the  follow- 
ing formula : 

-^2 OD  Bm  1 2. m  {^^ brj-^rj' b^)  +  2oi) cost 2. m{Cbri—rj'dC) 

—  o)2(sin/)^2.»*f6f— o)^cos^/2.w(f+fo)6f— o)*2.««(Ty  +  i7o)5Ty 

480.]  It  is  not  intended  in  this  Chapter  to  discuss  particular 
problems ;  and  the  examples  given  in  the  last  three  Articles 
have  been  inserted  only  because  the  Lagrangian  formulae,  if  left 
in  their  general  shape  without  illustration,  would  probably  &il 
to  convey  precise  notions  to  the  mind  of  a  reader  coming  to 
them  for  the  first  time. 

We  proceed  now  to  an  important  transformation  of  these  for- 
mulse,  due*  to  Sir  W.  R.  Hamilton,  without  stopping  to  intro- 
duce at  this  stage  the  consequences  derived  from  them  by  La- 
grange ;  because  these,  with  many  other  results,  are  more  easily 
obtained  from  the  Hamiltonian  form. 

Conforming  to  the  notation  of  recent  writers,  we  will  denote 
the  "coordinates"  in  any  dynamical  problem  by  ^x)  ?2>  •••»  ^ 
that  the  general  formula  (11),  Art.  476,  becomes 

in  which  we  shall  suppose  that  w  may  be  any  function  whatever 

If  now  we  put 

^w  dvr  ,,^. 

^'  =  ^^'         ^'=^^'—  ^^^^ 

we  may  suppose  j|',  g^i  ...  to  be  expressed,  by  means  of  these 
equations,  in  terms  of  /?i,  /?2, ... ,  Ji,  ?2>  •••>  with  or  without  I ; 
and  when  these  values  of  y/,  ^2',  •••  ^^  introduced  in  the  for- 
mula (15),  that  formula,  together  with  (16),  will  give  a  set  of 
equations  involving  the  two  sets  of  variables  ^i,  ^2»  •••>i^ni'2»  ••• ' 
with  their  first  differential  coefficients,  instead  of  the  one  set 
?i  >  ?2  >  •  •  •  with  their  first  and  second  differential  coefficients. 

Thus,  if  the  coordinates  ^i,  ^2'  •••»  ^n»  he  an  independent  set, 
instead  of  n  differential  equations  of  the  second  order  we  shall 
have  2n  of  the  first  order. 

*  A  first  step  towards  this  transformation  was  made  by  Poisson ;  but 
we  have  not  space  for  details  on  this  point. 
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to  the  fixed  axes ;  i^v,  C  the  coordinates  of  the  same  point,  re- 
ferred to  the  moving  axes ;  and  let  the  position  of  the  moving 
system  at  the  time  t  be  defined  in  the  usual  manner  by  the 
equations 

where  the  nine  direction-cosines  Oi^a^,,..  are  given  functions  of 
t.  It  will  be  convenient  to  introduce  the  usual  symbols  a>2 ,  a>2 , 0)3 
for  the  angular  velocities  of  the  moving  system  of  axes,  estimated 
about  the  axes  of  ^,  t;,  (  respectively.  Let  a  rotation  about  the 
axis  of  ^  be  positive  when  its  direction  is  such  that  the  axis  of  ( 
is  following  the  axis  of  rj ;  then,  with  similar  conventions  as  to 
the  other  axes,  we  shall  have 

«3«2'  +  *3V  +  ^3<?2'  =  -(«2«3'+*2V  +  ^2^3')  =  *^1» 
«1«3'  +  *1  V  +  ^1<  =  -  («8  «/  +  *3  V  +  ^3  O  =  <»2. 
«2V  +  *2V  +  ^2V  =  -(^1«2'+  *lV+  ^1^2)  =  '^3- 

Now  differentiating  the  equations  x  =  a^^-^-a^rj-^a^C  ...  we 
obtain        ^.  ^  a,f +  a,^'  +  a3r  +  «/f +<i|  +  a3'C, 

/  =  *if + *2^'+ *3r + Vf  +  V^+ Vf, 

and  hence,  observing  the  above  values  of  a>i . . . ,  and  the  known 
relations  between  the  nine  direction-cosines,  including  the  equa- 
tions fliV  +  iiV  +  ^i^i'  =  0, ... , 

and  finally,  by  adding  the  squares  of  these  expressions  on  each  side 

x'^  +y* + /« = (f + a,,c-  0)3,)* + (n' + 0,3^-  .oiO" + (C + «i^  -  «,0«. 

The  meaning  of  the  terms  in  this  expression  is  easily  seen  :  thus, 
f  is  the  velocity  of  the  point  (f,  rj,  ()  relative  to  the  moving 
axes,  estimated  parallel  to  the  axis  of  ^;  and  <02C'^<o^rj  is  the 
velocity,  relative  to  fixed  space,  and  estimated  in  the  same  direc- 
tion, which  the  same  point  would  have  if  (f,Tj,  f)  were  invariable ; 
the  sum  is  the  total  component  of  the  velocity  relative  to  fixed 
space.  Hence  the  value  of  t,  expressed  in  terms  of  the  new 
coordinates,  becomes 

T  =  Ha.««{(f +«.C-«3'/)*+('?'+«3f-'»iC)'+(C'+<«x'j-«»a*};  (14) 
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2?^, ...,  in  terms  ofy^, ...,  when  sabstitated  in  p  and  the  other 
terms,  will  introdace  it  again.     Hence  we  shall  have 

dq,  _      dv     dv  dx^  rfp  dx^ 

d^  ""      d^     dx^d^      '"     dx^d( 
dx-i  dx^ 

but  since  y^  =  t— »...  >  this  equation  becomes  simply  -7^  =  —  ^, 

which  was  to  be  proved. 

Let  us  now  apply  this  theorem  to  transform  the  formulas 
(15)  and  (16),  Art.  480. 

The  equations  (16)  being  exactly  similar  to  (17)  of  this  Article, 
it  follows,  that  if  we  put 

H  =  — w  +i?ij/  +/?2?2'  +  •  •  •  +/'«?/» 
and  express  jj', ...  j'/  on  the  right  in  terms  ofp^, ...  ,/?„,  ...,  we 
shall  have 

and   moreover,  since,  besides   ^/,  ^2^  •  •  -  >  ^  contains   also   the 
quantities  ^i  >  ?2  >  *  •  *  >  ai^^ogous  to  ^, . . . ,  we  shall  have  also 

dw  dn       dw  __      dn 

so  that  the  formula  (15)  will  become 

These  results  may  be  summed  up  as  follows : 

If  w  be  any  function  of  qi^q^,  •  •  • ,  $'/»  ^2',  •  •  • »  ^>  the  formula 

is  transformed  into  the  system 

,       ^/ii  ,      dH 

by  the  following  substitutions  : 

dvr  _  ^w  ^ 

where,  in  forming  the  expression  for  h,  we  are  to  express  j/,  q^* 


(20) 
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at  the  centre.  If  then  we  call  on  the  angular  velocity  of  the 
earth's  rotation,  and  cos  a,  C08)8,  cosy  the  direction-cosines  of 
the  polar  axis  referred  to  the  axes  of  ^,  t;,  f ,  we  shall  have 

(Oj  =  0)  cos  a,     a>2  =  0)  cos  fi,     0)3  =  a>  cos  y  ; 
and  the  expression  (14),  Art.  478,  becomes 

T=  2X««[{f'  +  co(fcos)3— rycosy)}* 

+  {Tj'  +  o)(fcosy— fcosa)}*  +  {f'  +  o)(?ycosa— f  cos/3)}^]; 
and  it  only  remains  to  remove  the  origin  to  the  required  point 
on  the  surface  by  writing  ^  +  fo»  ^  +  ^o>  f+Co  instead  of  f,  ??,  f, 
where  fo»  ^o>  fo  *^^  ^^^  coordinates  of  the  point  in  question,  re- 
ferred to  the  axes  of  ^,  rj,  (  with  centre  as  origin.  This  being 
done,  the  following  values  will  be  found  without  difficulty : 

J7^  =  «*r  +  «*tt)  {(C+fo)  COS i3-(Ty  +  i7o) cosy}, 

dT 

j^  =i»a)(Ty' cosy- f  cos  i3)  +  «»ft)2(f  +  fo) 

-»^a)2  cosa  {(f +^o)co8a  +  (T;-|-TjJ  cos/3  +  (f  +  Q  cosy}  ; 
consequently 

w)  -^7^=^f"  +  2«*a)(C'cos/3-Tj'cosy)-ma)«(f  +  ^o) 

+  wa)2cosa{(f+^o)oosa  +  (Ty  +  7yo)cos/3  +  (C+fo)oo8y}  ; 
from  which  the  forms  of  the  terms  referring  to  r)  and  C  are  obvious. 

If  we  call  I  the  latitude  of  the  place  at  which  the  origin  is 
fixed,  and  take  the  plane  of  (f,  77)  horizontal,  the  axis  of  ^  being 
directed  to  the  south  and  that  of  t;  to  the  east,  we  shall  have 

cos  a  =  —  cos  /,     cos  )3  =  0,     cos  y  =  sin  / ; 
also  fo=^'  *n^  ^o»  fo  *^o  given  quantities,  the  former  being  small, 
of  which  the  values  are  easily  assigned  in  terms  of  the  earth's 
axes  and  of  I, 

Thus  we  obtain* 

(y7>)  —  ^=  wf — 2wo)sin/?y'— mo)^  (sin/)*f 

—WO)*  sin/cos/(f  +  Co), 
(j-,)  -^  =  ««i?"  +  2wa)(f'sin;+f'cos/)-?«co2(Tj+TjJ, 

(^-^)  —  t;^  =  mf"— 2«ia)C08/7y'— «ico*sin/cos/^ 

-«ia)2(cos/)'(C+fo); 

*  [The  equations  given  in  (55),  Art.  408,  are  identical  with  these  when 
the  signs  of  «  and  17  are  changed.] 
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•0  Ait|  iballj,  the  gmenl  Bqmtkm  cf  motion  «f  «gr 
undiar  Hbs  diemnstaiieM  wippoicd  «to.  ttNiqriwd  m  IIm  fiBw^ 
ing&fiiEiila: 

^^(si]if)*:i.ii^5^-^C0B>/:i.»(C4-C;)»C-«^3i*»CY+li)*9 

480.]  It  18  not  intoided  in  this  CSuiptar  to  diaeini  portimhr 
pioUems;  and  the  examplai  given  in  the  ksfc  Ikcne  Aitidm 
haye  been  inMiied  only  heettoae  the  Legnngiea  fixmiiibB^  if  kft 
in  tiieir  genenl  ahape  without  iUnabaticni,  wooH  ptobaUy  M 
to  eouvBf  preeiae  nofebna  to  the  mind  of  a  iqader  iwming'  t» 
them  fiir  the  fint  time. 

We  proceed  now  to  an  important  tnnflftnnatioii  of  theae  fiir* 
mvim^  doe*  to  Sir  W.  K.  Huulton,  withoat  stoppinip  to  intny 
dnoe  at  this  atage  the  conaeqneneea  derived  from  them  hflMr 
gxange ;  heeanae  tiieae^  with  many  other  leaolte^  aie  moce  eaailf 
obtained  6om  the  Hamiltonian  form. 

Conforming  to  the  notatkm  of  recent  writers,  we  will  denote 
the  **  coordinatea '*  in  any  *  dynamical  problem  by  ^,  f^,  •••,  aa 
that  the  general  formula  (11),  Art.  476,  beoomea 

<d^')  ■"  dq 
in  which  we  shall  sappose  that  w  may  be  any  fimction  whatever 

If  now  we  put 

dw  dw  ,T-^ 

d^'"^"     Hi"^ '  ^^^^ 

we  may  suppose  q(^  ^2^  *  •  •  ^  be  expressed,  by  means  of  these 
equations,  in  terms  of  p^^  p^, ... ,  ^i,  q^i  •••,  with  or  without  t; 
and  when  these  values  of  ^/,  ^2,  •••  ^^  introduced  in  the  for- 
mula (15),  that  formula,  together  with  (16),  will  give  a  set  of 
equations  involving  the  two  sets  of  variables  ^d  92>  •••'i'l^/'ss  •••» 
with  their  first  differential  coefficients,  instead  of  the  one  set 
9i}  92)  *••  ^^^  their  first  and  second  differential  coefficients. 

Thus,  if  the  coordinates  ^i,  ^2'  •••»  ?m»  ^  ^^  independent  set, 
instead  of  n  differential  equations  of  the  second  order  we  shall 
have  2»  of  the  first  order. 

*  A  first  step  towards  this  transformation  was  made  by  PoisBon ;  but 
we  have  not  space  for  details  on  this  point. 
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The  general  form  of  these  2»  equations  was  first  assigned  by 
Sir  W.  R.  Hamilton.  His  demonstration  depends  apon  the  par- 
ticalar  character  of  the  function  T  in  most  actual  problems ;  and 
the  following,  which  is  slightly  different  and  more  general,  is 
therefore  substituted. 

481.]  The  principle  of  the  demonstration  may  be  most  clearly 
exhibited  independently,  in  the  form  of  the  following  theorem  : 

If  p  be  any  function  of  the  n  quantities  x^,  ^2>  •••  ^»>  ^^^  ^^  ^ 
other  quantities  ^1,^2*  .••y«  be  defined  by  the  equations 

then,  if  by  means  of  these  equations,  Xif,,.,w^he  expressed  in 
terms  ofyi,^^*  •••>y»i  their  values  will  be  of  the  form 

where  Q  =-P+ariyi  +  arjr,+  ...  +x,y,:  (19) 

in  which  ^j, ..., ^^  on  the  right  are  supposed  to  be  expressed  in 
terms  of  y^,  ...jy*. 

Also  if  P  contain  any  other  quantities,  f, ... ,  besides  x^, ...,  ^,,; 

then  ^^  _      ^^. 

the  differentiation  with  respect  to  f  being  in  each  case  performed 
only  so  far  as  f  appears  explicitly. 

To  prove  this  we  have,  if  the  symbol  d  operate  only  on  o^i , .  • . , 

^myn  •••  >y«> 

dF  =  yi dx^  +^2 dx^-\-...  +y^ dx^,     by  (17)  ; 
but 

hence,  by  subtraction, 

'^(^J'i  +  —  +^«5'«-^)  =  a?irfyi  + ...  +xjy^ ; 
an  equation  which  must  be  identical  if  both  sides  be  expressed  in 
the  same  way.     If  therefore  we  put,  as  above,  Q  =  x^y^  + ...  —  p, 
and  suppose  ^1, ,..,  on  each  side,  expressed  in  terms  of  y^, ..., 

do  do 

since  dq  =  -=—  dyj^  + ,,.,  we  must  have  ^i=;i-">.«->  which 

ay^  ay  I 

proves  the  first  part  of  the  theorem. 

To  prove  the  second  part,  we  observe  that  the  value  (19)  of  Q 

will  contain  ^  explicitly,  partly  because  it  is  contained  explicitly 

in  P,  as  originally  expressed,  and  partly  because  the  values  of 
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(20) 


bjr  the  fiAming  snbstitaticMis : 

where,  in  fbnning  the  «niieMi>>u  for  h,  we  am  to  eqma^',  f^'. 
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...  in  tenns  oi p-^^p^y..,,  q^^  S's)***)  so  that  H  is  in  general  a 

function  ofp^^p^y  •••  >  ?i>  ?2>  •••  >  ^^^  ^« 

One  case  deserves  particular  notice,  because  it  occurs  in  most 
actual  dynamical  problems.  If  w  be  of  the  form  t+  u,  where  t  is 
homogeneous  and  of  the  second  degree  in  q/,  q^^ ... ,  and  u  does 

not  contain  j/,  q^^ . . . ,  then  p^  =  ^ — > , . . . ,  and  therefore 

aqi 

hence,  in  this  case, 

H  =  2t— w  =  T— u, 

where  t  is  to  be  expressed  in  terms  oip^y  P29 ... ,  ^i,  92>  ••*  • 

If  ^1,  q2,...he  a  set  of  independent  coordinates,  say  n  in 
number,  then  the  system  (20)  gives  2n  separate  equations, 
namely,  those  obtained  by  giving  to  i  all  integer  values  from 
1  to  «  inclusive  in  the  two  following : 

a'=-?'  ?/=J^-  (21) 

dqt  *•       dpi 

We  shall  call  these,  as  Mr.  Cayley  has  done,  the  "  Hamiltonian  " 
equations*.  In  treating  of  their  general  properties  it  is  usually 
unnecessary  to  take  any  account  of  the  nature  of  the  problems 
which  give  rise  to  such  a  system.     H  is  to  be  considered  merely 

as  a  given  function  otpj^^p^,  *..iPn}  ?ij  ?2>  •••»  9n>  ^^^  ^« 

482.]  The  complete  solution  of  the  2«  simultaneous  differen- 
tial equations  of  the  first  order,  represented  by  the  formula  (21), 
would  consist  of  2»  equations  involving  the  variables  /?i,..., 
y^, ... ,  and  t,  with  2n  arbitrary  constants.  Any  one  such  equa- 
tion may  be  called  an  'integral  equation;"  but  it  is  desirable  to 
distinguish  by  a  separate  name  that  particular  form  of  integral 
equation  in  which  a  function  of  variables  only  is  equated  to  an 
arbitrary  constant.  We  shall  call  such  an  equation  an  ^'inte- 
gral."    Thus  the  general  form  of  an  integral  will  be 

*  The  Lagrangian  equations  may  be  considered  as  a  particular  case  of 
a  more  general  form,  upon  which  the  solution  of  a  class  of  problems  in 
the  Calculus  of  Variations  depends ;  and  it  has  been  shewn  by  M.  Ostro- 
gradsky,  that  this  more  general  form  is  susceptible  of  a  transformation 
which  includes  that  of  Sir  W.  R.  Hamilton  as  a  particular  case.  See 
''Memoire  sur  les  Equations  diff^rentielles  relatives  au  probleme  dcs 
isop^rimetres,  1848."  M^m.  de  TAcad.  Imp6r.  des  Sciences  de  St.  Peters- 
bourg.  Sciences  Math,  et  Phys.  t.  iv,  1850. 
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whaw  tiia  fnmlSan  mt  flbe  i%iA 

and  it  !■  a  confMBt  aWiwiMitiBiLJto  ■fiil'rf 

That  a  Mn^lefo  aoliilioii  cf  At  ■jity  (SL)  bm^  1m 
U^  eomut  ot  2m  bft^gaik    Bat  ni  «ri«r  ffcct  S«  intagidb 
eoiutifaite  m  eonvkto  mintitomfik  k  Me«inj4Hkat  ttof  thidi 
lie  indBMidflDt :  tiiat  m.'  IQiifc  so  Mfwtififfl  nfalioiHi  aiMiaU 
art  lietwMii  tiio  fbnetioni  aqoifai  to  the  atiiilaHrj 
If  siidi  irifltioiis  did'iabgirt^  tiie  yuUtikm  mi^it  be  ^■"S^^^*^, 

onljr,  10  that  fiie  eambsabi  woaUi  not  be  all  ailitlatT; 

Qenor  Ae  imiUem  of  integia^ 
niajr  he  efaited  00  firiDowe: 

^Tb  find  So  indopoBdeBt  fbnetifmi  ofiii»  A,..«|iUf  ft*  ^ 
ond  i,  eoeb  of  whieli  ie  ooMtuit  If  Ttrtoo  of  ihm  JilRioiliit 
oqoaiimi  (SIX" 

On  tiio  other  h|aid,tiio  eeme  ftoUom  might  be  zogeidodai 
haYingfinriti  oljeet  "to  OL|ia«Mi  <acli  of  flio  >o  irariatio^  ji^, ^,,, 
j^  ,» ,  ao  a  fanotian  of  8o  ariabary  owaharfe  aad" <L** 

If  a  oomj^ete  oointion  woni  obtninod  in  oilhor  of  Hioae  jfcco% 
it  IB  evident  that  algelmdcol  proeesaeo  onlj  woold  be  lequiiod  to 
dedace  from  it  a  solution  in  the  other  form,  as  well  as  an  infinite 
variety  of  "  integral  equations." 

The  consideration  of  the  two  forms  jnst  mentioned  is  of  the 
greatest  theoretical  importance,  though  neither  of  them  is  in 
general  obtained  as  a  direct  result  of  existing  methods  of  inte- 
gration. 

Inasmuch  as  all  complete  solutions  of  the  same  system  of 
differential  equations  must  be  equivalent  to  one  another,  it  fol- 
lows that  any  arbitrary  constant  belonging  to  one  solution  must 
be  capable  of  being  expressed  as  a  function  of  the  arbitrary  con- 
stants belonging  to  any  other  solution. 

483.]  Any  2«  functions  of  the  variables  p^^ ...,  qi, ... ,  and  ^, 
may  be  called  elements,  provided  that  the  equations  by  which 
they  are  defined  are  algebraically  sufficient  to  determine  con- 
versely the  2n  variables  z^^,  ...,  ^j,  ...,  as  functions  of  the  ele- 

*  This  expreBsion  however  "the  integ^l  c"  is,  to  avoid  circomlocatioii, 
used  not  only  to  signify  the  equation  c=f{pit . . .),  but  also  to  denote 
either  side  of  that  equation  separately,  viz.,  either  the  constant  Cy  or  the 
fiinction/(jt)i, . . .),  which  has  that  constant  value.  The  last  is  the  most 
usual  meaning. 
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mentfl  and  t.  Thus,  if  the  elemejitB  1^,  l(2>  ••*  ^tn  \>e  defined 
hy  2n  equations,  snch  as 

then  it  most  not  be  possible  to  eliminate  all  the  2n  variables, 
Pii'"i  ?i>  •••>  from  these  equations. 

From  the  above  definition,  it  is  evident  that  a  complete  solu- 
tion of  the  differential  equations  would  be  obtained  if  any  set  of 
elements  were  expressed  in  terms  of  arbitrary  constants  and  t. 

It  is  also  evident,  that  the  functions  which  are  equated  to 
arbitrary  constants  in  any  complete  set  of  integrals  are  ''ele- 
ments."   Thus  elements  may  be  either  variable  or  constant. 

484.]  It  may  be  useful  to  exhibit  at  this  stage,  for  the  sake 
of  clearness,  the  equations  of  a  simple  dynamical  problem  in  the 
Hamiltonian  form.  For  this  purpose  we  may  take  the  case  of 
motion  of  a  single  material  point  about  a  fixed  centre  of  force. 
Let  m  be  the  mass  of  the  moving  point;  then,  taking  the  origin 
of  the  polar  coordinates  r,  $  at  the  fixed  centre,  and  the  plane 
of  the  motion  for  the  plane  of  the  angle  d,  we  shall  have 

and  the  force-function  u  will  be  a  given  function  of  r,  say  u=<^(r). 
Then,  writing  qi  instead  of  r,  and  ^2  iiistead  of  ^,  we  have 

consequently. 


from  which  we  have 

and  therefore  H,  which  in  this  case  is  t— u  expressed  in  terms 
otPuPii  ?i>  ?2>  becomes,  see  equation  (20), 

and  the  four  equations  (21),  Art.  481,  become 

485.]  If  If,  t;  be  any  ftmctions  whatever,  containing  the  vari- 

PBICSy  VOL.  IV.  u  u        • 
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jAds  j^ /^^  f^. j;.. 'dm  it  ^  cMWMjmt  !» 

Iuik«nie^:im«::  ]ss 

or  2£  1^  xfedSttkcm  nT  Atl.  #06. 

liic  wmrnafliigp  eiuCaDfiiisr  "^  a^  'ssIdbe  «f  i  fivm  1  to  «. 

TW  i«Bda"idIi  lua€hr  jix|in2«  to  lie  madiided  ^taX  the  svm- 
liok  I «.  r^  t/.>^  ^^  I  on  1^  ligiil  «f  like  lafit  eqiocticm.  kare  onlj  u 
jMOodtaoi^  meonluaaKXf  ^  line  tar,  r I  «ai  'fte  left,  vitliaiit  moj  eon- 
sexScn  cf  iDcuoiiKSr. 

Fco*  fTRnnjiV,  if  «,  r  eoolaiii  h^J*s^  fj,  f^  <Bhr-  thai 
.      .  ^im  ir       im  ix       im  ir       dm    dr 

From  tiie  alfore  defiaitiGii  de  fbOovingr  eonseqaenees  are  eaeflj 
dedoecd  br  xneas^  of  the  elemenlsnr  frinripleB  of  diflei>»itlatioii: 

(■.  r)  =  -(r, .),  («, «)  =  O, 

and  (f,.  9^>  =  0,  if/  be  difibcot  frnn  t. 

Also,  if  a  be  set  fuuctjoii  of  r.  «■ tben 

,        ,        ^a  da  . 

(7r         ■      dv      '     ' 
Agsdn.  if   r   coniAin  /..  £?-...  explicitly,  and    also  a,  /3,  ... 
functions  of  f . ,  (?, ,  —  lien 

where  (ft,f)  represents  the  expression  formed  by  differentiating 
r  only  so  far  a^  it  contains  /;. .  ^^ . . . .  exj>licitly. 

Lastly,  if  w.  r  contain  explicitly  any  other  quantity,  say  r, 
besides  the  variables  p^.q. then  the  partial  differential  coeffi- 
cient of  (/.'.  r\s  taken  explicitly  with  respect  to  r,  is 

486.]  The  followinij  theorem  will  be  of  use  afterwards  : 
Let  w,  \\  «r  W  any  three  functions  whatever,  containing*  j5j ,  y,, 
...,  with  or  without  other  quantities,  then 

{ w,  (r,  »r) !  +  { r,  (>,  If) }  +  { If,  (tf,  r) }  =  0.  (22) 

For  if  this  expression  were  developed,  each  term  would,  irre- 
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spective  of  sign,  consist  of  the  product  of  one  second  differential 
coefficient,  and  two  first  differential  coefficients.  Thus  we  should 
have  terms  in  which  u  is  twice  differentiated,  arising  from 
{t?,  («?,«)}  in  the  three  forms 

dv  dw    d^n  dv  dw    d^u  dv  dw    d^u 

dp^  dj)j  dq^dqj  dq^  dq^  ^J^i^Pj  4Pi  ^9j  ^9i^Pj 
including  the  case  of  j  =  i;  but  the  same  terms  would  arise 
from  {w,  (tt,  v)}  with  the  contrary  signs,  as  the  reader  will  easily 
verify.  The  same  thing  may  be  said  of  the  terms  in  which  v 
and  w  are  twice  differentiated.  Hence  the  equation  (22)  is 
satisfied  identically,  as  was  to  be  shewn. 

The  properties  established  in  this  and  the  preceding  Articles 
are  independent  of  any  suppositions  as  to  the  meanings  of  j)^ , 
^i, ...,  and  of  the  relations  established  by  the  differential  equa- 
tions (21),  to  the  consideration  of  which  we  now  return. 

487.]  Suppose  a  complete  solution  of  the  equations  (21),  namely, 

,        rfH  ,     dn 

dq^  ^*      dj)i 

to  have  been  obtained,  so  that  each  of  the  2n  variables  Pi,  •••A) 
9i9 '"  9ni  ^^  ^  given  function  of  t,  and  of  2»  arbitrary  constants 

^l>  ^2»  •••  ^2ii» 

Also  let  two  independent  sets  of  arbitrary  infinitesimal  varia- 
tions be  attributed  to  the  constants^  and  denoted  by  the  symbols 
by  A,  SO  that  we  should  have 

dp.  dp. 

then  the  expression 

or  ^{^Pi^gi-^PMi)  (28) 

is  constant.  That  is,  if  the  above  values  of  d/?^,  ...^  in  terms  of 
the  constants,  their  variations,  and  ^,  be  introduced,  t  will  dis- 
appear from  the  result,  and  the  expression  (23)  will  become  a 
function  of  the  constants  e^j,  Cj,  ••• ,  and  their  variations  bc^^ ,  ac^  , . . . 
only. 

This  remarkable  theorem  was  discovered  by  Lagrange,  em- 
ploying his  own  form  of  the  differential  equations.  The  follow- 
ing simple  demonstration  of  it  is.  due  to  Professor  Boole. 

u  a  2» 
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Now  if  we  take  u  =  (/,^),  we  have,  (Art  485), 

and  therefore 

now  since/ and  g  are  integrals, /'=  0,  and  y=  0 ;  that  is, 

f  +  (H./)  =  0.  g  +  (H.^)  =  0: 

these  equations  are  identically  true ;  so  that  we  may  substitute 
—  (h,/),  —  (h,^),  for~j  -^  respectively  in  the  above  expres- 
sion for  (/,  g)\  and  the  result  may  be  written  thus, 

W,9r=  {9,  (h,/)}  +  {/.  (^,H)}  +  {H,  {f,g)}; 
but  by  the  theorem  proved  in  Art.  486,  the  expression  on  the 
right  of  this  equation  vanishes  identically,  and  therefore  (/,^)'=  0 ; 
or  (/,  g\  is  constant,  which  is  the  theorem  to  be  demonstrated. 

Here  it  is  to  be  observed,  that/and^  represent  given  functions 
of  the  variables  jOi,  j'l, ...,  and  ^,  which  are  constant  by  virtue  of  the 
differential  equations.  But  the  constancy  of  the  expression  (y)  g) 
may  subsist  in  two  different  ways : 

First,  (/,  g)  may  be  identically  constant,  that  is,  a  determinate 
numerical  constant,  or  zero  :  this  always  happens  when  f  and  g 
belong  to  a  set  of  canonical  elements. 

Secondly,  (/,  g)  may  be  constant,  not  identically,  but  by  virtue 
of  the  differential  equations ;  and  in  this  case 

<=  =  if,  9) 
will  be  an  integral  of  the  equations ;  but  here  again  there  are 
two  cases,  for  c  may  be  either  an  independent  arbitrary  con- 
stant or  a  function  of/*  and  g ;  in  the  latter  case,  the  integral  c 
is  a  combination  of  the  integrals  /,  g,  but  in  the  former  case,  it 
is  a  distinct  independent  integral.  Thus  it  may  happen  that 
the  theorem  will  lead  to  the  discovery  of  a  new  integral  when 
two  are  known.  For  example,  the  problem  of  motion  about  a 
fixed  centre  of  force,  leads,  as  will  be  seen  afterwards,  to  three 
integrals  of  the  forms 

h  =  p,^  ^p^  +p,^  -  </>  {q,^  +  q,^  +  q,% 
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a.nil  let  aX,-,  a/i^,  on  the  right,  be  expressed  in  terms  a/?],  a^,  , ... ; 

80  that  on  both  sides  of  the  equation  all  terms  involving  h  will 
T)e  variations  of  constants,  and  those  involving  a  will  be  varia- 
tions of  variables  ;  and  each  of  these  sets  of  variations  may  have 
arbitrary  values  assigned  to  them ;  hence  the  coefficients  of  cor- 
responding terms  on  the  two  sides  of  the  equation  must  be  equal. 
Thus  we  obtain  by  comparing  the  coefficients  of 

hXtLO:,  the  equation  -Vr^  =      -rH t  \ 


J,,  the  equation  ;^  =      ^^ 

dp.  dkf 

«'*.-?o    -    -    -    -4  = -7^ 

bfijAPi, 


dq^  d\j 


(25) 


9   ' 


dfij  dpi 

in  which  equations  the  differentiation  refers  to  Hjrpothesis  II  on 
the  left,  and  Hypothesis  I  on  the  right ;  and  in  each  of  them  i 
may  be  equal  to  j. 

Now  suppose  any  one  of  the  constants,  say  \^,  to  be  expressed, 
according  to  Hypothesis  I,  in  terms  of  the  variables,  thus 

if  on  the  right  of  this  equation  each  of  the  variables  were  ex- 
pressed, according  to  Hypothesis  II,  in  terms  of  the  constants 
and  t,  the  equation  would  become  identical ;  that  is,  the  right- 
hand  side  would  become  identically  kj ;  hence,  if  we  differentiate 
each  side  with  respect  to  Ay,  on  Hypothesis  II,  the  result  on  the 
right  must  =  1 ;  but  if  we  differentiate  with  respect  to  any 
other  of  the  constants,  the  result  must  =  0 ;  thus, 

d\j^  dpi^  ^  dkj^  dq^  ^  dkji  ^  ^^^^      _  j  . 
dpj  dkj      dg^  dkj       dp^  dkf     dq^  dkj      '"         ' 
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Now,  taking  the  form  (28),  and  using  the  symbol  h  in  the  same 
sense  as  before^  so  that  5^  =  0,  we  have,  by  the  roles  of  the 
calcolos  of  variations, 

let  H  in  this  equation  be  supposed  to  be  expressed  in  its  original 
form  as  a  function  of  jOj,  ...pny  ?i>  •••  ?•>  ^;  then 

but  by  the  differential  equations  (21), 

hence  6  h  =  j  (qf  bp^  — jo/  6  yj ; 

and  if  this  be  substituted  in  the  above  value  of  b  s,  the  result  is 

Jo 

Jo 
Thus  bs  turns  out  to  be  expressible  as  the  integral  of  a  perfect 
differential  with  respect  to  t.     Performing  the  integration  from 
^  =  0,  and  observing  that  when  ^  =  0  the  values  otp^^bqi  are 

\>^Mi>  we  obtain 

8s  =  j(/?,8j,)-2(A,8m,). 
But  if  we  suppose  s  to  be  expressed  as  in  equation  (29),  we  have 

Now  these  two  values  of  8  s  involve  the  same  set  of  2«  varia- 
tions, bq^y,.,bqny  8Mi>  •••  ^M«>  which  may  all  be  considered  as 
arbitrary  and  independent,  because  the  2«  variables  and  27* 
constants  are  only  subject  to  2«  equations ;  so  that  the  values 
of  any  set  of  2«  out  of  the  4»  quantities  could  be  assumed  arbi- 
trarily without  contradicting  the  equations ;  consequently  the 
coefficients  of  like  variations  must  be  equal,  that  is,  the  2« 
equations,  ds  ds  ^  ,„^, 

must  be  true  ;  but  these  equations  are  obviously  not  true  iden- 
tically, and  they  contain  the  2n  arbitrary  constants,  Aj,  fii, ... . 
Hence  they  can  only  be  a  particular  form  of  the  integral  equa- 
tions of  the  problem. 

492.]  It   appears   from   the  equations  (30),  just  established, 
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where  a  is  any  arbitrary  function  of  a^,  •••  a»,  fx^,  •••  fx^,  then 
a^,  ij,  •••  will  be  canonical  elements.     For  we  have 

rfA  .  rfA  . 

and  consequently,  by  (27), 

and  performing  the  operation  a  on  each  side  of  this  equation. 
Ah  A  =  2{Abiba^  +  A\^byL^)  +  s(i<A8ai  +  A^  a8/uiJ  : 

similarly  we  should  find 

8a  A  =  2(8iiAa<  +  8A<A/Li^)  +  2(4<8Afl^  +A^A8/Lti); 
whence,  subtracting  and  observing  that  5a  =  Ad, 

2(5a<Ai^—  AOibbi)  =  j(8A^A/Ll<— AA^AfX^). 

But  it  has  already  been  proved,  see  Art.  488,  that  the  right- 
hand  member  of  this  equation  is  =  2(d^jA^^  — aj9^5;^),  so  that 

we  have 

2(5fl^AJi  — Aff^fiJ^)  =  2{bPiAqi  —  Aj)ibqi)  ; 

from  which  it  follows,  that  all  the  consequences  deduced  in  Art. 

488  from  equation  (24)  will  be  true,  if  we  substitute  a^,bi,  •••  for 

Aj,  fX|, ...,  and  in  particular  that  the  conditions 

(a,,  bi)  =  1,         (o^,  Uj)  =  (a.,  bj)  =  (4..,  bj)  =  0, 

will  subsist. 

490.]  The  equations  last  written  are  particular  cases  of  the 
following  general  theorem,  discovered  by  Poisson. 

If/,  p  be  any  two  integrals  whatever  of  the  Hamiltonian 
equations,  then  (/,  ^)  is  constant.  Poisson's  demonstration  was 
obtained  by  means  of  the  Lagrangian  form  of  the  equations. 
The  following,  founded  on  the  Hamiltonian  form,  is  much 
simpler : 

If  i»  be  any  function  whatever  of  jo^,  j'l, ... ,  and  ^,  we  have 

,      du       du     ,      du     , 

but  as  jDj,  ^1, ...  are  supposed  to  satisfy  the  differential  equations 
(21),  we  have  ^/  =  "  ^  '  ?/  =  ^  »  — » so  that 

,_^du        rdn  du       dn  du^^ 
""  dt         V  dp^  dq^      dq^    dpi  ^ ' 

=  -n  +  (h,  «) ;  (see  Art.  485). 
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Now  if  wetaka  uts^(f,jf)^  we  hmve^  (Axt  4IU), 

and  therefore 

now  sinee/and  j^  are  integTaL9,/^=:  0,  and  /ss  O;  tibst^  ia^ 

these  equi^ona  are  ideiitiea&j  tnie ;  so  that  we  may  siiiiBtitate 
—  (h,/),  —  (h,^),  £oar^>  ^  rwipectiTelj  in  the  above  expres- 
sion for  (/,  j^/,  «iid  the  lesolt  maj  he  wiitfeen  thus, 

bat  by  the  theorem  proved  m  Art.  486,  tiie  expression  on  the 
ij^ht  of  this  equation  vanishes  identically,  and  therefore(^y)'=  0; 
or  (/» j^),  is  oonstant,  which  is  the  therein  to  be  demonstrated. 

Here  it  is  to  be  observed,  that/ and  g  represent  given  fbnetl<»is 
of  the  variables  jEij,  ^xi  •••>  <^  ^i  which  are  constant  by  virtue  of  tike 
differential  equations.  Bat  the  constancy  of  the  expression  f/^/) 
may  subsist  in  two  different  ways : 

First,  (/,  ff)  may  be  identically  constant,  that  is,  a  determinate 
numerical  constant,  or  zero :  this  always  happens  when  /  and  ^ 
belong  to  a  set  of  canonical  elements. 

Secondly,  (/,  p)  may  be  constant,  not  identically,  but  by  virtue 
of  the  differential  equations ;  and  in  this  case 

'^  =  (/.^) 

will  be  an  integral  of  the  equations ;  but  here  again  there  are 
two  cases,  for  c  may  be  either  an  independent  arbitrary  con- 
stant or  a  function  of/*  and  p ;  in  the  latter  case,  the  integral  e 
is  a  combination  of  the  integrals  /,  ^,  but  in  the  former  case,  it 
is  a  distinct  independent  integral.  Thus  it  may  happen  that 
ihe  theorem  will  lead  to  the  discovery  of  a  new  integral  when 
{X^  are  known.  For  example,  the  problem  of  motion  about  a 
^^^^t  centre  of  force,  leads,  as  will  be  seen  afterwards,  to  three 
\HH^W^1«  of  the  forms 

i  =  ft*  +  A'  +J>z'  -  <!>  (?i* + S/ + ft'). 


49I-]  THEORETICAL  DYNAMICS.  665 

and  it  will  be  found  on  trial  that  {i,  e)  =  0,  (^,/)  =:  0  ;  but  that 
(^>/)  =  ?2A"~i'^2?i>  which  is  neither  identically  constant  nor 
expressible  as  a  function  of  the  other  integrals :  hence  we  may 
affirm  that  ^=A?i-?2/'i 

is  a  new  integral.  But  if  we  attempt  to  discover  more  integrals 
by  the  same  method,  we  shall  fail ;  for  it  will  be  found  that 

(A,^)  =  0,        (e,ff)  =/,        (f,p)  =  -^. 

It  is  to  be  observed  also  that  the  integral  ^  is  as  easily  discover- 
able by  oi*dinary  methods  as  the  integrals  e  and  f;  so  that  in 
this  case,  and  probably  in  general,  the  theorem  is  of  no  practical 
use  as  a  means  of  obtaining  new  integrals,  though  very  import- 
ant in  other  points  of  view. 

491.]  We  now  come  to  a  most  important  discovery,  due  to. 
Sir  W.  R.  Hamilton. 

Suppose  the  solution  of  the  system  of  equations  (21),  namely, 

to  be  given  in  the  form  of  2»  integral  equations  involving  the 
initial  values^  A^,  fi^, ... ,  of  the  variables,  as  arbitrary  constants. 
By  means  of  these  2n  equations  each  of  the  2n  variables  could  be 
expressed  in  terms  of  the  2u  constants  and  t ;  and  therefore  the 
differential  coefficients  of  the  variables  with  respect  to  t  could  be 
expressed  in  the  same  way.     Consider  then  the  expression 

this  being  a  given  function  of  the  variables,  their  first  different 
tial  coefficients,  and  ^,  might  be  expressed  as  above  supposed,  and 
would  become  a  function  of  the  2n  constants,  A|,  fx^,  ••• ,  and  L 
Suppose  this  function  to  be  integrated  with  respect  to  t  from 
^  =  0,  and  let  the  result  be  called  s ;  so  that 

8  =  j^'{2(^,?;)-H}rf^.  (28) 

The  value  of  s,  obtained  in  this  way,  would  be  also  a  function  of 
Ai,/u4, ...,  and  t.  But  by  means  of  the  2«  integral  equations 
we  might  express  the  2n  quantities, X^jAj,  •••  A«,  jd^,/?,,  ... ;?«,  in 
terms  of  the  2n  quantities  ^^ ,  /u^^  •••Mid  ?i)  ?2>  •••?«»  ^^^  ^  >  ^^^ 
if  the  values  of  A^,  ...  A„  thus  expressed,  were  substituted  in  the 
above  value  of  s,  the  result  would  be  of  the  form 
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Koir,  iiking  die  form  (38X  and  xmhg  tlie  qrmlMJ  d  m  tiie 
OBBfle  as  be&ie,  so  ihat  bi  s  0,  w«  hxm,  bf  the  mloB  ef  tlie 
Mleiil w  of  variatioii8» 

trt  H  in  atm  equation  be  sappoeed  to  be  ezpiesaed  in  its  onginat 
finmaaafiuietionof^,  •••A*  Jn  •••  j^n*^;  then 

bat  by  the  differential  equations  (21), 

rfH  _  dm  , 

hence  «h  =r  :i(j/»A-i?/«ft); 

and  if  this  be  sabstitixted  in  the  above  vabe  of  ta,  ibe  i^flult  is 

Thos  Ss  turns  oat  to  be  expressible  as  tiie  integral  of  «  pedbet 
diffisrential  with  respect  to  i^  Perferming  the  integration  fiom 
i  ss  0,  and  observing  that  when  i^  =  0  the  valaes  ofpffbfi  aie 

\>8/yij,  we  obtain 

But  if  we  suppose  s  to  be  expressed  as  in  equation  (29),  we  have 

Now  these  two  values  of  8  s  involve  the  same  set  o{  2n  varia- 
tions, 8^1,. ..d^^,  dfXj, ...  ^/u^,,  which  may  all  be  considered  as 
arbitrary  and  independent,  because  the  2n  variables  and  2» 
constants  are  only  subject  to  2n  equations ;  so  that  the  values 
of  any  set  of  2 ;»  out  of  the  4n  quantities  could  be  assumed  arbi- 
trarily without  contradicting  the  equations ;  consequently  the 
coefficients  of  like  variations  must  be  equal,  that  is,  the  2n 
equations,  ds  rfs  ,  ,^^, 

must  be  true  ;  but  these  equations  are  obviously  not  true  iden- 
tically, and  they  contain  the  2»  arbitrary  constants,  X^,  ^4, ...  • 
Hence  they  can  only  be  a  particular  form  of  the  integral  equa- 
tions of  the  problem. 

492.]  It   appears  from  the  equations  (30),  just  established, 
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that  if  the  single  iiinetion  s,  expressed  in  the  form  (29),  were 
known,  a  complete  set  of  integral  equations  could  be  deduced 
from  it  by  mere  differentiation.  Thus  the  complete  integration 
of  the  system  of  differential  equations  (21)  is  made  to  depend 
upon  finding  the  form  of  a  single  function.  This  is  the  most 
essential  part  of  Sir  W.  R.  Hamilton's  discovery ;  but  it  must 
not  be  supposed  that  the  above  brief  account  of  it  represents  the 
original  form  and  manner  of  the  author's  investigation,  much 
less  that  it  gives  any  notion  at  all  of  the  general  contents  of  his 
two  elaborate  memoirs  "  On  a  General  Method  in  Dynamics," 
contained  in  the  Philosophical  Transactions  for  1834  and  1835. 

493.]  We  proceed  to  examine  the  function  s  more  closely. 
Recollecting  that  s  is  supposed  to  be  expressed  in  terms  of 
?i»  •••  ?«>  fh>  •••  Mnj  ^>  we  have 

'^Tt^d^,^^^- 

on  the  other  hand,  equation  (28)  gives  by  differentiation  with 
respect  to  ^,  s'  =  2 {p^q{)^n ; 

comparing  these  two  values  of  s',  we  obtain 

'^4.H  =  0.  (31) 

Now  H  is  given  as  a  function  of  jd^,...,  ^p...^^;  say 

d^ 
also,  by  (30),  j)^=  -j-;  hence  (31)  may  be  written  in  the  form 

ds     ^/ds     ds  ds  .\      ^  ,„^. 

But  this  equation  contains,  besides  ty  only  the  n  variables 
?i)  •••  ?n>  &i^^  the  n  constants  /Ltj, ...  ijl^;  it  cannot  therefore  be 
any  combination  of  the  integral  equations  (30),  because  those 
2n  equations  would  in  general  be  insufficient  to  eliminate  the 
2n  quantities  i?^^  ...jt?.)  A^, ...  X,  ;  hence  it  must  be  satisfied 
identically ;  in  other  words,  it  is  a  partial  differential  equation  of 
which  s  is  a  solution. 

494.]  The  above  result  is  due  to  Sir  W.  R.  Hamilton,  and 
so  is  also  the  following:   Differentiating  H  with  respect  to  t, 

we  have  ,     ''^  .  ^r^"  «M  j.  ^r^^/,M  • 
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but,  by  the  differential  equations, 

^'  =  -rfi;'      *'  =  ^,' 

so  that  the  above  equation  becomes  simply 

,      dH 

Now  if  H  does  not  contain  t  explicitly,  which  is  the  case  in 

dH 
ordinary*  dynamical  problems,  then  ^  =  0;  therefore  h'=  0, 

^''  H  =  constant ; 

and  this  is  an  integral  of  the  problem,  called  the  ^*  integral  of 

vis  viva."     In  this  case  the  equation  (81)  is  of  the  form 

rfs       -,  \       r% 

^  +  /(/'i»ft>  —A*  ft>?a>  •••  ?«)  =  "; 

and  from  this  we  may  deduce  an  equation  like  (32)  as  before ; 
but  since  H  is  now  constant,  its  value  will  not  be  altered  by  sub- 
stituting for^i,  ji , ...  their  initial  values ;  hence  we  may  write 
ds     J,,  \      n 

or.  by  (30), 

da  .    -/      ^s  da  ds  \      n.     /Qq\ 

which  is  a  second  partial  differential  equation  satisfied  by  s  in 
the  ease  supposed. 

495.]  AVe  must  now  notice  an  important  extension  of  the 
preceding  theor}',  discovered  by  Jacobi,  and  contained  in  the 
following  theorem : 

If  Hbe/(A,7^2'---A'  ?i»?2^---  9n^  0»a^d  if  s  be  any  com- 
plete solution  of  the  partial  differential  equation, 

ds      ./^/s     ds  ds  ^     A      n  /^a\ 

;?7+%, '  7/^/  -  din'  ^"  ^"  '"  ^"'  ^ "  '         ^^ 

*  Ordinary  dynamical  problems  may  be  defined  as  those  in  which  the 
law  of  "  action  and  reaction  "  is  maintained.  This  law  is  violated  when, 
for  instance,  in  the  planetary  theory,  the  disturbing  planet  is  considered 
as  being  itself  undisturbed ;  or  when,  in  investigating  the  effect  of  the 
earth's  rotation  upon  the  motion  of  a  pendulum,  the  pendulum  is 
supposed  not  to  affect  the  motion  of  the  earth ;  or,  speaking  generally, 
whenever  any  part  of  a  system  is  supposed  to  be  lolgect  to  an  <*  obliga- 
tory motion."    In  all  these  cases  h  will  <^"^ 
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containing  the  n  arbitrary  constants  ^i,  ^2)  **•  ^«»  ^^^^  the  2n 
equations  ^g  ^  ^s  _  z 

are  a  complete  set  of  integral  equations  of  the  system 

Here  ^i,  ^2*  •••  ^»  ^^  ^^^  arbitrary  constants;  and  by  a  com- 
plete solution  of  the  equation  (34)  is  meant  a  solution  containing, 
besides  any  consta-nt  merely  added  to  s,  »  arbitrary  constants 
a^,  02, . . .  a^,  in  such  a  manner  that  they  cannot  be  all  eliminated 
so  as  to  produce  a  partial  difierential  equation  of  the  first  order, 
without  employing  all  the  ^  + 1  difierential  coefficients 

d^  ds     ds 

Before  proving  the  theorem  we  must  investigate  a  criterion 
by  which  it  may  be  known  whether  any  solution  of  such  an 
equation  as  (34)  be  complete  or  not. 

Suppose  then  s  =  V^(«i,...  fl«,  Ji,...  Jn,  ^)  to  be  a  solution; 
and  this  to  give 

J-  =  4>%{<^\y  •••  «*»  ?!>  •••  ?•»  0- 

now  if  it  be  impossible  to  eliminate  the  n  quantities  a^,...  a^^ 
between  these  equations,  the  solution  is  evidently  complete,  be- 
cause the  additional  equation  obtained  by  difierentiating  with 
respect  to  t  will  then  be  required. 

But  it  is  known  ^  that  the  supposed  elimination  is  always  im- 
possible unless  the  determinant  formed  with  the  n^  constituents 

*  If  the  elimination  be  possible,  it  will  lead  to  an  identical  relation 
between  ^i,«..^n>  considered  as  functions  of  a^, . . .  an,  say  f(<^i, 
^,  . . .  ^«)  3B  o ;  differentiating  this  equation  with  respect  to  a^  we 
obtam  ^  ^^  ^  ^  ^ 

c{</>2  dai  d(t>n   da^ 

and  if  from  the  n  equations  given  bj  this  formula,  on  putting  f=i, . . . , 

<— Ik  we  eliminate  the  n  terms  33—, , .  .-rr »  ^be  result  is  A  =  o,  A 

0^1  »9« 


bemg  the  determinant  mentioned  in  the  text. 
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da^     da^*'**  da^ 


•    •    •     •     t    • 


d^   d^       d(p^ 

da^  *  da^*'**  da^ 
^Bjushes  identicaUj. 

We  may  therefore  ezpresB  the  xeqoired  criterion  as  follows 

In  Older  that  thesolation  s  may  be  complete,  it  js  only 

fSK^  that  the  determinant  formed  '^nXka  tilie  »*  conatitoentB 

da^dq^'  da^dj^'"'  da^dqj^ 


rf*8  <P8  d^B 

dOj^dq^'  da^^*'*'  da^dq^ 

shall  not  vanish  identieallj.   In  the  abridged  notation,  eajJah^ 
in  the  note  of  Art.  466,  this  determinant  would  be  written 

m/ds    ds        d8\ 

496.]  This  being  premised,  let 

s  =  V^(ai,  aj, ...  a„  q^,  q^, ...  y,,  /) 
be  a  complete  solution  of  the  equation  (34).     We  have  to  prove 

that  if  /?!,  j02»"«>  Pn  ^  defined  by  the  n  equations  -7—  =  p^, 

and   if  the  2«  variables  jOj, ...  jt?.,  y^, ...  y^,  be  determined  as 
functions  of  t^  and  constants,  by  those  equations  joined  with  the 

^s 
n  further  equations^  =  i^,  then  jt?^,  q^  will  satisfy  the  differ- 
ential equations  (35). 

Putting  p^  for  J-  in  (34),  that  equation  becomes 

ds 

^+/(ft>i^2>---A'  ?i>?2J  —  ?ii»0  =  0,  (36) 

which  is  identical  on  the  supposition  that  jDj,  ...;?«  are  expressed 
Jn  the  form  ;7-'«»«  j~'      Differentiating  the  equation  with 

raspeot  to  a^  on  this  supposition,  and  observing  that 

dpx  _     rf*8 

da^  ""  da^dji'  **** 
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we  have 


d^s 


df    d^s        df   /Ps  .    df    d^8        ^ 


da- dt      dp^  da^  dq^      dp^  ddidq^       *     dp^  da^dq^ 

.       ds 
Again,  differentiating  the  equation  —  =  J^  totally,  with  respect 

to  t,  we  find 

d^s         d^s      ,       d^8       ,  d^s       ,_ 

dtda.'^d^,^'  ^ dq^da,"^""  "*"'••  '^ dq^da,^""  ""  "' 
and  subtracting  the  former  equation  from  the  latter, 

d^r    ,     df>.        dH    f   ,     dfj.  d^%    f   ,     ^f\^c\ 

da.dq^  y^^  "dp)  "^  d^.}^^'  "dp}  "^  •"  ■*"^M^'^^"  "dpj  ""• 

Suppose  the  n  equations  obtained  from  this  by  giving  %  all  its 
values  1, 2,  ...  »,  to  be  written  down ;  then  it  is  evident,  from 
the  theory  of  algebraic  linear  equations,  that  one  of  two  things 
must  be  true ;  either  the  determinant  formed  with  the  n^  co-* 

efficients   -= — -j-   must  vanish,   or   else  each   of  the  n   terms 

df     "^'^^^ 
q!^-4-  =0.     But  it  was  shewn  in  the  last  Article  that  the 

former  supposition  would  imply  that  s  was  not  a  complete  solu- 
tion of  (34).  Hence  the  latter  alternative  is  alone  admissible ; 
and  since  /(jOi,  ...A,  ?i, ...  ?n»  0  ^®  ^'^  same  as  h,  we  have 

y/=  J- ;  which  is  one  part  of  the  conclusion  to  be  proved. 

To  establish  the  other  part,  differentiate  the  equation  (36)  on 
the  same  supposition  as  before,  with  respect  to  q^^  observing  that 

1?,  =  -:r-  ,  and  -^  =  ^ :  the  result  may  then  be  written, 
dq^  dq^       dq^ 

dt  dq^       ^P\^i\       ^2^?2         "'       ^JPn^in 

ds 
on  the  other  hand,  differentiating  the  equation  Pi=^  'JT  totally 

with  respect  to  ^,  we  obtain 

and  combining  these  two  equations, 

but  it  has  just  been  shewn  that  every  term  on  the  right  of  this 
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haye  not  been  given  in  this  Chapter,  it  is  here  omitted ;  but 
it  will  be  found  in  the  Philosophical  Transactions  for  1854, 
pp.  84,  85. 

Assumins:  then  that  -r^  =  —-*  j  in  order  to  prove  that  the 

f  ^'         ^^  ... 

expression  for  ^s,  (41)^  is  a  perfect  differential,  it  is  necessary 

also  to  shew  that   ^  =  — y^  •      Here  H  is  supposed  to  be 

at  dq^ 

expressed,  like  j»,.,  in   terms  of  a^, ...  a^,  j'l, ...  jn,  ^.     Putting 

for  a  moment  (h)  to  denote  h  in  its  original  fonn,  namely,  a 

function  of  j5j , . , ,  je?„,  q^  ...  ?» »  ^j  we  have 

du^^d{^^d(K)dpj  ^  d{a)dp^^ 

dq^         dqi  dp^    dq^        •"        dp^    dq^  ' 

dq^  ^1  ^ii       ^?i 

hence  this  equation  becomes 

but  j9{  being  expressed  as  above  supposed,  we  have 

,     dp.      dp-    ,  dp.     , 

whence  the  above  value  of  ,—    becomes  simply 

dq,  ^^ 

dn  dpi 

dq,^"  ~dt  ' 
which  is  the  condition  that  was  to  be  established,  and  completes 
the  proof  that ^i^/^i+  ...  —h^/^  is  a  perfect  differential. 

r/s 
Secondly,  we  have  to  shew  that  -7—  is  constant  by  virtue  of  the 

da^  '' 

ds   ' 
differential  equations,  or  that  ( ;j-  )  =0. 

Now* 

.r/s/     ^2s_         d'H       ,  d^%       , 


da.>^       dtda^       dq^da^  ^^       "'       dq^da^ 


n   9 


and  that  therefore  the  former  set  cannot  imply  any  conditions  not  in- 
volved in  the  latter ;  but  this  reasoning  is  not  absolutely  conclusive. 

*  The  reader  will  not  understand  this  reasoning  unless  he  be  carefo] 
to  recollect  the  way  in  which  h,  (h),  s,  /)j  .  . .  j?„,  are  supposed  to  be 
expressed. 
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If  then  the  function  v  is  known,  the  integral  equations  of  the 

problem   will  be  expressible  as  follows :    since  -r—  =  -— ,  we 

shall  have  n  equations  j—  =  p^.     Also,  since  s  contains  a^,  ... 

On-i  only  as  they  are  contained  in  v,  -^—  =  -5— ,  so  that  there 

da^       du^ 

will  be  »  — 1  equations, 

'i  =  *'•  (38) 

rfs 
The  remaining  integral  equation  is  -yj  =  constant.     But 

dn 

4s  ^  rfv 

dA  ""  dA 

and  therefore,  putting  r  for  the  constant,  we  may  write  the 

equation  dv      , 

^=^  +  r.  (39) 

In  this  way  we  should  obtain  a  solution  involving  the  canonical 
elements  h  n    n         n       -i 

r,   *!,  *2i  •••  in-l.)  ^ 

It  is  to  be  observed,  that  the  only  one  of  the  integral  equations 
containing  t  is  the  equation  (39).  And  it  is  evident,  that  if  the 
2n  integral  equations  were  solved  algebraically,  so  as  to  express 
each  of  the  2n  elements  (40)  in  terms  of  the  variables,  that  is, 
so  as  to  obtain  2«  "integrals"  properly  so  called,  only  one  of 
these  integrals  would  contain  i^  and  would  be  of  the  form 

Lastly,  it  is  to  be  noticed,  that  whenever  the  constant  of  vis  viva 
is  one  of  a  set  of  canonical  elements,  the  element  conjugate  to 
it  is  the  constant  r,  which  is  added  to  ^. 

499.]  Although  the  preceding  theory  assigns  in  a  very  re- 
markable manner  certain  forms  in  which  the  integral  equations 
of  the  system  (21)  are  capable  of  being  expressed,  yet  it  gives  no 
assistance  whatever  towards  the  actual  integration  of  that  sys- 
tem. For  the  discovery  of  the  function  s,  according  to  Sir 
W.  R.  Hamilton's  definition  of  it,  would  require  a  knowledge  of 
a  complete  set  of  integrals,  and  according  to  Jacobi's  definition, 
would  depend  on  the  solution  of  a  partial  differential  equation 
(84),  which  is  a  problem  as  difficult  as  the  integration  of  the 
system  (21)  itself.     In  fiict,  the  most  hopeful  way  of  attempt- 

PRics,  vor^  IV.  X  x 
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503.]  It  is  useful  to  observe,  that  itche  any  integral  what- 
ever, not  containing  t  explicitly,  and  A  the  integral  of  vis  viva, 
the  condition  (A,  e)  =  0  necessarily  subsists.  For  we  have^  see 
the  general  expression  for  u\  Art.  490, 

0^c'  =  ^  +  in,c); 

but  ;^  ==  0  by  hypothesis,  and  (h,  e)  is  the  same  as  (A,  e) ;  con- 

sequently  (A,  c)  =  0. 

From  this  proposition,  combined  with  the  results  of  the  last 
Article,  it  is  evident,  that  when  the  independent  coordinates  in 
any  dynamical  problem  in  which  the  principle  of  vis  viva  sub- 
sists are  only  two  in  number,  if,  besides  the  integral  of  vis  viva, 
one  other  integral,  not  containing  t  explicitly,  be  given,  the  dis- 
covery of  the  two  remaining  integrals  is  reducible  to  quadratures. 
For  V  is  given  by  the  equation  dx  =  jP^dq^  +A^?2^  ^^  which 
the  right-hand  member  is  necessarily  a  perfect  differential.  The 
reader  will  find  it  a  good  exercise  to  treat  the  problem  of  the 
simple  conical  pendulum  in  this  manner,  omitting  the  effect  of 
the  earth's  rotation. 

504.]  In  the  practical  use  of  the  theorem  explained  in  Arts. 
500—502,  the  following  circumstances  should  be  attended  to. 
Instead  of  first  finding  the  function  s  by  integrating  the  expres- 
sion jt?|%i+j02rf3'2+ •••~"^^^»   *^^    ^^^^  forming  the  integral 

equations -7— =  i^, ...,  it  is  generally  more  convenient  to  per- 
form the  differentiations  with  respect  to  a^, ...,  first,  and  the 
integrations  afterwards.     Thus  we  should  have 

but  the  solution  thus  obtained  will  not  be  canonical,  unless  care 
be  taken  so  to  assume  the  inferior  limits  of  the  integrals  that  the 
functions  equated  to  J^,  ^2»  •••>  shall  be,  as  they  ought  to  be,  the 
differential  coefficients  of  one  and  the  same  function  of  a^, ...  a,., 

?1»  ^2»  •*•• 

To  shew  that  this  condition  will  not  necessarily  subsist,  we 
may  take  the  case  which  most  frequently  occurs,  namely,  that  in 
which  the  value  of/?,-  contains  none  of  the  variables  except  q^ ,  so 
that  each  term  in  the  value  o{  ds  will  be,  omitting  indices,  of 
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differential     Putting  e,f{oT  any  two  of  the  integrals  «!,...  «„ 

suppose  <j  -  ^  (A>A»  —  Pny  ?i,  ?2i  .-  ?»*  0' 

If  in  this  equation  the  values  otjpi,  •••i'«  were  expressed,  as  above 
supposed^  in  terms  of  qi,,.,,  ^i...,  it  would  become  identicaL 
Differentiating  it  therefore  on  this  hypothesis  with  respect  to  q^y 
we  have       q  _  ^      ^  ^h  ^^Pn, 

"  dq^       rfpi  d^^        "•       dpmdq^* 
and  in  like  manner 

dq^      djp^  dq^       •••       rf;?,  dq^  ' 
and  if  we  multiply  the  first  of  these  equations  by  -^  y  and  the 

ds 
second  by  -z—  i   and  subtract,  there  results  an  equation  which 

may  be  written  thus : 

de  df       de   df  ^      idjjjyde   df      de   ^\). 
dja^  dq^  ""  dq^  dp^  ""    ^Xdq^  ^djpj  dpf       dja^  dja^^y^ 

or,  writing  ««» ^/s»  instead  of  «,/,  and  employing  the  notation  of 
Art.  466,         d{a^yafi)  _        (dpj  d{a^,a^) )  ^ 

If  now  the  terms  on  each  side  be  summed  with  respect  to  i,  the 
result  on  the  left  is  (a«,  a^) ;  and  observing  that  on  the  right  the 

term  multiplied  by  ^'  will  only  differ  in  sign  from  that  multi- 
plied by  -j-^  J  we  obtain 

the  summation  referring  both  to  i  B:sidj,  and  extending  to  every 
binary  combination. 

From  this  equation  it  appears  that  in  order  that  the  condition 

-^  =  -=^  may  subsist  for  every  pair  of  indices  i,jy  it  is  necessary 

that  the  condition  (a,,a^)  =  0  shall  be  satisfied  for  every  pair 
of  the  n  integrals  «!,...«,.  We  ought  in  strictness  to  prove 
that  no  other  conditions  are  necessary.  As  however  the  rigor- 
ous* proof  of  this  involves  certain  preliminary  theorems,  which 

*  It  might  seem  sufficient  to  say  that  the   number  of  equations 

dpj       tip 

-^  m  -^  is  the  same  as  that  of  the  equations  (a,-,  aj)  =  o,  viz.  4n(n  -  x), 

X  X  2 


T 
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r  is  the  radius  vector  ;  and  we  may  call  $  the  longitude,  reckoned 
from  the  axis  of  (c,  in  the  plane  of  (^>y) ;  and  X  the  latitude,  or 
the  angle  between  r  and  the  plane  of  (^,y). 

In  rectangular  coordinates  2  t  =  iw  (a?^  +y'^  +  /*) ;  but  if 
a^,y,/  he  expressed  in  terms  of  r,  /,♦..,  it  will  be  found  that 

We  shall  take  r,  d,  X  as  the  coordinates  of  the  problem,  cor- 
responding to  ji,  5'2»  ?3)  iii  ^be  general  formulae.  Let  the  vari- 
ables conjugate  to  them,  corresponding  to  PuPi^Pz^  he  denoted, 
for  greater  clearness,  by  r„  ^,,  A, ;  so  that  we  shall  have 

and  if  the  values  of  /,  ^,  X'  in  terms  of  r,,  d,,  X,,  given  by  these 
equations,  be  substituted  in  t,  the  result  is 

Since  the  force  is  central,  the  force-function  u  is  a  fiinction  of  r, 
Bay  u  =  <^  (r)  ;  so  that  we  shall  have 

H  =  T— <^(r); 

in  which  T  stands  for  the  expression  (45)  just  given.  See  Art. 
481.  The  six  differential  equations  of  the  problem  in  the 
Hamiltonian  form  would  then  be 

,         dn  ,         dn  ,        dn 

^  =        T~ '  a  =        -7--  >  X  =        -;—  > 

dr^  do,  dk, 

but  they  are  not  required  for  our  present  purpose. 

506.]  Since  h  does  not  contain  t  explicitly,  the  integral  of 
vis  viva  subsists  ;  namely, 

h  =  T  — </)(r). 

We  have  now  to  find  two  other  integrals,  say  c  and  ^,  such 
that  (//,  c)  =  0,  (//,  k)  =  0,  {c,  k)  =  0.  We  know  that  the  first 
two  of  these  conditions  will  be  satisfied  if  c,  k  be  any  integrals 
not  containing  t  explicitly.  Let  us  take  then  for  c  one  of  the 
three  integrals  expressing  the  conservation  of  areas ;  namely, 
c  =  m  (xy'—x'y) ;  and  for  k^  the  equation  obtained  from  the 
three  by  squaring  and  adding,  namely, 

k=.m\  {yz'  -  zt/f  4-  {zx'  -  xzj  +  (a?/  -yxj)  * : 
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j^ds  -  d^s  dK       .      ds  , 

ana  -rj  =  —  h,  whence    , .  ,    ==—-—;  also  -j—   =  »,,  whence 
a?  o^  flfl^  aa^  aj'i  ' 


,     ,     =  3r^ ;  and  g/=  -r— ^> ••• ;  so  ^^^^  we  obtain 

^da^^  da^        dp^    da^      ***       dp^  da^* 

bat  from  the  relation  between  h  and  (h),  we  have 

dn  _  dj^  dp^  rf(H)  dp^ 

dar  dp,    da,  +•••+   dp^    d^' 

for  H  only  contains  a,  because  it  is  introdaced  in  the  values  of 

j^i>  A>«»«A«     Hence  the  above  equation  becomes  (-^— )  =  0, 

or ^  =  constant ;  which  was  to  be  proved. 

da^ 

502.]  The  formulae  (41),  (42),  Art.  500,  admit  of  modificatioii 
in  the  case  in  which  the  so-called  "  principle  of  vis  viva  "  holds 
good;  namely,  that  in  which  h,  in  its  original  form,  does  not 
contain  t  explicitly,  so  that  h  =  ^  is  an  integral. 

In  this  case,  suppose  ^,  a^,  a2i***  ^n-i  to  be  »  integrals,  satis- 
fjdng  the  conditions  {k,  a.)  =  0,  (a^,  Uj)  ^  0  for  every  pair.  It  is 
evident  that  when  the  n  equations,  expressing  the  values  of  A, 
^1,...,  in  terms  of  the  variables,  are  solved  for  jo^, ...  p^  and  the 
values  of  these  latter  quantities  substituted  in  h,  the  result  will 
be  identically  the  constant  k,  so  that  the  value  of  ^  s  (41)  will 
become  rfs  =  -hdt-\-p,dq^  +  ...'\-p^dq^, 

where  j»i,...j»„  cannot  contain  ^,  otherwise  this  expression  would 
not  be  a  perfect  differential.     Hence  we  shall  have 

where  v  is  a  function  of  Ji,...  q^^  h,  ^i,...  Un-u  i^ot  containing 
^,  and  given  by  the  equation 

rfv  ^p^dq,  +  ...  -VPndq^  ;  (48) 

of  which  the  right-hand  member  is  a  perfect  differential. 
We  shall  now  have 

ds  ^  dv  ds  ^  dv 

dh  dh  da,       da, 

so  that  if  we  put  r  for  the  constant  conjugate  to  A,  the  equations 
corresponding  to  (42)  may  be  written 
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and  the  three  new  integral  equations  will  be  obtained  by  differ- 
entiating under  the  signs  of  integration,  and  integrating  after- 
wards. The  integrations  with  respect  to  r  cannot  be  performed 
till  <^  (r)  is  assigned,  and  in  fiict  will  not  be  actually  needed ; 
those  with  respect  to  \  are  left  to  the  reader.    The  results  are 

mf%{2mf^{k^<t>{r))-lfi}-idr  =  t^r,  (iv) 

J  p 

^      .     .   ctanX  ,  . 

^  — sm  ^ =  a,  (v) 

-ij^'l  {2mf'{A+  *(r))  -  i8}-lrfr  +  8m-i-|^j  =  /3.  (vi) 

The  equations  (i),  (ii),  (iii),  (iv),  (v),  (vi)  comprise  a  canonical 
solution  of  the  problem. 

507.]  It  is  easy  to  interpret  the  constants  r,  a,  p. 

The  equation  (iv)  shews  that  ^  +  r  ==  0  when  r  =  p,  so  that 
— r  is  the  time  at  which  r  =  p.  Now  if  we  differentiate  the 
equation  with  respect  to  ^,  we  obtain 

and  we  took  for  p  a  value  of  r,  which  makes  this  expression 
vanish ;  hence,  when  r  =  p,  /=  0,  and  it  is  evident  therefore 
that  we  may  suppose  p  to  be  the  minimum  value  of  r.  Thus 
—  r  will  be  the  time  at  which  «*  is  at  the  least  distance  from  the 
centre  of  force. 

Again,  if  we  put  i  for  the  inclination  of  the  plane  of  the  mo- 
tion to  the  plane  of  (a?,  jr),  we  have,  by  well-known  principles, 
c  =  k cos  i ;  hence 

c  ^  k  I 

=  cot  t,         r  =  -, —  : 

(F-c2)i  (>t2-(^2)i       smt' 

equation  (v)  is  therefore  equivalent  to 

sin  (^ — a)  =  tan  X  cot  t.  (46) 

Next  let  5  be  the  "argument  of  latitude;"  that  is,  the  angle 
between  r  and  the  ascending  node,  or  line  joining  m  with  the 
centre  at  the  instant  when  m  passes  through  the  plane  of  {x,  y) 
from  the  negative  to  the  positive  side  ;  considering  then  the 
right-angled  spherical  triangle,  formed  by  the  intersections  with 
a  sphere  of  the  plane  of  (a?,  y),  and  the  planes  of  the  angles  5  and 
X,  in  which  5  is  the  hypothenuse  and  i  the  angle  opposite  to  A, 
we  see,  from  (46),  that  ^— o  is  the  side  which  is  in  the  plane  of 
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the  fonn  ^  (q,  a^,  a,, ...  a^)  dq,  and  so  fieur  as  one  sach  term  is 
concerned,  we  should  have 


s=  /  <^(?,fli,«a,  ...0^?» 


/ 


where  a  is  an  arbitrary  function  of  a^,...a«.  Differentiating 
this  with  respect  to  a^y  we  obtain 

ds        r^'dif}.      ^,  .dA 

that  is, 

firom  which  it  is  evident  that  differentiating  first  and  integrating 
afterwards  will  not  in  general  give  the  same  result  as  the  con- 
verse process. 

We  see  however  that  the  values  of 

will  be  the  differential  coefficients  with  respect  to  a^,  a,, ...  of 
^.<f^,  provided  that  a,  which  must  be  the  same  in  each  of 
these  integrals,  be  so  assumed,  that 

for  eveiy  value  of  i.  This  condition  may  be  secured  in  either  of 
two  ways  i  first,  by  taking  a  =  0,  or  a  s  any  determinate  con- 
stant ;  that  is,  not  involving  a^, ... ;  or  secondly,  by  taking  for 
A  any  root  of  the  equation 

<^(a?,ai,  ...a«)  =  0; 
or,  which  is  the  same  thing,  a  v&lue  of  q  which  would  make  p 
vanish. 

505.]  As  an  illustration  of  the  principal  formulae  hitherto 
established,  we  will  take  the  important  problem  of  the  motion 
of  a  single  particle  about  a  fixed  centre  of  force,  in  treating 
which  our  object  will  be  to  obtain  a  set  of  canonical  elements. 
The  advantage  of  this  form  of  solution  will  appear  afterwards. 

Let  m  be  the  mass  of  the  particle,  jd,  y,  z  its  rectangular  coor- 
dinates at  the  time  ty  referred  to  fixed  axes  having  their  origin 
at  the  centre  of  force. 

Then  if  r,  ^,  \  be  polar  coordinates,  such  that 

J  IP  =  rcosAcos^,  y  =  rcosXsind,  0  =  rsinX, 
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but  not  the  same  function  as  h.  Then  the  functions  c^y ..,  C2n 
will  no  longer  have  constant  values.  In  other  words,  the  ele- 
ments c^,  ^2,  ...,  which  were  constant  in  the  former  problem, 
are  variable  in  the  latter  problem. 

The  theory  of  the  variation  of  elements  has  for  its  principal 
object  to  transform  the  equations  (47)  by  taking  as  new  variables 
the  functions  c^,..,  C2ni  instead  of  the  original  variables  jOj,...  /^n, 

The  integration  of  the  equations  after  this  transformation 
would  give  ^2»***  ^2n  as  functions  of  t  and  2n  constants;  and 
the  valuables  i?i,i?2>  •••  would  then  be  known  as  functions  of  ^, 
because  they  are  the  same  functions  of  the  elements  ^i,  ^2>  ••• 
and  t,  as  they  were  in  the  original  problem. 

In  practice,  it  is  usually  convenient  to  put  Q  =  H  +  n,  where  H 
is  the  same  as  before,  and  a  is  a  given  fimction  of  J9^,... J9«, 
^'if*  ?•>  ^>  a^d  is  called  technically  the  "disturbing  function." 
Thus  the  equations  (47)  become 

,_      du      da  ,  ^dn      da 

and  these  are  transformed  as  follows :  we  have 

that  is,  introducing  the  above  values  of  j»/,  ^/, 

now  Tj  is  by  hypothesis  a  function  of  ;?i ,  ...  and  ^,  which  in  the 
"  undisturbed  "  problem,  that  is,  when  n  =  0,  is  constant ;  and 
this  constancy  would  be  expressed  by  the  equation 

which  is  identically  true,  all  its  terms  being  functions  of  j!?i, ... , 
y^ , . . . ,  t.  But  since  c^  and  h  are  the  same  functions  of  7?i , . . .  , 
ji ,  . . . ,  ^,  in  the  disturbed,  as  they  were  in  the  undisturbed 
problem,  the  above  equation  is  still  identically  true,  and  the 
expression  for  <?/  therefore  becomes  simply 

c/=(n,Ci): 

here  a  is  expressed  in  its  original  form  as  a  function  of  j^j ,  ... , 
q^y  ...,  t\  but  if  we  suppose  /?i,  ...  ,  ^i, ...  to  be  expressed  in 
terms. of  Cj, ...  C2n>  ^j  ^  will  become  a   function   of  the   latter 
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these  however  mtist  be  expressed  in  terms  of  the  new  Variables ; 

Thus  we  have  the  three  integrals 

c  =  ^„  (ii) 

*=  {(8ecX)2^,2  +  X,2}*;  (iii) 

and  if  it  be  recollected  that  the  meaning  of  {u,  v)  is  now 

d(u,v)     d{uyv)       d(uyv) 

it  will  be  found  on  trial,  not  only  that  (^,  c)  =  0,  (h,  ^)  =  0,  as 
we  know  a  priori,  but  also  that  (c,  k)  =  0. 

Hence  we  may  apply  the  method  of  Art.  502  to  the  equations 
(i),  (ii),  (iii) ;  that  is,  we  may  find  v  from  the  equation 

rfv  =  r,dr  +  e,de-\-Kd\, 

in  which  r,,  ^,,  X,  are  to  be  expressed  in  terms  of  r,  ^,  X,  ^,  c,  ^, 
by  means  of  (i),  (ii),  (iii). 

It  will  be  found  without  difficulty  that 

X,=  {F-(?2(8ecX)2}i; 

and  it  is  obvious  that  r,dr-\-0,d6-\-Kd\  is^  as  it  ought  to  be,  a 
perfect  differential. 

Supposing  V  to  be  found  by  integration,  the  three  remaining 
integral  equations  would  be,  Art.  502, 

rfv  dY  ^^       a 

^  =  ^-*"^'         ^  =  ^'         ^  =  ^' 
where  t,  a,  )3  are  three  new  constants. 

-  The  conclusions  of  Art.  504,  however,  shew,  that  we  may  per- 
form the  differentiations  before  the  integrations,  if  the  inferior 
limits  of  the  latter  be  properly  chosen ;  and  in  accordance  with 
the  rule  there  laid  down  we  may  take  0  as  the  limit  for  6  and  X, 

and  a  root  of  the  equation  2»i{^+^(r)} — ^^  ^>  ^7  P>  ^ 
the  limit  for  r.     This  being  understood,  we  should  have 
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made  by  M.  Bour,  and  improved  in  accordance  with  a  sugges- 
tion of  M.  Liouville*. 

Let  a^,  ^2, ...  a„,  l^,  62, ...  b^,  be,  as  before,  a  set  of  canonical 
integrals  of  the  equations 

If  we  represent  any  integral  whatever  by  f,  the  equation  f  =  0 
gives  ^  +  (h,  f )  =  0 ;  which,  written  in  full,  would  be 

dt      dp^dq^      dq^dp^     '"     dp^dq^      dq^  dp^"    '     ^     ' 

d  VI         /Z  Tf 

In  this  equation  — —  >  -j— , ...  are  given  functions  of  jo^, ... 

J^m  9i9  •••  ?»>  ^  >  ^  ^^  ^ith  reference  to  C  i^  is  &  linear  partial 
differential  equation  of  the  first  order,  of  which  any  solution 
whatever  is  an  int.egral  of  the  equations  (50),  and  of  which  the 
general  solution  might  be  put  in  the  form 

where /is  an  arbitrary  function. 

Thus  the  complete  integration  of  the  equations  (50)  would  be 
effected  if  we  could  find  the  general  solution  of  (51).  But  this 
transformation  of  the  problem  is  practically  useless,  since  the 
only  known  general  method  of  treating  the  equation  (51)  re- 
quires the  integration  of  the  system  (50),  as  the  reader  will  see 
at  once  on  applying  Lagrange's  method  to  the  former. 

The  proposition  we  are  about  to  demonstrate  is  the  following : 
Suppose  m  of  the  n  integrals  flj, ...  fl„,  to  be  known ;  say  a^, 
^2  >  •  •  •  ^w  where  m  is  of  course  less  than  n  ;  and  the  condition 
(a,.,  aj)  =  0  to  subsist  for  every  pair ;  then  by  means  of  these  m 
integrals,  m  of  the  variables,  say  J»i,  /?2j  •••  /'m  might  be  ex- 
pressed in  terms  of 

*  See  Liouville*8  Journal,  t.  xx.  pp.  185-200,  201,  202.  The  writer  is 
not  aware  whether  M.  Bour's  investigations  have  yet  been  published 
complete  in  the  Memoirs  of  the  Academy.  He  believes  that  the  process 
and  results  in  the  text  must  be  substantially  what  those  of  M.  Bour 
become  when  h  contains  ^,  which  is  the  generalization  proposed  by 
M.  Liouville ;  but  he  can  only  speak  from  conjecture  on  this  point. 

[The  Memoir  of  M.  Bour,  to  which  the  note  refers,  is  published  in 
Tome  XIV  of  the  Memoires  dcs  Savants  Etrangers,  p.  792 ;  having  been 
presented  to  the  Academy  of  Sciences  at  Paris  on  March  5th,  1855.] 
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(^9  y),  and  therefore  a  is  evidently  the  longitude  of  the  ascending 
node. 

Lastly,  equation  (vi)  shews  that  when  r=p,  sinX  =  sin  i.  sin  j9; 
but  from  the  triangle  above  mentioned  we  have  also  sin  X  = 
sin  I. sin 5  ;  hence  we  see  that  when  r  =  p,  5  =  ^,  from  which  it 
is  evident  that  fi  is  the  angle  between  the  least  distance  and  the 
node. 

508.]  We  shall  briefly  indicate  the  application  of  these  results 
to  the  case  of  the  undisturbed  motion  of  a  planet  about  the  sun. 
Let  /A  =  mass  of  sun  +  mass  of  planet;  then,  m  being  the  mass 

of  the  planet,  we  shall  have  for  the  force-function  ^(r)  =  —  ; 
also,  firom  the  ordinary  theory  of  elliptic  motion,  we  have 

A  =  —  ^— >         *  =  m{fxa(l'-e^)}i,        ^  =  «{fia(l— tf*)}*cosi. 

Hence  we  have  the  following  set  of  canonical  elements,  ar- 
ranged in  conjugate  pairs.  The  signs  of  the  first  pair  have  been 
changed,  which  is  obviously  allowable,  and  jd  is  put  for  a^l-^^), 
that  is,  for  the  semi-latus-rectum ; 

^  y  time  of  perihelion  passage  ; 

»»(fjijo)*  COS  I,  longitude  of  node; 

ni(fip)i,  distance  of  perihelion  from  node. 

These  elements  were  first  given  by  Jacobi. 

509.]  Variation  of  elements.  Returning  to  the  general  form 
of  the  difierential  equations^ 

^*  =  -V       ^'=^/       (»  =  1.  to.  =  «). 

let  us  suppose  that  a  complete  set  of  integrals  ^1,  ^2'  •••  ^2»  has 
been  obtained,  where  c^,  ^2»  •••  represent  certain  functions  of  the 
variables  j»i,  S'l, ...  ,  and  t,  which,  by  virtue  of  the  difierential 
equations,  have  constant  values;  and  conversely,  p^y  p^^  *"  <^^ 
given  functions  of  c^,  <?2i  •••>  and  i.  Now  let  c^, ...,  <;2n  continue 
to  represent  the  same  functions  of  the  variables  and  t,  but  let 
the  variables  be  determined  as  fimctions  of  ^  by  a  difierent  set 
of  differential  equations,  say^ 

where  Q  is,  like  h,  a  given  function  of  jt^,  ...jDw,  9i>."  9%y  ^9 
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